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ON GROUP CLASSIFICATION OF THE SPATIALLY
HOMOGENEOUS AND ISOTROPIC BOLTZMANN
EQUATION WITH SOURCES

Yu. N. Grigoriev', S. V. Meleshko®
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1, Academician Koptug prosp., Novosibirsk, 630090, Russian Federation.
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In [1] the classical group analysis method was applied to the equation
which was obtained from the spatially homogeneous and isotropic Boltzmann
equation with sources. The derived equation is still a nonlocal partial
differential equation. However, this property was not taken into account there.
In the present paper this lack of [1] is corrected.

Keywords: Boltzmann kinetic equation, exact (invariant) solutions, integro-
differential equation, group analysis method.
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B [1] memoovl knaccuueckoz2o epynnogo2o aHanu3a ovll npuUMeHeH K ypas-
HeHUto, Komopoe Obll0 NOJIYYEHO U3 NPOCMPAHCMBEHHO OOHOPOOHOU U U30-
mponno2co ypagrenus bonvymana ¢ ucmounukamu. Ilonyuennoe ypasnenue s6-
JIslemcsl euje U HeJlOKAIbHbIM OughghepenyuanbHbim YpasHeHueM 8 YaCmHubIX npo-
u3600ubIX. QOHAKO 3MO CBOUCMBO He OblLIO NPUHAMO 80 6HUMAHUE 8 pabome,
nO2MOMY pe3yibmam Obll He co8cem 8epeH. B nacmosweti pabome smom He-
docmamox pabomul [1] ucnpasnen.

Knrouesvie cnosa: kunemuyeckoe ypasnenue bonvymana, mounvie (unea-
puanmusie) peuienuss, Memoosl 2pYNno8o20 AHAIU3A.
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1. Introduction

The Boltzmann kinetic equation is a basis of the classical kinetic theory of
rarefied gases. An interest in the study of the Boltzmann equation was always
related with searching for exact (invariant) solutions directly associated with the
fundamental properties of the equation. After the studies of the class of the local
Maxwellians [2—4] new classes of invariant solutions were constructed in 1960s
in [5-7]. The decade later the BK W-solution was almost simultaneously derived
in [8] and in [9]. Contrary to the Maxwellians, the Boltzmann collision integral
1s not zero for this solution. The discovery of the BKW-solution stimulated a
great splash of studies of exact solutions of different kinetic equations.
However, the progress of that time was really restricted to obtaining BKW-type
solutions for different simplified models of the Boltzmann equation (See the
review [10]).

The Boltzmann equation is an integro-differential equation. Whereas the
classical group analysis method is developed for studying partial differential
equations. The main obstacle for applying group analysis to integro-differential
equations consists in a presence of nonlocal integral operators. There are several
approaches to overcome this difficulty (One can find a review of approaches in
[11]). Among of them a transformation of an original integro-differential
equation into a differential equation is one of such approaches. In the present
paper we discuss the approach applied in [1], where using a generating function
for the moments G(¢, ®) and generating function for the source-moments S(¢, ®)
the following equation was studied

2
0 (coG)+ 0(1)8(0)6;) :G2+8(coS).
Otom 0w 0w

Here M, (t) is the zero moment of the spatially homogeneous and isotropic

Boltzmann equation with isotropic scattering model. It is worth to notice that the
generating function G(¢, ®) and the zero moment M(¢) are related by the condition

M,(t)=G(1,0). (2)

In [1] the classical group analysis method was applied to equation (1).
However during finding an admitted Lie group the condition (2) was not taken
into account there. The lack of this condition can lead to uncorrected admitted
Lie groups. In the present paper this omission is corrected.

2. Determining equation

Equation (1) is rewritten in the form
(xut )x —u’+ u(O)(xu)x =g, 3)
where u(0)=u(z,0). Here ©=x,G=u and (oS)_ =g.
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Because of the presence of the term u(0), equation (3) is differed from a
partial differential equation. Hence, the classical group analysis method cannot
be applied to this equation. One needs to use the method developed for
equations with nonlocal terms [11-13]. In this section the latest method is
applied for finding an admitted Lie group of equation (3).

The admitted generator is sought in the form

X =1(t,x,u)0, +&(t,x,u)0, +C(t,x,u)0,.

According to the algorithm [11-13], the determining equation for
equation (3) is

xQ,. + o, +u(0)(xcpx +(p)—2(pu+(p(0)(xu)x =0, 4)
q)(t,x) = C(t,x,u (t,x)) —u, (t,x)r(t,x,u(t,x)) —u, (t,x)&(t,x,u(t,x)),
¢(0)=9(2,0).

After substituting into (4) the derivatives u,, u,, and wu, found from

equation (3) and its derivatives with respect to x and ¢, respectively, one obtains
the determining equation

X’ +Cx+ Cu@x + G’ x + g€ +u”E — 2ux +uxt (0) —x(g,r +gb+g(t, + éx)) -
—tu’x — & utx+ u(O)(Cxx2 — ¢, ux —ué + xG + xE u + xrtu) —xu, (0)(ux+u)&(0)-
—t X% = xPu, v, —up & x0 —u & v uu (G, x— 1, (0)x -, x+E, )+

+ut.(2';xx +C X —E—T,x" - ZTux(g + uz) +u(0)x(2t,u- xrx)), (5)

+ul2x(tu —XT,, ) + xu, (O)(r — T(O))(uxx + u) + u)%x2 (cﬁuu(o)) —&u ) -

2 2 2 2
U U, X _utuxé’;uu'x +

+xu, (x(rtu(O) +5(0)+C,, ) —&,x—E& —28 g-28 u*+ 2§uuu(0)) =0.

Here

1(0)=1(£,0,u(1,0)),£(0) = &(£,0,u(2,0)),5(0) =&(2,0,u(1,0)),

,(0) =1, (1.0)10,(0) =1, (1.0),

Differentiating the determining equation (5) with respect to u , u . and

> " XX

then with respect to u, and u,, one gets.



Hence, 7, =0,7,=0,&,=0,§, =0.

and t=1(t),&E=&(x),
’E(O):’L‘.

Differentiating the determining equation with respect to u; and then u,, one
finds
CUH = 0
or

C(t,x,u) =u§1(t,x)+ Qo(t,x).

The coefficient with u,u,(0) in the determining equation (5) gives that
£(0) = 0. Continue splitting the determining equation (5) with respect to u, and
then u,, one finds

¢ (t,x) = —x_li(x) + &0 (t)

Hence,

£(0)=E(2.0)=u(0)(Gy (1) —€'(0) )+Co(1.0)-
The coefficient with u,u(0) leads to the condition
Cio=-7,+&(0).

Differentiating twice the determining equation with respect to u, one has

£, =22-€(0).

-
The general solution of this equation is
E= x(clx+ Co)-
Equating to zero the coefficient with u,, one derives
7, (1) =, (1.0).
The coefficient with #(0) in the determining equation (5) gives
xCox +Co =0.
This equation only has one solution which is nonsingular at x = 0:

Co(2,x)=0.



Hence, £, (2,0)=0, and

T=Ct + 5.
The remaining part of the determining equation (5) becomes
g (et +cy)+xg (ax+cy)=-2g(cx+c,). (6)
Thus, the admitted generator has the form

X =cyXy+c X+, X+, X5,
where
Xy=x0,,X,=x(x0,-ud,), X, =10, —ud,, X;=0,. (7)

The values of constants c, ¢y, ¢,, c; and relations between them depend on
the function g(z, x).
The trivial case of the function

g=0,

satisfies equation (6), and corresponds to the case of the spatially homogeneous
and isotropic Boltzmann equation without a source term. The distribution
function in this case only depends on the modulus of molecular velocity and
time. Using the Fourier transform in this case the following equation was
derived in [14]:

o, (x,1)+o(x,2)p(0,1) = @(xs,1)p(x(1-5),)ds. (8)

Complete group classification of equation (8) was presented in [12; 15].
The four-dimensional Lie algebra L' = {X, Y,, ¥, ¥,} spanned by the

generators
Yy =x0,,Y, =x0d,,Y, =10, -9, ¥; =0, 9)

defines the complete Lie group G” admitted by equation (8). Invariant solutions
were also obtained.
Notice that one can derive direct relations between the generators (7) and

9).

3. Comparison with [1]

Using the variables of the present paper let us formulate the results of [1].
The admitted generator obtained in [1] has the form

X =T(1)(6,-M,(t)Gog ) +0Gdg +(y—8)x(x0, —Gdg ) —yxd,,



where
t

T(t)=p- ocj'e —m, () dt', mo(t)= [ M,(¢)dt',

a, B, v and 6 are constant. The function g(¢, x) has to satisfy the equation

T(t)g_fm(x(y_s)_y)g_i:_z(x(y_s)+M0(f)T(z)_a) g

One can see that the part related with the constants y and & coincide with
the result of the present paper, whereas the part related with the constants o and 3
is completely different.

4. On equivalence transformations of (3)

For the group classification one needs to know equivalence
transformations. Let us find some of them using the generators (7) and
considering their transformations of the left hand side of equation (3)

L=xu_+u, —u’ +u(0)(xux +u).

The transformations corresponding to the generator X, = x0, map
a function u(z, x) into the function

;(t_,)_c) =u (t_,)_ce_“ ),

where a is the group parameter.

Hence,
T—% j%(z;) . %(z;) 2 () +£(Zo)(}%(?,}) va() +;(z;)j _
:x%(t,x)+g—b;(t,x)—u2(t,x)+u(t,0)(xZ—Z(Z,x)—ku(t,x)).

One can check that the Lie group of transformations

t=t,x=xe’, u=u,g=g

is an equivalence Lie group of equation (3).
Similar one derives that the transformations corresponding to the generator
X5 =0, define the equivalence Lie group:

t:t+a,;:x,;:u,§:g.

9



The transformations corresponding to the generator X, =¢0, —u0, map

a function u(#,x) into the function

;(z‘_,;) =e ‘u (Ee_a,x).

() al) (Sl -

|
I
=1
()}
[\S]
—_
M
= |
S~
+
|
—
!
= |
~—
< |

:e2a[x%(t,x)+Z—L;(t,x)—u2(t,x)+u(t,0) (xg—u(t,x)+u(t,x)n.

X
One can conclude that the transformations
t=t,x=xe", u=u,g=ge>*

compose an equivalence Lie group of equation (3).
The transformations corresponding to the generator X, =x(x0,—ud,)

map a function u(z, x) into the function

T -
u(t’x):1+a}u(t’l+a;j.

5o C ) 2 5) )i ) 2 i) -

X

X

:(1—ax)2[x(g—u(t,x)+6—L;(t,x)—u2(t,x)+u(t,0)(xg—u(t,x)+u(t,x)jj.

- - 1 - - — 2
I=t,x . u ( ax)u, g ( ax)u, g ( ax) g

compose an equivalence Lie group of transformations.
Thus, it shown that the Lie group corresponding to the generators

X§ =x0,, X{ =x(x0, —ud, —2g0, ), X5 =10, —ud, —2g0,, X5 =0,
1s an equivalence Lie group of equation (3).

10



5. Group classification

Group classification of equation (3) i1s performed with respect to
equivalence transformations considered above.
Equation (6) can be rewritten in the form

where
hO:xgxahl:‘x(xgx+2g)’h2:tgt+2g’h3:gl‘. (11)

For classification of all possibilities it is convenient to consider the
functions #;, (i =0, 1, 2, 3) as coordinates of the four-dimensional vector

v =g, ly, by, hy)

The analysis of the relations between the constants ¢, ¢, ¢; and c¢3, follows
to the algorithm developed for the gas dynamics equations [16]: the vector space
Span(V ), where the set V consists of the vectors v with ¢ and x are changed.
This algorithm allows one to study all possible admitted Lie algebras of equation
(3) without omission.

First of all, if the function g(z, x) is such that changing ¢ and x, one can find
four linear independent vectors v, then equation (10) can only be satisfied in the
case

¢ =0,¢,=0,c,=0,c;=0.

In this case equation (3) does not admit a Lie group. Hence, for existence
of an admitted Lie group one needs to study dim(Span(V )) < 3.

Another trivial case is dim(Span(V )) = 0. One can derive that
dim(Span(V )) = 0 if and only if g = 0. Indeed, if g = 0, then v = 0. Conversely,
if dim(Span(V )) = 0, then the vector v = (hy, hy, hy, h3) is constant with t and x
are changed. This leads to the function

g=0.

Further study deals with 1 <dim(Span(V )) < 3.

5.1. Case dim(Span(V )) =1

In this case there is a constant vector

(o.,B,7v,8) =0,
such that
hy =op, by =Pp, b, =vp, hy =Op, (12)

where p(¢, x) = 0 is some function which is not constant. Substituting (11) into
(12), one obtains that

11



g=p(y—10)/2.
and
B—(a+y)x+x0=0,p,(y—10)=3p6, xp (y—10)=2p0.

Hence,
B=0,0=0,y=-a=0,p,=0,xp,y=-2p.

In this case one derives that the function g(f, x) = gx °, where ¢ = 0 is
constant. Equation (6) becomes
Cz = CO'

Thus, for the function g = gx > the admitted generators are

Xo+ Xy, X, X

5.2. Case dim(Span(V )) =2
In this case there are two constant vectors (o;,B;,v;.6;), (i=12) and

functions p,(#,x) such that p;p, # 0,

0
rank(al By 6 J _2,
o By, 6,

and
L= pl(al’Blaylﬂel)+p2(a2’B2’yz’62)'

The last equation leads to the conditions
1
g= 5([31 (Yl - tel) TP (Yz —t92)),

P1(B1 _(al +y1)x+ Oltx)+p2 (Bz —(a2 +yy)x + Gztx) =0,
plt(tel _71)+ P2 (t62 _Y2)+ 3p,0; +3p,6, =0, (14)
plxx(te _yl) + prX(tGZ _Y2)+ 2pla‘l + 2[:)20(,2 =0.

Notice that B, — (o, +7;)x +8,1x = 0,because otherwise condition (13) is
violated. Hence,
By — (0, +7,)x+6,8x
B — (o +7y;)x+6x

P1=—P2

and the remained equations in (14) compose an overdetermined system of
equations for the function p,(z, x). Since the analysis of compatibility of this

12



system is cumbersome (although is not complicated), we omit it here. After
finding the function g(¢, x), and substituting this function into equation (6), one
finds relations between the constants ¢, ¢, ¢; and c¢; as it demonstrated for the
dim(Span(V )) = 1.

5.3. Case dim(Span(V )) =3

Analysis of this case differs from the previous case by using a single
constant vector

(a.,B,7,0)#0
which is orthogonal to the set V:
hyo+ B+ hyy + 10 =0. (15)

Substituting (11) into (15), one obtains a first-order partial differential
equation which has the characteristic system of equations

dt dt dg

Bt+y:x(ax+9) —2g(0cx+[3)'

As in the previous case a solution of equation (15) depends on the values of
a, B, v and 6, and after finding the function g(z, x), and substituting this function
into equation (6), one finds relations between the constants ¢y, ¢y, ¢; and c;.

6. Conclusion

The present paper deals with the group classification of equation (3). The
presence of the term u(0) in equation (3) differs it from a partial differential
equation. The method developed for equations with nonlocal terms [11-13,] was
applied in the present paper. The obtained result is matched with [12; 15], and
essentially different in comparison with [1]. It is also worth to notice that after
obtaining the function g(¢, x) one has to coordinate it with the source term of the
original Boltzmann equation. Only then the invariant solutions of the spatially
homogeneous and isotropic Boltzmann equation with isotropic scattering model
can be considered.
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The goal of the paper is to verify information losses in case of testing
a power spectrum by white-noise null hypothesis for detection of significant
cycles in dendroclimatical series. New approach described allows to obtain the
adequate spectral decomposition of different tree-ring chronologies, to analyze
spatial comparisons of different time series, specifying possible reasons
of disagreement, to build new long-term reconstruction of different climatic
series by different cyclical components. Moreover, the approach allows
to extend super long-term tree-ring chronology by low-frequency components,
to verify temporal periods in the past for which there are no good statistical
estimations, and, finally, to extend existing climatic reconstruction.

Keywords: tree-ring series, chronology, spectral decomposition, white
noise, climate reconstruction, MTM-approach, singular component analysis.

CHEKTPAJIbHBINA AHAJIN3 JEHAPOXPOHOJIOT'MYECKHUX
JAHHBIX: AIINMIPOKCUMALIUA U ITPOI'HO3NPOBAHUE
AEHAPOXPOHOJIOTHYECKHUX BPEMEHHBIX PA1OB

B. B. ]_HI/IIHOBI, H. H. KOIOH‘—IGHKOZ, U. 1. Thrukos’

Cubupckwuii penepanbHbIii YHUBEPCUTET,

Poccniickaa ®enepauus, 660075, r. Kpacnospck, yn. JI. Ilpymmnckon, 2.
E-mail: 'vlad.shishov@gmail.com
*kinkras@gmail.com
*ivan.tychkov@gmail.com

L]envio oannoil pabomwl a61semcs npogepka oovema uHpopmayuu, nome-
PAHHOU Npu ananuze QYHKYull CnekmpaibHoll NIOMHOCMU HA OCHO8e HY1e80u
eunomesvl 0 Oelom wyme 0Nl BbIAGNEeHUS ZHAYUMbBIX YUKTUYHOCIEU 8 OeHOPO-
xXpoHonozcuyeckux psioax. Hoevlil onucanmviii nooxoo no3eonsem nowLy4amo
A0eK8amuoe CNeKmpaibHOe PA3JI0NCEHUE PA3TUYHBIX OPeBeCHO-KOIbYEBbIX
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XPOHOJZOZMMU, anaausupoeams npocmpaHCneeHHyrw CpaA6HUMOCMb INTUX 6PEMEH-
HblX pﬂ()OG, C BO3MOIHCHOCMbIO 6blAB/IEHUS NPUYUH HECO21ACO8AHRHOCNMU, CMPO-
UMms Hogble OAUmesibHble PEKOHCMPYKYUU PASTUYHBIX KIAUMAMUYECKUX BPDEMEH-
HblX pﬂdO@ HA OCHO6€ YUKIIUYEeCKUX cocmAasjiAruux. bonee maoceo, OaHHbLU NOO-
X00 no3eonsem I’lpOd]lﬂWlb C6€pX()JZl/lm€]Zbel€ ()p€6€CHO-K0]lbl4€661€ XPOHOI02UU
HA OCHOB€ HU3KO-YdCMOMHBIX KOMNOHEHM, AHAIUUPOBANb 6PEMEHHbIE NEPUO-
abl, onst Komopslx He cyuiecmeyem Xopouwux cmamucmudecKux oyeHoxKk U npo-
0nsmo cyuecmeyrowue KiuMamudeCcKue peKoRCmpyKyuu.

Knrouesvie cnosa: opesecno-konvyesvle psaovl, XpOHON02US, CHEKMPATbHOE
pasinodicerue, beviil wiym, Kiumamudecxkas pekoncmpyxkyus, MTM-nooxoo, cun-
2YNAPHBIL CHEKMPATIbHBIU AHATIU3.

It is known, that tree-ring chronologies (dendrochronological time series)
are the important source of the oblique high-resolution information about
climate and environmental changes in the past and the present (Briffa, et al.
1998, 2002;Vaganov, Shashkin, 2000; Shishov et al., 2002). Often the time
series signals are associated with direct external periodic forcing (for example,
annual irradiance), or with the internal oscillations of biological systems caused
by age changes of last ones, for example (Mann, Lees, 1996). In most cases, the
signal is a superposition of different internal and external influences (Allen,
Smith, 1994; Wigley, Raper, 1990).

As a rule, periodic signals are simulated by sine functions and, easily,
displayed as precise local maximas (narrow peaks) for power spectrum of time
series with coherent phase spectrum (Thomson, 1982). When the amplitude and
phase for revealed signals are unstable, the previous approach is insufficient.
It is necessary to make a number of additional assumptions about possible
reasons of the frequency, phase and amplitude instability. After that, signals will
be determined as local spectral maximas with higher amplitude in comparison
with prospective “noise” (Mann, Lees, 1996).

In climatology it is considered, that instability (nonstationarity) in different
systems should be related with “low-frequency” noise arising from the
interaction of a white noise with slow-response components of some system
(Allen, Smith, 1994; Wigley, Raper, 1990). Such noise is called “red” by
definition (Mann, Lees, 1996). Usually, red noise is described by first-order
autoregressive process AR (1): R,=pR, 1+ ®,, (n =0, ..., N), where p — lag-one
autocorrelation coefficient (0 < p < 1), ®,, — Gaussian noise with average R, and
variance o° (Mann, Lees, 1996). There are several procedures for influence
estimation of such stochastic processes to power spectrum of investigated time
series (Mann, Lees, 1996; Thomson, 1982). Such procedures allow to estimate
different characteristics of such stochastic factors and, thus, to consider its
contribution to estimated power spectrum. In such case, significance of power
spectrum peaks is tested by “red-noise” null hypothesis.
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The goal of the paper to verify information losses in case of testing a
power spectrum by white-noise null hypothesis for detection of significant
cycles in dendroclimatical series.

Simulated time-series and approach to analize them

Two methods have been used as the basic methods for a spectral
decomposition: multiple-taper method — MTM (Lees, Park, 1995; Percival,
Walden, 1993; Thomson, 1982) and a singular spectrum analysis (SSA) (Elsner,
Tsonis, 1996; Liu et al., 2004). Traditional Monte-Carlo approach have been
used for simulating of red-noise AR (1) process.

To simulate a time series an approach described by Mann and Lees (1996)
is used with some modifications. In our case, a simulated time series (time-series
duration is 1440 yrs) is a linear combination of the next components: linear
trend, 3 pure sinusoids with periods in 300, 108 and 36 years with the relative
amplitude 1, high-frequency component with period in 5 years and the relative
amplitude 0.75, 3 sine oscillations with periods in 11-12 years and amplitude 1,
and, finally, AR (1) process with variance o= 2 (Fig. 1). In that case the noise
contribution to variance of investigated synthetic process was increased in
comparison with Mann&Lees paper (1996).
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Fig. 1. The pure time-series signal (on top) and linear combination
of the signal and red noise process (on bottom)

By MTM approach “pure” signal decomposition of considered time series
in a synthetic example (Fig. 2, a) was obtained. Estimated frequencies,
practically, were similar with theoretical frequencies for pure signal. The same
decomposition is obtained by independent methods — singular spectrum analysis
(SSA). The cycles significance is tested by assumption, that background is
a white noise process.
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The similar approach has been applied for testing of significant cyclical
components for 160 simulated time series consisting of red noise process and
“pure” signal. 20 time series for each one-lag autocorrelation coefficient — p,
which varied from 0.1 to 0.8 were analyzed.
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Fig. 2. MTM-spectral decomposition of “pure” signal:
a) and simulating time series (signal-plus-red noise (p = 0.4); b) (99.9 % —
significance level for a white noise is indicated by the bold dashed line)

The results show, that significant differences between power spectrums of

the signal and the simulated series originate in cases, when p becomes more,
than 0.6 (Tab. 1).

In that case the similarity of MTM power spectrums is interpreted as
a uniformity of multitude of the frequencies selected by F-criteria and their
amplitude (in dB) in the frequency domain.

Table 1
Comparison of spectral characteristics for simulated time-series and the signal

One-lag autoregressive coefficient p determinant
Statistics of red noise process
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

R —average correlation co- | 70 | 969 | 068 | 067 | 065 | 0.62 | 0.58 | 0.51
efficient between time series

Similarity of MIM power | 4 1 5000 | 19/20 | 19/20 | 18/20 | 1720 | 6/20 | 2120
spectrums

If autocorrelation coefficient exceeds 0.6, an additional transformations of
power spectrum (for example, by robust estimations) and change of a null
hypothesis (Mann, Lees, 1996; Thomson, 1982) are needed. As a null
hypothesis the next assumption is advanced: initial time series are AR (1)
process for a white noise, 1. €. red noise process.
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On the other hand, by some results the “noise” autocorrelation for
dendroclimatical and dendrochronological time series does not exceed 0.4—0.6
(Mann, Lees, 1996; Ramachandra, Hamed, 2003).

Therefore, for reliable cycles obtaining it is enough to use the assumption
about white noise background in original dendroclimatical time series. It allows
to simplify considerably the procedure of reliable cycles revealing, for example,
in dendroclimatology.

Analysis of super long-term tree-ring chrologies

The 2 super long-term tree-ring chronologies obtained for Sweden and
Finland have been used (Grudd et al., 2002; Briffa et al., 2008).

The multiple-taper method (MTM) and singular spectrum analysis (SSA)
are used for obtaining of additive spectral decomposition. Both of these are
nonparametric and can be applied for analysis of non-stationary time series
(Elsner, Tsonis, 1996; Mann, Lees, 1996; Lees, Park 1995).

t-statistics of Kendall (Kendall, 1970; Kendall, Gibbons, 1990) with
modifications has been used for estimation of similarity (concordance) in
variations of time series. Modifications were related with calculation of sliding
Kendall’s coefficients with some sliding window of length W.

For calculation of such coefficients (K-coefficients) at the moment ¢ with
length of “window” W =2k+1 between two time series (i-th m j-th) it is

necessary to calculate:

t+k
S;= Y, R(p)x()R(x;(p).x;(q)),
bl
t+k t+k
=3 (1-(Reerx@)) 1= % (1-(R(x,(»x,@))
Dp.q=t—k p.q=t—k
(p<q) (p<q)

+1, ecmn x;(q) —x;(p) >0,

R(xi(p)’xi(Q)): 0, ecmu xi(q)_xi(p)zoa

-1, ecmn x,(g)-x,(p) <0,

And, at last, K-coefficient
S

ij

Kif(t’W):\/o,s'W(W—l)—Ti'\/OaS‘W(W_D_Y}‘

K-coefficient of rank correlation is use for independence test of 2 random
variables (for example, unsimilarity of two tree-ring series). If the hypothesis of
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2(2W +5)

9W(W - 1)
sample (4 <W <10) the testing of independence hypothesis is yielded by special
table of t-statistics distribution.

For W >10 next results 1s used:
variable

independence is true, then M (K ) = O,D(K ) = . For a small size of

te=1/2K -WW =1)/JWw W -1)(2n+5)/18,

where K — correspondent K-coefficients; W — length of sliding window (yr), is
distributed by Student distribution. Critical values (p < 0.05) for Kendall
coefficient can be found below (Tab. 2).

Table 2
The critical values of Kendall’s t-statistics obtained for different sliding windows W
The length of Window W (yr) Critical value K Significance level p
11 0.46 0.05
21 0.31 0.05
51 0.21 0.05
101 0.14 0.05
201 0.10 0.05

The criteria based on rank correlations of Spearmen and Kendall are
equivalent asymptotically (for W = 2 the correspondence rank statistics are the
same). Let us consider preliminary results, related with spectral decomposition
and analysis of different components of the super long-term tree-ring
chronologies. By the MTM approach the spectral decomposition of the tree-ring
chronologies has been obtained (Tab. 3).

Table 3
A spectral decomposition of the super long-term chronologies obtained
for Sweden and Finland (The frequencies were selected by F-criteria
and their amplitude in frequency domain
Sweden (Tornotrask)
Compo- Perio-
nent Frequency dB | F-values | DOF . Component
dicity
number
1 0.00016669 | 54.13 19.55 6.12 5999 Trend
2 0.00066678 | 47.10 2.36 6.09 1500 | Super long-term 1
3 0.00183364 | 53.01 4.04 6.11 545 | Super long-term 2
4 0.00250042 | 53.84 4.26 6.11 400 | Super long-term 2
5 0.00333389 | 55.48 2.15 6.12 300 | Super long-term 2
6 0.00416736 | 51.60 5.23 6.11 240 | Super long-term 2
7 0.00466744 | 50.18 9.56 6.11 214 | Super long-term 2
8 0.00500083 | 49.89 2.80 6.11 200 | Super long-term 2
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Continuation of the table 3

Compo- Perio-
nent Frequency dB F-values | DOF C . Component
dicity
number
9 0.00516753 | 49.02 243 6.10 194 Long-term
10 0.00550092 | 47.56 248 6.09 182 Long-term
11 0.00616769 | 47.37 3.97 6.09 162 Long-term
12 0.00683447 | 45.51 98.04 6.08 146 Long-term
13 0.00733456 | 47.36 2.96 6.09 136 Long-term
14 0.00766794 | 49.19 9.18 6.10 130 Long-term
15 0.00866811 | 49.48 2.65 6.10 115 Long-term
16 0.00900150 | 48.09 2.88 6.10 111 Long-term
17 0.01033506 | 45.93 4.60 6.08 97 Middle-term
18 0.01183531 | 48.62 11.94 6.10 84 Middle-term
19 0.01350225 | 45.40 2.48 6.08 74 Middle-term
20 0.01416903 | 46.55 2.41 6.09 71 Middle-term
21 0.01450242 | 47.23 26.45 6.09 69 Middle-term
22 0.01500250 | 48.10 4.20 6.10 67 Middle-term
23 0.01850308 | 45.08 5.75 6.07 54 Short-term
24 0.01900317 | 48.28 2.34 6.10 53 Short-term
25 0.02067011 | 47.21 21.43 6.09 48 Short-term
26 0.02117020 | 45.51 6.54 6.08 47 Short-term
27 0.02233706 | 45.00 5.74 6.07 45 Short-term
28 0.02567095 | 45.87 2.28 6.08 39 Short-term
29 0.02600433 | 46.00 4.53 6.08 38 Short-term
30 0.03767295 | 45.64 13.37 6.08 27 | Super short-term
31 0.04167361 | 45.58 11.04 6.08 24 |  Super short-term
Finland (continues)
Compo- Perio-
nent Frequency dB F-values | DOF .. Component
dicity
number
1 0.00050033 | 53.97 2.14 6.12 1999 | Super long-term 1
2 0.00133422 | 45.46 5.19 6.08 750 | Super long-term 2
3 0.00183456 | 48.56 3.34 6.10 545 | Super long-term 2
4 0.00216811 | 48.48 10.70 6.10 461 | Super long-term 2
5 0.00283522 | 53.39 3.66 6.11 353 | Super long-term 2
6 0.00400267 | 49.80 2.12 6.11 250 | Super long-term 2
7 0.00433622 | 49.18 4.514 6.10 231 | Super long-term 2
8 0.00567045 | 46.35 2.57 6.09 176 Long-term
9 0.00667111 | 45.22 7.07 6.08 150 Long-term
10 0.00733823 | 48.19 23.78 6.10 136 Long-term
11 0.00767178 | 50.31 8.28 6.11 130 Long-term
12 0.009006 | 50.67 4.48 6.11 111 Long-term
13 0.00933956 | 46.67 4.00 6.09 107 Long-term
14 0.00967312 | 45.67 33.49 6.08 103 Long-term
15 0.010507 | 49.62 4.97 6.10 95 Middle-term
16 0.01117412 | 46.55 2.04 6.09 89 Middle-term
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End table 3

Compo- Perio-
nent Frequency dB F-values | DOF C . Component
dicity
number
17 0.01184123 | 4931 2.04 6.10 84 Middle-term
18 0.01234156 | 48.82 4.49 6.10 81 Middle-term
19 0.01367578 | 46.37 5.13 6.09 73 Middle-term
20 0.01701134 | 47.83 2.09 6.10 59 Middle-term
21 0.01784523 | 46.16 7.91 6.09 56 Short-term
22 0.0203469 | 46.33 5.32 6.09 49 Short-term
23 0.02068045 | 47.46 2.34 6.09 48 Short-term
24 0.0263509 | 45.32 3.32 6.08 38 Short-term
25 0.02685123 | 46.75 6.77 6.10 37 Short-term
26 0.03218813 | 46.00 8.19 6.08 31 | Super short-term
27 0.03769179 | 46.34 6.84 6.09 27 | Super short-term
28 0.04769847 | 45.39 2.20 6.08 21 | Super short-term

The similar frequency decomposition is obtained by singular spectrum
analysis (SSA). By the cluster analysis the following groups of components have
been selected: Trend — components which frequencies are less, than 0.00051,
Super long-term — components with frequencies in the range 0.00051-0.00503,
Long-term — 0.00503-0.01010, Middle-term — 0.01010-0.01754, Short-term —
0.01754-0.02941, Super short-term — 0.02941-0.05 .

There is an important problem in spectral decomposition of time series. It is
the problem related to an uniqueness of such transformation. For example, the
simple modifications of significance level for cycle detection can change a
number of significant frequencies. Certainly, it can influence on results. Such
problem can be avoided by classification of “closest” frequencies based on
different classification methods. As result, “generalized” simulated component,
which is obtained by linear combination of singular “closest” components, will
be more robust to the forcing, caused by “new” components with small
contribution to total variance, for example. The accuracy of such approach can
be confirmed by comparison of cyclical components. These components were
obtained by two independent methods: a singular spectrum analysis and narrow-
band filtration based on inverse fast Fourier transform (Fig. 3—7). High positive
correlation coefficients between cyclical components are obtained. Let us note,
the maximum conformity of detected components is observed by frequencies,
corresponding to wave lengths from 20 to 34 years and from 100 years and
more. Following the assumption that any signal is an additive amount of cyclical
components, trend and noise, we have obtained the next: “resulting” chronology
obtained by various methods for the same sites are highly positively correlated.
So, for Sweden the correlation coefficient between SSA and FFT “aggregate”
chronologies is equal 0.94, and for Finland — 0.92, accordingly (Fig. 3).
Therefore, adequate spectral decompositions of two super long-term tree-ring
chronologies are obtained for Sweden and Finland.
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Fig. 3. Low-frequency (super long-term) components (a wave length more than
200 years) obtained by Inverse Fourier Transformation and Singular Spectrum
Analysis for Sweden (correlation coefficient between corresponding components
R =0.92) (on top) and Finland (R = 0.73) (on bottom)
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Fig. 4. Low-frequency (long-term) components (a wave length from 100 to 200
years) obtained by Inverse Fourier Transformation and SSA for Sweden
(correlation coefficient between corresponding components R = 0.75) (on top)
and Finland (R = 0.72) (on bottom)
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Fig. 5. Low-frequency (middle-term) components (a wave length from 57 to 99
years) obtained by Inverse Fourier Transformation (IFT) and SSA for Sweden
(R =0.59) (on top) and Finland (R = 0.62) (on bottom)
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components scatterplots for Torn (a) and Finish (b) Chronologies
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Fig. 8. Simulated signals obtained for Sweden (on top) and Finland (on bottom)
by direct summing of SSA and IFT components, accordingly. Correlation coefficients
between SSA and FFT simulated chronologies are equal 0.94 for Sweden and 0.92
for Finland (Each of simulated chronologies explains 71 % of total variance
for corresponding tree-ring chronologies)
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Analyzable tree-ring chronologies are located on 300 kms from each other
by longitudinal direction. As consequence, they have a common good temporal
coherence (similarity). In spite of it, there are some time intervals when
dynamics (time behaviors) of the time series are essentially differing (Fig. 9).
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Fig. 9. Sliding Kendall coefficients (t-statistics) between Swedish and Finland
tree-ring chronologies are obtained for different windows W — 95 % a significance
level for bigger window W, [_1- 95 % a significance level for smaller one)

Significant positive trend in coherence (similarity) of two tree-ring
chronologies is obtained, 1. €. a synchronism in behavior of two tree-ring series
significantly increases from the past to the present. The reason of coherence
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increasing can be explained by better quality of tree-ring data in the present. It leads
to more accurate generation of tree-ring chronologies. As results, we have obtained
the better synchronism in variance of tree-ring chronologies in the present time.

On the other hand, a similarity increasing leads to deterioration (worsening)
of growth condition for trees (Unpublished results). Probably, this fact is
a reason for coherence increasing between the tree-ring chronologies.

The spectrum analysis of Kendall coefficients has revealed the next
cyclicities for different sliding windows W: about 1500 yrs, 300, 135-155,
90-110, 45-65 years.

More than 99 % of significant values of Kendall’s coefficients (for
different length of window W) are the positive. Therefore, the analyzed
chronologies are permanently in a phase, or their variance is not concordant.
There are no antiphases in variance of these time series.

It is possible to explain a reason of such mismatches by temporal analysis
of different cyclical components obtained for the tree-ring chronologies.

At first, we should define, what does it mean a relationship between sliding
Kendall coefficients characterizing growth conditions (Kendall coefficient
calculated between tree-ring chronology and chronological series) and initial
tree-ring chronologies.

Second, we should define, what does it mean a relationship between sliding
Kendall coefficients characterizing growth conditions and sliding Kendall coeffi-
cients characterizing synchronism in time behaviour of 2 tree-ring chronologies.

Thirdly, we should try to find a most informative statistics characterizing
a variance of both tree-ring chronologies.

There is a concordance coefficient of Kendall (Kendall, 1970, Briffa et al.,
2008), which will be used for 3 and more dendrochronological time series,
simultaneously.

Comparison of the sliding Kendall coefficients of growth conditions,
obtained for super long-term and long-term components, with the same cycles
shows significant similarity between heterogeneous time series (Fig. 10, 11).
Common intervals of concordance, disagreement and antiphases are observed.

The amplitudes for Kendall’s coefficients Kenmammna are the same for
different sites. It can be explained by the specific transformation from absolute
values to ranks. It’s known, that t-statistics is based on inverses calculation for
two ranked time series.

One of the most debatable problem is a select of length W of sliding
window. In a case when principal frequency in spectral decomposition of time
series 1s, a priori, known, the select is ordinary enough: the length of window
should be the close to half of wave length for principal cycle. The correctness of
such recommendation can be confirmed by similar dynamics of Kendall’s coef-
ficient and the observed components, for example (Fig. 10, 11).

Similar relationships are obtained by comparison of sliding Kendall’s
coefficients with more high-frequency cyclical components.
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Fig. 10. Comparative dynamics of:
a — the sliding Kendall’s coefficients characterizing of growth conditions, for super long-term components (the wave length from 200 years
and more) for Sweden and Finland; b — initial super long-term components (the wave length from 200 years and more)
for Sweden and Finland. Common time intervals of concordance, disagreement and antiphases are marked by square areas
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Thus, the sliding Kendall’s coefficients characterising growth conditions
are well reflecting singularities of initial cyclical components.

In comparison with Pearson correlation coefficient depending on 2 parameters:
mean and variance, Kendall’s coefficients are more “rough” characteristics and less
depended from absolute values of original time series. It is possible to get an
example when Pearson correlation coefficient will be insignificant (in case of
nonlinear relation between observed variables), and, in the same time, rank
coefficient of correlation can be significant with high confidence level.

What is a relationship between sliding Kendall coefficients characterizing
growth conditions and sliding Kendall coefficients characterizing synchronism
in time behaviour of 2 tree-ring chronologies?

For all cyclical components there is a direct correspondence between of
Kendall’s coefficients characterizing synchronism in time behaviour of 2 time
series, and the characteristics, reflecting growth conditions (Fig. 12-14). One
from the next characteristics: Kendall’s coefficients of growth condition or
original cyclical components can be considered as growth condition
characteristics by high correlation between these ones (Fig. 10, 11).

Last results show it is possible to characterize a combined variance of 2
tree-ring chronologies by the one coefficient — the sliding t-coefficients of
Kendall with the corresponding selection of window W.

At the same time, the “component-wise” analysis (the combined analysis of
cyclical components obtained for tree-ring chronologies) reveals a number of
interesting singularities. First of all, the negative trend for sliding Kendall’s
coefficient obtained for super long-term components is observed. It means, that
a coherence (similarity) of observed series significantly decreases in the most
low-frequency band from the past to the present time (Fig. 12).

On the other hand, there are no significant trends in a similarity of cyclical
component with a wave length from 100 to 200 years (Fig. 13).

Therefore, there is “inconsistency” with concordance results obtained
above for initial tree-ring chronologies (the concordance only increases by the
time for different sliding).

It is possible to explain the “inconsistency” by the following. The sliding
window certainly is the filter, but, in the same time, not absolutely effective (in
comparison with different kind of narrow-band filters). As result, similarity
influence of more high-frequency components superimposes on similarity of low-
frequency components by the calculation of sliding t-coefficients characterizing
of synchronism for initial tree-ring chronologies for “major” (W > = 100 years)
windows. Taking into account, that the contribution of low-frequency (a wave
length > 100 years) component are estimated in 25 % of total variability for the
Finish chronology and 34 % — for Swedish one, the opposite contribution for
more high-frequency component appears more essential. In fact, there is
manifest positive temporal trend in coherence for 3 high-frequency components
(from the past to the present) (Fig. 14).
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Approximately 70 % of total variance are explained by revealing cyclical
components for each of observed tree-ring chronology. Therefore, 45 % of
variation for Finland and 36 % — for Sweden are high-frequency components
(a wave length from 20 to 99 yrs). Their total contribution is statistically
significant to concordance between tree-ring chronologies for Sweden and
Finland (Fig. 15).
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Fig. 15. Sliding Kendall’s coefficients of similarity, calculating between
simulated (70 % of total variance) Swedish and Finnish chronologies

Forecast of low-frequency components
for long-term tree-ring series

In the section the statistical approach is described, which allows to make
forecasts of low-frequency components for super long-term tree-ring
chronologies by narrow-band filtration (a inverse Fast Fourier transformation
based on multiple spheroidal sequences) and a singular spectrum analysis
(SSA).

Preliminary results have shown the adequate spectral decomposition of
initial dendrochronological time series is necessary to obtain a back forecast
(or reconstruction) of super long-term tree-ring chronologies. Such spectral
decomposition can be realized, for example, by multiple-taper method (MTM
which is rather robust to different noise affects, especially for low-frequency
domain (see sections above). Recovery of cyclical components was realized by
inverse fast Fourier transformation.

By cluster analysis it is possible to allocate several groups of cyclical
components, joined by several statistical tests for closest frequencies and
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amplitudes. For each selected group of cyclical components it is possible to
obtain “aggregate” cyclical component as linear combination of all cyclical
component for the same group.

Each ‘“aggregate” component can be described by several parameters:
principal frequency (selected by F-test and its amplitude (in dB) in frequency
domain), periodogram support, average amplitude, amplitude variance, etc.
Some of these is used in singular spectrum analysis, in particular, principal
frequency is used for window selection and, therefore, for trajectory matrix
construction.

All aggregated components, obtained by the approach above are
components with finite ranks in singular decomposition. The last one testifies
that we have really allocated cyclical components (or components which are
decomposed by finite number of harmonics).

There is other important problem. What are differences between cyclical
functions obtained by singular spectrum analysis and ‘“actual” cyclical
components for the super long-term chronologies. Time behavior (or dynamics)
of actual components can be estimated, for example, by the narrow-band
filtration.

The proposed approach was tested based on two super long-term
7-thousand’s-years tree-ring chronologies, obtained for Finland and Sweden.

Two common time intervals were considered for both cases.

Time interval from 1994 A.D. to 3800 B.C. is an interval for which
singular decomposition of different cyclical components is obtained. 1000-years
forecast back was obtained from 3600 to 4600 BC by the singular
decomposition. “Pure” forecast covered 660 years from 3940 to 4600 BC (340-
years interval from 3600 to 3940 BC was included to SSA algorithm of
verification). 660-years interval allowed to compare the obtained forecast with
actual data for the same time period.

For SSA the “aggregate” cyclical components are obtained by described
above method (based on inverse fast Fourier transformation and cluster
analysis), but for time interval from 1994 AD to 3800 BC. These components
are different from “aggregate” ones obtained for whole 7000-years interval
(from 1994 AD to 5400 BC), but were strongly correlated. There are non-
significant frequency, phase and amplitude shifting.

There is a good coherence in behavior of low-frequency components with a
wave length from 100 years and more, obtained for different tree-ring
chronologies (Fig. 16, 17) The good coherence in variance of low-frequency
components for actual chronologies (bold solid lines) is explained by proximity
of dendrochronological test-polygons — the distance between ones is,
approximately, 300 kms. Most likely, variance of these components reflects a

changes of common growth factor (e. g. summer temperature (Briffa et al.,
2008)).
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Fig. 16. Comparative dynamics of low-frequency components (with wave length
more than 200 years), obtained by narrow-band filtration of actual data (a bold solid line)

and their modeling by singular spectrum analysis (thin solid line) for Sweden (a)
and Finland ()

The 660-years forecasts for both tree-ring chronologies is highly correlated
with actual data (Tab. 4).

So, correlation coefficients between low-frequency components with wave
length from 100 to 200 years (components: Forecast-long and FFT-long) for
Sweden and Finland are equal 0.52 and 0.89 (p < 0.0000001), accordingly'. The
maximum differences between forecast and actual data are revealed for Sweden
in interval from 3940 to 4200 BC. The antiphases for this interval determine
“low” value of correlation coefficient (Fig. 17). The reason of such deviations
(amplitude modulation and phase shifting) is not clear.

Let us consider the most long-term wavelength oscillations (components
Forecast-s-long and FFT-s-long) with a wave length more than 200 years. The
forecast and actual curves are more similar for both sites. Correlation
coefficients are equal 0.67 for Sweden and 0.65 for Finland.

" Remark: Correlation coefficients are estimated for all 1000-yrs interval from 3600 to
4600 BC.
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Fig. 17. Comparative dynamics of low-frequency components (with wave length
from 100 to 200 years), obtained by narrow-band filtration of actual data (a bold solid line)
and their modeling by singular spectrum analysis (thin solid line) for Sweden (a)
and Finland ()

Table 4
Correlation coefficients between different cyclical components obtained
by narrow-band filtration and its forecast based on singular spectrum analysis
for Sweden (4) and Finland (B)

A
FFT-s- | FFT- FFT- FFT- FFT- FFT- FFT-
long long mid short s_short Sum | Lon Mid

Forecast-slong 0.67 0.00 0.04 0.01 -0.01 0.44 0.51
Forecast-long 0.13 0.52 0.05 0.00 0.00 0.33 0.38
Forecast-mid —0.03 —0.04 0.66 -0.01 0.00 0.11 0.13
Forecast-short 0.00 -0.01 0.02 0.08 0.01 0.02 0.00
forecast-sshort 0.00 0.00 0.00 0.02 —-0.10 —0.04 0.00
Forecast_Sum 0.51 0.23 0.24 0.03 -0.04 0.48 0.56
ForecastLMid 0.57 0.26 0.27 0.00 0.00 0.55 0.63
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FFT-s- | FFT- FFT- FFT- FFT- FFT- FFT-
long Long Mid short s_short LongT Sum
Forecast-slong | 0.65 0.00 0.04 0.01 0.00 0.50 0.33
Forecast-long —0.06 0.89 0.03 0.00 0.00 0.48 0.31
Forecast-mid —0.02 0.05 0.22 —-0.04 0.00 0.02 0.09
Forecast-short | 0.03 0.01 —-0.05 0.32 0.03 0.03 0.15
Forecast-sshort | —0.01 —0.01 0.01 0.01 0.11 —0.01 0.05
Forecast-Sum 0.19 0.43 0.11 0.16 0.06 0.40 0.39
Forecast- 0.35 0.74 0.05 0.00 0.00 0.71 0.47
LongT

It 1s possible to expect forecast deterioration by increasing of frequency. In
general, this assumption is confirmed, excepting of oscillations with wave length
from 58 till 100 years for Sweden (Fig. 18, 19). In this case, high coherence is
observed between forecast and actual data (correlation coefficient between
Forecast-mid and FFT-mid is 0.66 (Tab. 1)) (Fig. 18, a.)
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Fig.. 18. Comparative dynamics of low-frequency components (with wave length
from 58 to 100 years), obtained by narrow-band filtration of actual data (a bold solid line)
and their modeling by singular spectrum analysis (thin solid line) for Sweden (a)
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Let’s note, that contribution of low-frequency components (wave length
> 100 years) is estimated as 25 % of total variability for Finnish and 34 % — for
Sweden chronologies. 20 % of total variability is explained by components with
length wave from 35 to 100 years for each chronology. The contribution of high-
frequency components (wave length from 20 to 34 years) for Finnish tree-ring
chronology is more than in 2 times in comparison with Swedish one. It is
estimated, approximately, in 20 %. Most likely, such differences were arisen by
different standardization methods.

Proposed approach is based on a hypothesis, that signal for the super long-
term chronologies is a linear combination of a trend, harmonic components and
noise. Therefore, next step is quite logical. Let us assume, that additive amount
of forecast components, significantly correlated with actual data will be the
close to the amount of actual components (Fig. 20, b). The last assumption is
confirmed by high positive correlations for Sweden and Finland — 0,63 and 0.71
(p <0.000001), accordingly.

Thus, it is possible to state, that the obtained algorithm allows to make
high-quality long-term (about several centuries) forecast in the past of low-
frequency components. Such low-frequency components can be interpreted as
the basic tendencies in tree growth for short-term scales (about 100-200 years).

Based on obtained results the next conclusions can be stated:

1. It is enough to test the power spectrum by white-noise null hypothesis
for detection of significant cycles in dendroclimatical series It allows to simplify
considerably the procedure of reliable cycles revealing, for example, in
dendroclimatology.

2. The spectral decomposition for two super long-term tree-ring
chronologies are obtained for Sweden and Finland by two independent
approaches: multiple-taper method and singular spectrum analysis. High
positive correlation coefficients between different cyclical component obtained
by different methods are observed.

3. Adequacy of combined MTM&SSA approach for spectral
decomposition of tree-ring chronologies is confirmed by high positive
correlation coefficients between “simulating” chronologies obtained by different
approach for eash sites.

4. The significant positive trend in concordance of two tree-ring chronologies
is revealed, 1. e. synchronism of two super long-term tree-ring chronologies for
Sweden and Finland significantly increases from the past to the present.

5. The spectrum analysis of Kendall coefficients has revealed the
following cyclicities for different sliding windows W: about 1500 yrs, 300,
135-155, 90110, 45—65 years.

6. More than 99 % of significant Kendall’s coefficients for different
lengths of window W are the positive. Therefore, the chronologies are
permanently in a phase, or their behaviour is not concordant. Manifest
antiphases in dynamics of these series t are not observed.
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Fig. 20. Comparative dynamics of “aggregate”, obtained by narrow-band filtration
of actual data bold and their modeling by singular spectrum analysis with:

a — wave length more than 20 years (Sweden); b — wave length more than 58 years (Sweden)

2

¢ — a wave length more than 100 years (Finland)
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7. The negative trend for sliding Kendall’s coefficient calculated for super
long-term components (with a wave length more, than 200 years) is obtained by
the “component-wise” analysis (the combined analysis of cyclical components
obtained for tree-ring chronologies). There are no significant trends in
a similarity of cyclical component with a wave length from 100 to 200 years.

8. High-frequency components (wave length from 20 to 99 years)
significantly influence on total concordance between tree-ring chronologies
which. These ones determine the existing positive trend in chronology
coherence.

9. The obtained algorithm allows to produce a high-quality long-term
(about several centuries) forecast in the past for low-frequency components
which can be interpreted as the basic tendencies in tree growth for short-term
scales (about 100-200 years)

The approach described above allows to obtain the adequate spectral
decomposition of different tree-ring chronologies, to analyze spatial
comparisons of different time series, specifying possible reasons of
disagreement, to build new long-term reconstruction of different climatic series
by different cyclical components. Moreover, the approach allows to extend
super long-term tree-ring chronology by low-frequency components (about
30 % of explained variation for several centuries ago), to verify temporal
periods in the past for which, by objective reasons (e. g., a small number of
wood sample), there are no good statistical estimations, and, finally, to extend
existing climatic reconstruction.

The work is supported by the Siberian Federal University state assignment —
2014 of the Ministry of Education and Science of Russian Federation.
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Paunee ona ypasuenuss Byccunecka Obiiu nonyuenvl 8ce pedyKyuu 8uod
u= U(x,y,w(z)), 20e z=2z(x,y). Tam gice Gbi10 NOKA3AHO, YMO CYyWjeCMEYIOM

PpeoyKyuu, omauunsie om pedyKyui, noayyaemvix ¢ nOMowbio cummempui. /la-
Jiee OvLIU HallOeHbl 6ce pedykyuu ypasHenus bropeepca, ypasenenua Kopmeegezea-
oe Bpusza, u moouguyuposannozo ypasnenus Kopmeseea-oe Bpuza. Paccmom-
PEHO YypasHeHue, onucvléaiouee JAMUHAPHbIU CMAYUOHAPHBIU NIOCKUU Nocpa-
HUYHBLU CNIOU. DMO YpasHeHue ONUCLIBAEm OBUNCEHUE BA3KOU HeCHCUMAEMOl
HCUOKOCMU 8 NAMUHAPHOM CMAYUOHAPHOM NAOCKOM NOCPAHUYHOM Cl0e, UCKO-
mas yHKyus u-@yHKyus moka (be3 oepanuyerus oouHoOCmu, KUHeMAmuyecKull
K03 uyuenm 6a3Kocmu noiazaemcs pagHvlM eouHuye).

llonyuenvl 6ce pedykyuu peuleHutl pacCMOMpPEHHO20 YPAGHEHUS K PeuleHU-
AM 00bIKHOBEeHHbIX Jughghepenyuanvuvix ypaeuenuti. llokaszano, k kakomy OHY,
C MOYHOCMbIO 00 3AMEHbl NEPEMEHHbIX, PeOYYUPYyemcs YPAaAGHeHUe OBUICEHUE
BA3KOU HECHCUMAECMOTU HCUOKOCU 8 TAMUHAPHOM CMAYUOHAPHOM NIAOCKOM NO-
epanuunom cnoe. Ilokazano, ymo paccmampueaemoe ypasHeHue umeem peoyK-
Yuu, He noaydaembvie ¢ NOMOUbIO CUMMEMPUL.

Knrouesvle cnosa: noepanuunvii ciou, pedykyus Oug@epenyuaibHoco
VpaeHeHus, UH8APUAHMHOE peuleHUe.

REDUCTIONS OF A STEADY-STATE LAMINAR
BOUNDARY LAYER EQUATION

A. V. Aksenov, A. A. Kozyrev

Moscow State University named after M. V. Lomonosov,
1, Lenin Hills, Moscow, 119991, Russian Federation.
E-mail: aksenov@mech.math.msu.su

Early for the Boussinesq equation were obtained all kinds of reduction
u= U(x,y,w(z)), z=z(x,y).
It was also shown that there are reductions other than reductions obtained

using symmetries. Further reductions were found all of the Burgers equation
Korteweg-de Vries equation and the modified Korteweg-de Vries.
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We consider equation of plane steady-state laminar boundary layer. All
reductions of the solutions of this equation to the solutions of ordinary
differential equation are obtained. The fact that there are reductions that cannot
be obtained using the symmetry methods has been shown.

Keywords: boundary layer, reduction of a differential equation, invariant
solution.

B pa6ote [1] s ypaBHenus byccunecka

u, +%(u2)xx +u,. =0

ObLIN ITOJIYYCHBI BCC pCAYKIIUN BUJd
u=U(x,y,w(z)), (1)

TAe z = z(x, y). bputo MoKazaHo, 4TO CyIMIECTBYIOT PEAYKIUHU, OTINYHBIE OT pe-
OYKUUH, MOJy4aeMbIX C MOMOLIbIO cUMMeETpHil. B 3T0il pabore Takxke ObUIM
HaWJICHBI BCE pEyKIIMU ypaBHEeHUs broprepca:

u, +uu, =u

XX
ypaBHenus Kopresera-ne Bpusa:

u, tuu, =u

XXX

u MoguduupoBanHoro ypasHenust Kopresera-ae Bpusa:

u, + uzux =U,,.

st 5TUX ypaBHEHU#M ObUIO MOKa3aHO, YTO HAWJEHHBIE PEAYKIIMU COBIIA-
JAIOT C PENYKIUSAMH, IMOJYy4Ya€MbIMU C TOMOIIBIO CUMMETPHUM, T. €. COBIIAJAIOT
C UHBAPUAHTHBIMU PELICHUSMH.

B nHacrosei pabote HaxoIATCa BCe peIyKIMHA YPaBHEHHUS CTAllMOHAPHOTO
IJIOCKOTO MOTPAaHUYHOTO ciosi. B oTnuuue ot pabotsl [1], B HacTosmiel padoTe
MPETIOKEH OOLTUN METO, IPUMEHUMBIN K IIUPOKOMY KJIACCy YpaBHEHHH ¢ 4a-
CTHBIMU MPOU3BOJHBIMU (OIPAHUYEHUSI MPUMEHUMOCTH MPEAJIOKEHHOTO METO-
na Oy1yT yKa3aHbl HUXKE).

Paccmotpum ypaBHEHUE

UMy, — Uy, = Uy, (2)

VYpaBHeHue (2) onuchIBaeT ABUKEHUE BSI3KOW HEC)KMMAEMOM >KHIKOCTH B
JAMUHAPHOM CTAIIMOHAPHOM TUIOCKOM IMOTPAaHUYHOM CJoe, # — (YHKIUS TOKa
(6e3 orpanuueHust OOIIHOCTH, KUHEMATHYEeCKUN KOA(h(UIIMEHT BS3KOCTH TOJa-
raeTcs paBHbBIM eauHUIE) [2].
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Haiinem Bce penieHust ypaBHEeHHS (2), CBOMSIIIMECS K PEIICHUIO OOBIKHO-
BeHHoro auddepennmansaoro ypaBuenus (O1Y). Pemenue ypaBuenus (2)

ueM B Buge (1). @yukuuu U (x, y,w(z)) u z(x, y), HAXOJSITCSL U3 YCJIOBUS,
YTO MpHU NOoJACTaHOBKe penieHus Buaa (1) B ypaBHenue (2) nomyuaerca OY na
GyHKIIHTO w(z). [Toncrasnss (1) B (2), momydaem

v ) N

(Uy +UWW'ZX)(ny +U,, W'z, +(Uyw + UWWW'Zy)W'Zy +U W'z z +U w'z,

' ' ' ' " 2 '
—(Ux +U, w zx)(Uyy +U, w'z, +(UyW +U,,, W zy)w z, +U,w"z, +U,w zyy)—

-U,,-U,w'z, —(Uyyw +Uywww'zy)w'zy —Uyww"zi -U,w'z,, -
—(UWW +U,,,,W'z, + (Uyww + UWWWW'Zy)W'Zy + UWWW"Z)Z} + UWWW"Zyy)W'Zy -
—2(Uyw + waw'zy)w"z; - 2(Uyw + UWWW'Zy)w'Zyy -
—UWW"'Z; -3U,w'"zz, -Uw'z,, =0. 3)

[Tonenum 06e yactu ypaBHeHus (3) Ha KOdDPUITUEHT TIPH CTapiIe Mpou3-
BOIHOM W", TO e€CTh Ha Uwzi (mporerypa HOPMUPOBKH KO3 HHUIIMEHTOB). Y-

JIOBUEM TOT0, YTO MOJy4YeHHOEe ypaBHeHue sBusercs O/lY, saBnsercsa 3aBucu-
MOCTh KaXKJIOTO U3 HOPMHUPOBAHHBIX KOA()(PHUIIMEHTOB MpU MPOU3BOIHBIX w(z)

TOJBKO OT IEPEMEHHBEIX W M z. PacCMOTPHMM HOPMHUPOBAHHBIA KO3()(UIHMEHT
IpH cliaraeMom, coaepxkarmiem w'w'. OH UMeeT BUJ

3U,,,/U,, =T'(w,z).
TTpOMHTErpUPOBAB 3TO YPABHEHHE, TIOTydaeM, UTO
U =B (x.y) Ty (w.2) + (. 7).
TakuM 06Pa3oM, HCKOMbIE PelIeHns] ypaBHeHUs (2) MOKHO HCKATh B BHJE
u=B(x,y)w(z)+oa(x,y). (4)

[Toncrasnss (4) B ucxogHoe ypaBHeHuE (2), moxyyaem
(Ocy + Byw + Bw’zy )(ocxy + Bxyw + wa'zy + Byw'zx + BW"Zny + Bw'zxy ) —
—(a, +B,w+ Bw’zx)(ocyy +B,w+2B Wz, + Bw"zﬁ + Bw’zyy) —
Oy byyyw B 3Byyw,zy B 3Byw"zi B 3Byw’zyy B
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—Bw"’z; -3Bw'z,z,, —Pw'z,, =0. (5)

Ycnosue Toro, uro (5) ectb OJ/IY, o3HadaeT, 4TO HOPMUPOBAHHBIE KO-
(buUIMeHTHI, 3aBUCSIINE OT QPYHKITUH oc(x, y), B(x, y), z(x, y) U UX OpPOU3BOI-
HBIX, JIOJDKHBI OBITh (DYHKIIMSIMU TOJIBKO OT TIEpeMEHHOH z. OTKyaa Moiaydaem
CJIENYIOILYI0 CHCTEMY M3 BOCHBMU ypaBHEHHUH (ClieBa yKa3aHa KOMOWHAIUS MPO-
U3BOJHBIX OT w(z), KOA((PUIIMEHTHI TIPU KOTOPBIX JIOJDKHBI OBITH (PYHKITHMEH

TOJIBKO OT IEPEMEHHON Z ):

Wﬂl 1’
o BzB.+Bz,z, — B2z, —BzB
ﬁl y yoxy g »y YT T (2),
Pz,
2
z B,z —Pz
W'W” B yBy X 5 B yBx :1"2(2)’
Pz,
o z,03Bz,, +3B,z, +a, Bz, —a Pz,)
T »y y7y : y_ =T,(z2),
Pz,
. Bz BBz, +B,Bz,, +Bz, B, —B.Bz, —Pz.p
Ww y yPxsy TPyPexy ' yPxy »y Y _T,(2),
Pz,
ocyszy + ocyByzx + ocszxy + Bzyocxy - 2ocx[3yzy -
, -a, Pz, —Bz.o,, —3B,z,, —3B,,z, —Bz
W » Wy 3y Wy wey W _T(z),
Pz}
w| BPoBlo )
3 6
Pz,
B Oy _O('xB +a Bx _Bxa‘ _B
M y Xy Yy y3 24 Yy Yy :r7(z)’ (6)
Pz
ﬂl OOy ~ OLy?xy — %y _ Ty (2).
Pz,

Kaxxnoe u3 ypaBHeHU# (6) SKBUBAJIEHTHO YCJIOBHUIO PABEHCTBA HYIIIO SIKO-
OuaHa JIeBOW YacCTH 3TOTO ypaBHEHUS U PYHKIIUU z(x, y). B pesynbrare MOXHO

MOJTyYUTh TIEPEONPECICHHYI0 CUCTEMY YPaBHEHHMH ISl ONpEAeTICHUS HEeH3-
BECTHBIX (DYHKITUN oc(x, y), B(x, y), z(x, y). DTy cucTeMy ypaBHeHUH (OHa HE
IPUBOJUTCS B CHIIy €€ TPOMO3JIKOCTH) MOXKHO CYIIIECTBEHHO YIPOCTUTH, BBOJS
BCoMorarenbubie  GyHKmmn (X, y), W, (x, ), ps(x,y), onpemensiemsie u3

CIEIYIOIIMNX COOTHOIIEHUN
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Zy— (X,y)Zy = Oa
B, =1 (x)B, — 1y (x,)B=0,

o, — 1y (X, y) o, =y (%, y) o —py(x,y) =0.

B pesynprare moiyuyaeM CIEAYIOUIYHO MEPEOINPEEICHHYIO CHUCTEMY Ha
BCIIOMOTaTeNIbHbIE PYHKIUU:

2
My Mo+ Ky =Ry — by, = 0,
Moy 13— ok, — Bk, =0,
3“'1)/)/ + 3“2)} + M3x — “’ll""?)y + M2H3 — “’ly“?) = O,

M2y(2“1y_“'2):0’ (7)

2
Holoyy, = Hays
_“2M3y + 2M2y“3 B 2M1yu3y + 4M1yyy + 6M2yy = O:
~2Ma) M3, F HagyMs F Hoklsyy + Moy, =0,

2
u3yyy = M3y - “3“3)/)/‘

N3 yeTBepTOro ypaBHEHHS CUCTEMBI (7) CIEAYET, YTO HYKHO PACCMOTPETH
JIBa CIIyyYasl.
Cayuau 1. p,,=0. Torma p, =, (x), a U3 BTOPOrO ypaBHEHUS CIEHYET,

YTO |, JIMHEWHA IO y, TO €CTh M, = y(p’z + u% ) / W, + f (x) IToncranoBka mo-
JY4YEHHOI'O BBIPAXEHMsS U |, B IIEPBOE YPAaBHEHHE MPUBOAUT K CIIEIYIOIIEMY
YPaBHEHHIO Ha [, W) = 2u'22 / K, . Orcrooma mnomyyaercs [, = 1/ (clx + cz)’
n = y(l - cl) / (clx + cz)+ f (x) Jlanee, u3 cenpbmoro ypaBHeHUs cuctembl (7)
cregyer, 410 W, =0. Torna u3 mociaenHero ypaBHeHus CUCTeMs! (7) ciexyer,
4TO Wy, = O’ Ly =Ly (x) , & M3 TPETHErO YPaBHEHHS CIIEAYET, UTO [y = i) /L,
Torma momy4yaem Wj =csl, =C4 / (clx + cz). OKOHYAaTEeNbHO TMOJIy4aeM, 4YTO B

ciyuae 1.




Cnyuaii 2. p, =2y, . Ilocae MOACTAHOBKY B IISITOC YPABHEHHE IIOTydacM

Mty = “lzyy , OTKyJIa W, =f (x)exp[ s (x)] + f3 (x) [ToncranoBka moy-
YEHHOI'O BBIPAKEHMs B IIECTOE ypaBHEHHUE NACT [l f, (x) —p3, +4 fz2 (x) =0.

Hanee, noxcrasisist , =24, =2/ (x) f5 (x)exp[yf2 (x)] B ILIECTOE U CEABMOE

YPaBHEHHUS CHCTEMbI, HETPyJIHO yOeauThcs, 4YTO f, (x) =0, a 3HaYUT
W = h(x),;,t2 =0,y = F(y + Jh(x)dx), rje h(x) — Tpou3BOJbHAA (PYHKIIHUS,

a Gpyukumst F onpenensercs u3 pemenns OJY F" =F'* — FF".

[Mokaxem, k kakomy OJIY, ¢ TOYHOCTBIO 10 3aMEHBI MEPEMECHHBIX, PEIIY-
HUpyeTcsl ypaBHeHHE (2) B 3TOM ciydae. Tak Kak ypaBHeHUE (2) I0IMycKaeT mpe-
oOpa3zoBaHue y — y + g(x), rjae g(x)— MPOU3BOJIbHAS (PYHKIIHS, @ PEeLyLHpO-
BaHHOe pemenne Buma (1) jomyckaer mpeoGpasoBamms  z — K(z),
B—>PM(z), a—>a+BL(z), rne K(z),M(z),L(z) — nponusBonbHbIe QyHK-
I[UM, TO, HE OrpaHWUYMBas OOLIHOCTH, MOXXHO MONOXHTh P=1,z=y. Toraa
MOXXHO TOJy4HTh, 4T0 o =x@(y), rae Gynkums @(y) ymosaerBopser OIY
0" =@'> —@" . PenyLupoBaHHOE ypaBHEHHE B PACCMATPHBACMOM CiIydae OyaeT
VMMETh CIEIYIOIIUN BUA:

w'+onw" +o'w=0.
VYpasuenue (1) gomyckaer cieayroommii 0a3uc onepaTopoB cummerpuu [3]:

X, :Q, X, :f(x)ﬁ, X, :3, X, :xﬁ+y§, X =x§+u3.
ox oy ou ox = Oy ox  Ou

Borancienne dyskmmit p(x,), wy(x,»), uy(x,), coorBercTByrOmIX
pelLlIeHUAM, HHBAPUAHTHBIM OTHOCHTENLHO OMepaTopa CUMMETPUN

0 0 0
X = (c1 + X+ csx)§+ (czf(x) + c4y)5+ (csu + 63)5,

HacT CIICAYIOMUE COOTHOIICHUA:

Cs Gy

c,y+c X
S 2f( )’ M2(x9y): ) M3(x’y): :
)+ Cux +csx ¢+ Cyx +csx ¢+ Cx +csx

Hl(xay):

Otu pynkumn i (x,y), 1y (x,»), Hs3(X,») COOTBETCTBYIOT PEIICHHIO CHC-

TeMsl (7) o coydas 1.
Takum obOpazom, (yHKITIH ul(x, y), Ly (x, y), [T (x, y) MOJTyYCHHBIE W3

cucteMsl (7) 11 citydasi 2 1ar0T peayKIUd, OTIUYHbIE OT PEAYKIIUH, Mmotyyae-
MBIX C TIOMOIIbI0 CUMMETPHIA.
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CrnemyeT TakKe OTMETUTb, YTO JaHHBINA BHUJ| BCIIOMOTAaTENIbHBIX (DYHKIUN

HCJB3s UCIIOJIB30BaTh, CCIIN Zy = 0, TO €CTb, HC OIr'paHUYUBaA 06H_IHOCTI/I, zZ=X.

B stom ciydae criemayer Opath CleAyronMe COOTHOMICHUSI Ha BCTIOMOTaTEIbHbBIE
byHKINN:
Z, — Iy (x,y)zx =0,

By~ (%,3)Bs — Ko (x,7)B=
o, — (X, p) o, =, (%, y) o —ps(x,¥) =0.

Kak HeTpyaHO MpOBEpUTH, B CIydae z =X YpPaBHEHUE BBIPOXKJAETCS, U Ha
w(z) nonyyaercss OJ[Y MeHsblero mopsiika, 4eM HCXOJHOE ypaBHEHHE (2).

DTOT cllydait He TIpeICTaBIsIeT 0CO00TO HHTEPECa U €Tro MoJIPOOHOE paccMOTpe-
HUE HE TIPUBEACHO.

B 3akimroueHrne OTMEHHMM, YTO MpEeIaraeéMblii METO/I, CBA3aHHBIN C BBEJIE-
HHEM BCIIOMOTaTeNbHBIX GyHKIm I, (x,)), 1y (X, ¥), ps(x, ) sBasercs 06-

UM ¥ IPUMEHUM K YPaBHEHUSM C YaCTHBIMU IPOU3BOIHBIMU C JIByMsI HE3aBU-
CUMBIMH MEPEMEHHBIMU, AJI1 KOTOPBIX peayKuuu umerot Bua (4). B padote [1]
OBLIO YKa3aHO, YTO €CJIM MCXOJIHOE YPaBHEHUE HE UMEET peayKuuid Buaa (4), To
ero MOXKHO MpeoOpa3oBaTh TakuM 00pa3oM, BBOJS HOBYIO 3aBHUCHMYIO Iiepe-
MEHHYI0, 4YTO IpeoOpa30BaHHOE YPAaBHEHHE UMEET peAyKIUHU Buaa (4).
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VJIK 681.51

MOJIEJIA U METOAbI ®OPMHUPOBAHUA HAAEXKXHBIX CTPYKTYP
NHOOPMAIIMOHHBIX CUCTEM OBPABOTKN HH®OPMAILINN

O. A. ArramoukuH, B. B. Kykapues

Culupckuii rocyJapCTBEHHBIN a3pOKOCMUYECKUN YHUBEPCUTET
nuMeHHM akagemuka M. @. PemeTHena,
Poccuiickaa ®enepanus, 660014, r. KpacHospck,
npocit. uM. ra3. «KpacHosipckuii padounii», 31.
E-mail: oleslav24@gmail.com, vlad saa 2000@mail.ru

Paccmompenvl npobremuvl nosviuieHuss HA0EHCHOCMU NPOSPAMMHO20 U AN-
napammuo2o obecneyenus cucmem ynpasienus. Ilpeocmaenen ananuz memooos
OYeHKU HAOeHCHOCmU UHDOopMayuonHslx cucmem. Ilposeden ananuz maxux mo-
oejlell OYeHKU HAOeHCHOCMU UHMOPMAYUOHHBIX CUCHEM, KAK © OUCKDemHAas MO-
denb, modenv Munca, mooenb coomuowenuil, mooeav bepuyniu, 0b6obuenno-
meopemudecKkas Mooeib, dIKCNOHEeHYUANbHAsi Modelb, mModenv batieca, mooenw
pucka. Kax uncmpymenm 0na oyeHku HaoedcHocmu uH@oOpMayuoHHOU cucme-
Mbl npedniazaemcs UCNOoNb308amb Memoo coomuouieHutl. Ilpedcmasnen mame-
mMamuyeckui annapam, NpeoHA3HaAYeHHbll 01 CO30aHUsL U ONMUMUSAYUYU KId-
CMEPHLIX CMPYKMYP KPUMUYHBIX NO HadedcHocmu cucmem ynpasnenus. Pac-
CMOMPEHbL pa3iuiHble MUNnbvl KIACMepPos, a MakKice YyposHU U30bImMoYHOCMU NpU
opeanusayuu Kamacmpogpoycmouyugoeo Kiacmepa u CYeHapuu omrasos Kiad-
cmepuou  un@pacmpykmypsl. Ilpeonoocensvt uncmpymenmsi ONMUMUZAYUU
VIpasieHus paseumuem CmpyKmypsl KIACMepHOU cucmembvl oOpabomku um-
Gdopmayuu na ocnose cucmemvl Kiacmepos. Onucana 3a0aya NIAHUPOBAHUS]
pazsumusi CMpyKmypbl KIACMEPHOU Cucmemvl U 3man GopmMuposaHus niaHa
paszeumusi K1acmepHoU CMpYKmypbl UH@DOPMAYUOHHOU CUCHEMbl 8 COCMABe
obweti cmpykmypvl pazpabomaHHoOu Ccucmemvl NPOSPAMMHOU NOOOEPIHCKU.
IIpeonooicena npocpammuas peanuzayus npoyeoypvi Gopmuposanus Onmu-
MAbHO20 NIAHA PA38UMuUs K1acmepHoU UHGpacmpyKmypbi.

Knrouesvie cnosa: nadescnocmo, ungopmayuonHvle cucmemvl, Mooenu
OYEHKU HAOEIHCHOCMU, ONMUMU3AYUS, KIACMEPHAS CIMPYKMYpa.

MODELS AND METHODS OF FORMING RELIABLE STRUCTURES
OF INFORMATION SYSTEMS FOR INFORMATION PROCESSING

O. A. Antamoshkin, V. V. Kukarcev

Siberian State Aerospace University named after academician M. F. Reshetnev,
31, “Krasnoyarskiy Rabochiy” prosp., Krasnoyarsk, 660014, Russian Federation.
E-mail: oleslav24@gmail.com, vlad saa 2000@mail.ru
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The paper discusses the problem of improving the reliability of hardware
and software control systems. The analysis of methods to assess the reliability
of information systems. The analysis of such models assessing the reliability
of information systems as a discrete model, the model of Mills, a model of
relations, a model of Bernoulli, generalized theoretical model, the exponential
model, the Bayes risk model. As a tool to assess the reliability of the information
system is proposed to use the method of proportions. The mathematical
apparatus for creating and optimizing cluster structures are critical for safety
management systems. The different types of clusters, and so the same level
of redundancy in the organization of disaster recovery cluster and cluster
infrastructure failure scenarios. Proposed optimization tools development
management structure of the cluster system of information processing based on
cluster system. Describe the task of planning the development of the structure
of the cluster system and the step of forming a plan for the development of the
cluster structure of the information system as part of the general structure of the
developed system software support. Propose a software implementation of the
procedure of creating the optimal plan for the development of the cluster
infrastructure.

Keywords: reliability, information systems, reliability assessment models,
optimization, cluster structure.

B paznuunbix 007acTsX MPUMEHEHUS BBIYMCIUTENLHOW TEXHUKU BCE 4Yallle
OOJIbIIOE 3HAYEHHE NPUIAIOT HAJEKHOCTH MporpammHoro obecnedenust (I10).
OmHUM M3 cambIX PACIPOCTPAHEHHBIX MOAXOIOB K pealn3aliy MporpaMMHOM OT-
Ka30yCTONYMBOCTH SIBIISIETCS METOMOJIOTHS M30BITOYHOCTH. METOHONIOTHST MYJIb-
TUBEPCHOHHOTO MPOrpaMMHUPOBaHUs, KaK OAWH U3 MOAXO0B K pealn3aliii Uaeu
BBE/ICHUSI M30BITOYHOCTH B CTPYKTYPY CHCTEMBI MPOTPAMMHOTO OOecTieueHusi, Ha
NpaKTHKE JloKa3aja cBOIO 3PPeKTuBHOCTh. C HCIOIb30BaHUEM JAHHOW METOI0JI0-
rud ObUTM peaM30BaHbl MPOTPaMMHBIE KOMIUIEKCHl CHCTEM YIIPaBICHHUS JieTa-
TEJILHBIMH ariaparaMi, aTOMHBIMU JICKTPOCTAHIIUAME U T. TI. OJIHAKO TaKou Me-
TOJI BEJIET K YBEIIMYCHUIO CTOMMOCTH CUCTEMBI, B KOTOPOH OH MPUMEHSIETCSI.

ParrionanbHOE CTPYKTYypHOE MOCTPOSHHUE NMPOrPaMMHBIX KOMILIEKCOB rapaH-
THUPYET JOCTATOYHO MOJHOE MCTOIb30BaHue pecypcoB OBM. A TexHoJIOrndeckne
0COOEHHOCTH MPOEKTUPOBAHUSA IPOrPAMMHO-MH(DOPMAIIMOHHBIX TEXHOJIOTUI
(ITUT) xpUTHYHBIX TO HAJSKHOCTU CHCTEM YTMpaBICHUS, JTOMOIHSS MpoOIemMy
CTPYKTYpPHOT'O IIPOTPaMMHOT0 ¥ HH(POPMALIMOHHOTO IPOEKTUPOBAHHUS, BHIBOJIAT €€
B paspsj o0mux mnpoOieM pa3padOTKH METOJOB M aBTOMATU3UPOBAHHBIX CHUCTEM
NPOEKTUPOBAHUS CIIOKHBIX MTPOrPaAMMHO-HH(DOPMAIIMOHHBIX KOMILIEKCOB.

[IpoGneme dopmHpoBaHUS MPOTPAMMHBIX KOMILUIEKCOB, MPOEKTUPYEMBIX
Ha OCHOBE MPHUHIIMIIOB IPOrPaMMHOM M30BITOYHOCTH, B HACTOSIIEE BpeMs yie-
JsieTCsl 3HAaYuTeNbHOEe BHUMaHMe. [IpobiemaTnka mpoeKTUpOBaHUS MPOTrpamMM-
HBIX KOMIUIEKCOB C HCIIOJIb30BAHMEM METOJIOJIOTUH MYJIbTUBEPCHOHHOTO
IPOrpaMMHUPOBAHMS pacCMaTpUBaeTCd B pabdOTax MHOTUX OTEYECTBEHHBIX
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U 3apyOeKHBIX YUYEHBIX W HccieaoBareneidl. Pa3pabaTbIBaloTCs HOBbIE METO/IbI
ONTHUMH3aLUA BEPCHOHHOTO COCTaBa MPOrPaMMHOr0 KOMILJIEKCA, HOBBIE CUCTE-
Mbl (POPMUPOBAHUS CTPYKTYPhl MPOTPAMMHOIO KOMILIEKCA, HO IO CHX IOp HE
JOCTaTOYHOE BHUMAaHHUE YJEISIETCS CO31aHUI0 METOJOB M CUCTEM (POPMHUPOBA-
HUS CTPYKTYpPBI MYJIbTUBEPCHOHHOTO MPOTPAMMHOI'0 KOMIUIEKCA C Y4ETOM Bpe-
MEHHBIX U PECYPCHBIX OrpaHnuyeHui [37; 38].

MeToa OLIEHKH HAIEKHOCTH HH(GPOPMALMOHHBIX CUCTEM

Metonbl onenku HaaexxkHoctu MC paccMaTpuBaroTCs € MO3UIMH OLEHKH
napaMeTpoB HAJICKHOCTU Ha Oojiee paHHUX dTanax MPOEKTUPOBAHUS, TOYHOCTH
3THUX OLIEHOK, B3aUMOCBSI3H U BIMSHUS OLEHOK HA/IEKHOCTU U TPYIOEMKOCTH.

Jlis mosydeHus: TEeXHUKO-DKOHOMUYECKUX XapakTepucThk cozfnanust MC
IPUMEHSIOT METO/IbI AKCIIEPTHBIX OLIEHOK, PETPOCHEKTUBHOTO aHajM3a U (aKTo-
rpadUyecKuil METO ] HAKOTIJICHUS K 00pa0O0TKU peasIbHbIX U3MEPSEMBIX JTaHHBIX.

MeTon PKCHEpPTHBIX OILICHOK 3akjoyaeTcs B cOope MHPOpMaluud MyTem
OTpoca CIEUUATUCTOB, IPU 3TOM JIOCTOBEPHOCTh JAaHHBIX MOJHOCTBHIO OMpese-
JsIeTCsl YPOBHEM 3HAHUM U CIIPaBEAJIMBOCTBIO CY)KJIEHUH ONPAIIUBAEMBIX. DTOT
METOJ] OOBIYHO HCIIOJIb3YeTCSl ISl OLIGHKH OTIENBHBIX CTAaIud KU3HEHHOTO
nukia UC: npoektupoBanus, pa3padOTKH, COPOBOKICHUS.

CymiecTByeT OOJBIIOE KOJIMYECTBO METOJO0B OOECIICUEHHs] HAJCKHOCTU U
CBSI3aHHBIX C HUMHU METOJOB OLICHKH HAJCKHOCTH Ha Pa3IMUYHBIX CTATUSIX KHU3-
HeHHoro nukiaa MC. OgHako eIMHOro mojaxoda K PelIeHUI0 ATON MpOoOJieMbl
IPEANIOKEHO He ObUIO U, MO-BUAUMOMY, B OJIMKailee BpeMsl He MPEABUIUTCS.
Tem He MeHee, IpHU pa3pabdOTKE CIOXKHBIX CUCTEM 00paOOTKM MH(pOpPMAIUU UX
CO3/1aTeJIM CTApAIOTCS B TOM MJIM MHOW CTENEHU MOJYUYUTh OLIEHKY HaJIeKHOCTH.
O4eBuAHO, YTO HaMOOJIee MPABUIIbHBIN MOAXOJ] 3aKII0YAETCS B TIOCIE0BATEb-
HOM OLICHWBAaHUHU HAJICKHOCTU CUCTEMBI Ha KaXKJOM 3Tare pa3padbotku. OCHOB-
Hasl CJIOKHOCTb IPH HCIIOJIb30BAHUM CTAaTHCTUYECKUX METOJOB 3aKII0YaeTCs
B OTCYTCTBHH JOCTaTOYHOTO KOJMYECTBA MCXOJHBIX JAHHBIX, a Bellb JHHAMHKA
BBISIBJICHUSI OIMMOOK JODKHA THIATENHHO (DUKCUPOBATHCS W 00padaThIBATHCS.
Baxxnolt npo6yieMot sIBisIeTCsl CTENEHb JIeTalu3aliK AJIeMEeHTa pacuera Ha/lexkK-
HOCTH. BBISIBUTH Bce CBsI3M 00pabOTKM MHPOpMaluU (Kak 3TO MOpOil mpeasiara-
ercs), Jaxe JJs JIOCTaTOYHO HECJOKHOM TEXHOJOTMU OO0pabOTKH JaHHBIX,
MPAKTUYECKA HEBO3MOXKHO. MICX0/1 U3 3TOr0, AeTalu3alus 3JIeMEHTOB pacyeTa
Ha/Ie)KHOCTU (YCIIOBHO Ha3bIBAEMBIX MOMAYJISIMH) JOJDKHA OTpaHUYUBATHCS 3a-
KOHUYEHHBIMH «00pa30BaHUSIMMY, KOTOPbIE, B3aUMOJEHCTBYSI MEX1y cOOOM, co-
CTaBJSIOT 0oJiee CIOXKHOE 00belMHEeHHE (KOMIUIEKC), HAJEKHOCTb KOTOPOTO
Hac wuHTepecyeT. Jlamee mpeanpuHUMAETCsl TOMBITKA CUCTEeMAaTU3HPOBATh H
YHU(PHUIMPOBATh CYIIECTBYIOLIME MeTo0JI0oTuU. Pa3zpabaTeiBatoTCsi HOBBIE MO-
JIeNId ¥ alNTOPUTMBI ISl UCIIOJIb30BaHUs Ha dTamne pa3paboTKy U MIaHUPOBAHUS
pa3BUTHS KJIACTEPHBIX CTPYKTYp CUCTEMbI 00paboTku uHpopmamu [35; 36].

B nanHoil pabote aHaTU3UPYIOTCS CIEAYIOME MOJIETU OLIEHKU HaJIeKHO-
ctu UC:

53



— IUCKPETHAs MOJICIIb;
— Mojelb Muijica;

— MOJIEIb COOTHOIIICHUM;

— mozenb bepnyiny;

— 000011IeHHO-TeOpeTHYSCKast MOJICITb;
— DKCHOHEHIIMAJIbHAS MOJICIIb;

— Mozelnb baieca;

— MOJIEJIb PUCKA.

JAuckpernas moaeb

JlaHHas MoJieJIb TPUMEHSIETCS 110 AHAJIOTHHU C allllapaTypou, IJIe B Ka4eCTBE
Mepbl HAJIC)KHOCTH MPOrPAMMBI CPEIHETO BPEMEHU MEXKIY ABYMs IMOCJEI0Ba-
TETHHBIMH OIMTMOOYHBIMH CPa0aTHIBAHUSIMU.

OHa mocTpoeHa HMCXOHsl M3 NPEAINOJO0XKEHHUS, YTO 4YacTOoTa MPOSBICHUS
OIMOOK JTMHEHHO 3aBUCHUT OT BPEMEHU palbOTHI ¢i MEXIYy MOMEHTaMU OOHapy-
JKEHUS I10CJIE0BATEIbHBIX i-i U i—1-11 omnooK:

Mt;) =K [No— (i = D], )

raie K — x03¢pGUIUEeHT MPONOPIUOHAIBHOCTH, 00€CTIEUYNBAIOIINI PaBEHCTBO
¢IMHUIIE TUIOIIA U TI0 KPUBOI BEPOSTHOCTH.

Hcnonb3ys (yHKIMIO MaKCHMAIBHOTO MPABIONOI00MS, MOKHO MOTYIUTh
OIIeHKH 00111ero koaudecTa omnbok N0 u koaddunmenrta K:

No=| 2+ =10 | @
1=i Zt

" 1
Z . (3)
= (z D) |2
t

Memoo ananozuii, KOHEYHO, YHUBEPCAJIEH, OJJHAKO HE CJeyeT 3a0bIBaTh,
4TO JH00asi aHAJIOIMsl UMEET I'paHullbl IPUMEHUMOCTH. B naHHOM ciydae, mo-
CKOJIBKY p€ub UIET O (PyHIaMEHTaJbHOM MOHATHH (€IWHULIE U3MEPEHHUS), CIe-
IyeT HE MPOCTO MEPEHOCUTh XAPAKTEPUCTUKHN HAaJAECKHOCTH allllapaTypbl Ha Mpo-
rpaMMBbl, @ BOCIIOJIb30BaThCs 00jee PyHIaMEHTATbHBIMU aHAJIOTUSIMU.

Moaean MuJsiica

[IporpamMma cuuTaercs NpaBUIbLHON, €CIIM OHA HE CONEPKUT omnOoK. Takas
IporpaMMma He JaeT HEBEPHBIX pPe3yJbTAaTOB, T. €. OHAa a0COJIOTHO HAJE)KHA.
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DTOT (HaKT MOPOJUI JIOKHOE MPEJICTABICHUE O TOM, YTO YHUCJIO OMHUOOK B MPO-
rpaMMe MOYKHO CUMTATh HanboJiee eCTECTBEHHON Mepoil HaJIeHOCTH [1].
JlanHas MOJIeIb CTPOUTCSI UCXO/ISI M3 TIPEIITOJIOKEHHS O BBEICHUN B CHCTEMY
HEKOTOPOTO CIYYaHOTO KOJMYECTBA U3BECTHBIX OMMOOK. DKCIUTyaTUPYsI CUCTEMY
B T€UCHHE HEKOTOPOTO BPEMEHU M OTCOPTHPOBBIBAs COOCTBEHHBIE M BHECCHHBIE
OILIMOKH, MOYKHO OIICHUThH MEPBOHAYATBHOE KOJIMYECTBO OMUOO0K B cucteme (NO).
[Ipu BHEceHHnH B nmporpammy OmuoOokK ', 00OHapy>KEHHH B MPOLIECCE TECTH-
poBanus n' + u OomMMOOK, TA¢ n' — COOCTBEHHBIC OIIMOKH;, 1 — HAWJICHHBIC BHE-
CEHHBIC ONTMOKH, TIepBOHaYaIbHOE Yncio B MIC olleHMBAETCSI COOTHOIIICHUEM

NoS" n'/ u. 4)

ITonumasi, yTo B cucTemMe uMmeercs He O0oiee K' COOCTBEHHBIX OIIMOOK,
ompeensieTcs ypoBeHb 3HaunMoctu C':

I, npun'>K'
(S'
C'=4l7-1 (5)
|< '
S'+K'+1j’ mpH < K
K'+i

Benuuuna C' sBisieTcst Mepoi IOBEpUSl K MOJIEIHU; 3TO BEPOSTHOCTh TOTO,
YTO MOJIEJb OYyJIeT NMPaBWIHHO OTKJIOHSTH JIOKHOE TIpeanoioxkenue. s onen-
ku C', mocjie TOro Kak HaWJACHO I BHECEHHBIX OINMMOOK MOKHO HCIIOJIB30BaTh

hopmy.ry
I, nppun'>K'

C': ! 6
L, nmpun'<K', ©)
S'+K'+1

Ota npocTas MOJENb YJI00HA HA MPAKTUKE, OJJHAKO KOJIMYECTBO OUIMOOK
B CHCTEME HE MMEET HMKAKOI'0 OTHOLICHUS K €€ HaJEKHOCTH, O YEM CBHJIETEIIb-
CTBYET ClIeIyIOlIee:

1. Yucno ommbOK B mporpamMme — BEMYHHA «HEHAOII0gaeMasy», HaOIo-
JAI0TCA HE caMU OMIMOKH, a pe3yJIbTaT UX MPOSIBICHUS.

2. HeBepHoe cpabaThiBaHUE MPOrpaMMbl MOXKET OBITH CIIEICTBUEM HE OJ-
HOI1, a cpa3y HECKOJIbKUX OLIMOOK.

3. OmubKku MOTYT KOMIIEHCUPOBATh APYT JPYyTra, TaK YTO MOCIE UCIpaBe-
HUS1 KAKOM-TO OJIHOM OLIMOKH MporpaMMa MOKET HauaTh «padoTaTh XyxKey.

4. HanexXHOCTh XapaKTepU3yeT 4YacTOTy MPOSBICHHs OLIMOOK, HO HE X
KOJIMYECTBO; B TO € BPEMsSI XOPOIIO HM3BECTHO, YTO OIIMOKH TMPOSBISIOTCS
C pa3HOM 4YacTOTOM: HEKOTOPhIE ONIMOKM OCTAIOTCS HE BBISIBICHHBIMU IOCIE
MHOTHX MECSLEB U JaXe JIET 3KCIUTyaTalluy, HO, C APYrOl CTOPOHBI, HETPYIHO
IPUBECTU IPUMEPHI, KOT/1a OJIHA €IMHCTBEHHAs OLIMOKA MPUBOJUT K HEBEPHO-
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My cpabaThIBaHUIO MPOrPaMMBbI, IIPH JIFOOBIX UCXOAHBIX JAHHBIX, T. €. K HYJIEBOU
HAJIC)KHOCTH.

Crnenyer Takke OTMETUTB, YTO €CJIM YHUCIO OLIMOOK paccMaTpuBaTh Kak
MEpy HAaJAECKHOCTH, TO B TEPMUHOJIOTMU TEOPUU BEPOSATHOCTEU ITO YUCIO €CTh
Cly4alHasl BEJIMYMHA, OJTHAKO CAMBbIM IJTaBHBIM BONPOC — HA KAKOM IPOCTPAHCT-
BE€ AJIEMEHTAPHBIX COOBITHUI OHA 3aJ]JaHa — HUTJE HE 3aTParuBajcCs.

HaxoHen, BaXHO MOQYEPKHYTh, YTO, C TOYKH 3PEHUS] HAJAEKHOCTH, B pe-
3yJbTaTe MCIPABICHUSA OIMMUOKH WU J000W NIPYroil KOPPEKIHUHU TMOIydaeTCs
HOBas MporpamMMma C APyruMm, 4eM J0 KOPPEKIUH, ITOKA3aTEIEM HAJAEHKHOCTH.

Takum 00pa3oM, yucio omuOOK B MPOTPaMME XapaKTEpPH3yeT CKOpee He
IporpaMmy, a €€ U3TOTOBUTEIIEH U HCTI0JIb3yEMbII UHCTPYMEHTAPHUH.

MeToa coOTHOIIEHUHA

HanexHocTh, B KOHEYHOM CYETE, MOHSITHE CTAaTUCTHUYECKOE, T. €. IPEearo-
JaraeTcsl HaJIMYue HEKOTOPOro (JIOCTaTOYHO OOJIBIIOr0) KOJIMYECTBA OJMHAKO-
BbIX 00pa3loB, UCTIBITAHUN U T. 1. CyIIECTBEHHO TAaK)Xe, YTO UMEETCS DJIEMEHT
CIIy4alHOCTH. M3y4eHHnIo cirydaiHbIX SIBIEHUN MOCBSAILEH CIEUUAIbHBINA pa3aei
MaTeMaTUKHU: Teopusi BeposiTHOCTEH. OCHOBHOE MOHSTUE ATOM TEOPHH — IPO-
CTPAHCTBO 3JIEMEHTAPHBIX COOBITHH (BBIOOPOYHOE MPOCTPAHCTBO, IPOCTPAHCTBO
UCXOJI0B), HA KOTOPOM 3aJaeTcsi HeKOTopas (BeposTHOCTHas) mepa. CinyuaiiHas
BEJIMYMHA, COTJIACHO TEOPHUH, €CTh (DYHKIIMS, 3aJaHHas Ha MPOCTPAHCTBE dJie-
MEHTapHbIX coObITUH. HakoHel, B KauecTBE Mepbl HAJEKHOCTH HCHOIb3YIOTCS
HEKOTOPBIE XapaKTEPUCTUKHU CIy4YallHON BEJIMYUHBI (KaK MpPaBWIIO, MaTeMaTnye-
CKOE€ OXKHUJIAHUE).

CyTth meTona [2] CBOAMTCS K OMNPEACTICHUIO BEPOSITHOCTH OE30TKa3HOTO
(YHKIIMOHUPOBAHUS ~ CIIOXKHOM  HMH(OPMAIIMIOHHO-BBIYUCIUTEILHOW — CHUCTEMBI
(MBC). Ctpykrypa cucTemsl Moka3aHa Ha puc. 1, riae oykBamu Al, A2 0603Ha-
YeHbI YCTPOICTBa BBOJA MHPOpManuu B cuctemy, Bl, B2, B3 — npoueccopst 06-
pabotku nnpopmanuu u 6ykBamu Cl, C2 — ycrpoiicTBa BbIBO1a HHGOPMAIIUH.

A Az

G G,

Puc. 1. ®yHKuMoHaNbHAsA cUCTEMA CTPYKTYPBI
MH(POPMALIMOHHON CUCTEMBI
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[Iponiecc dyukimonupoBanus MBC opranuzoBaH TakuMm o0pa3oM, 4YTO
CUCTEMA YCIIEIIHO PEIIaeT CBOM 3a/ayu MPU YCIOBUU, €CIU B UCIPABHOM CO-
CTOSIHUM HaXOJUTCS XOTS Obl OJIHO YCTPOWCTBO BBOAA MH(OpMAIUU, XOTS ObI
OJTHO YCTPOMCTBO BBIBOAA MH(OpPMALINK U HE MEHEE JIBYX MpoieccopoB. JlanHoe
YCIJIOBUE BBIMOJIHEHMS 11€J1IeBOM (DYHKIIMU CUCTEMbl MOXKHO HArJIsiIHO IpejcTa-
BUTH B (POpME JTIOTHUECKON PYyHKIUU:

FBC) = [Fi(41) v Fi(42)] v [F(B1yBy) v Fi(B1yB3) v
vV Fy(ByyB3)] v F5(Cry (), (7)

rje BeipakeHue F(*) o3Havaer, 4To yCTpOHCTBO, YKa3aHHOE B CKOOKax, paboTa-
eT ucnpaBHo. [IpeacTaBiser HHTEpEC TakKe JIOTHYECKas 3aBUCUMOCTh, OIHUCHI-
BAIOIIasl YCIOBHS HE BBIMIOJHEHUSI CUCTEMOM CBOMX IEJIEBBIX (DYHKITHIA:

F(UBC) = [Fi(4, A 42)] v 1Fo(B1 A By) v |F5(By A Bs) v
V Fy(Ba A By) v IF5(Ci A Cy), (8)

[TocnenHee BBIpa)KEHHE MOXKET OKa3aThCs 0oJiee YJIOOHBIM Ul PELICHUS
MOCTaBJICHHOW MPOOJIEMBI C YYETOM TOT'O, UTO

PIF(*)]=1-P[IF(*)], 9)

rae P[F(*)] — BeposSTHOCTh UCTUHHOCTH ycioBus F(*), a P[_IF(*)] — BEPOSAITHOCTh
UCTUHHOCTU OTPHLIAHWSA MCTUHHOCTH JTaHHOro ycioBus. llepeuncieHHblie 3iie-
meHTbl UBC nMmerot pasnnyHoe pyHKIHOHAIBHOE Ha3HAYEHUE U COSMHEHBI TaK,
YTO HaJIEKHOCTh KKJOT0 U3 HUX OKa3bIBAE€T HEMOCPEACTBEHHOE BIIMSHUE HA pa-
060TOCIOCOOHOCTH BCel cUCTEMBI B 1eioM. [loaToMy B KauecTBe (pakTOpOB LIS
oLleHKH HanexHocTH ¢(yHkuuonupoBanuss MBC crnemyeT B3sTh BEpPOATHOCTH
Pi(i=1, ..., 7) 6e30Tka3HOr0 (H)yHKIIMOHUPOBAHUS YCTPOIMCTB B MPOIIECCE pellie-
HUSI CUCTEMOH TOCTaBIIEHHBIX 3a7ad. B obmem ciaydae BeposSTHOCTH Pi MOTYT
uMeTh paznuunbie 3HadeHus. BepostHocts P[F(MBC)] 6e30Tka3HOro dhyHKIHO-
HupoBanus UBC B 1ieiom ectb (hyHKUHMSI OT BEPOSITHOCTEN 0€30TKa3HOro (hyHK-
IIMOHUPOBAHMS BCEX €€ DJIEMEHTOB, BbiTeKaromias u3 yciaoBuil (7) umu (8). Cie-
J0BaTeNbHO, 0000IIEHHAs CXeMa MaTeMaTH4YeCKOW MOJIENH, XapaKTepu3yIolen
6e3oTkazHocTh GyHkimonupoanus BC, umeer By, moka3aHHbIN Ha puc. 2.

P

P, P[FUBC)] =f [Py, .., Ps. B(t)] P[F(HBC)]
o G(t+1) = g[p,. . P, B(1)]

P;

Puc. 2. Cxema MaTeMaTHYeCKO MOJEIH IS OLIEHKH HAIEKHOCTH
GYHKIIMOHUPOBAaHUS UH()OPMALIMOHHOW CUCTEMBI
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[Ipobyiema COCTOUT B TOM, KaK U3 JOTHUUECKUX ycioBuit (7) wiu (8) momy-
YUTh COOTBETCTBYIOILEE BBIPAKEHHUE JUISI KOJWYECTBEHHOI'O 3HAYEHUS BEPOST-
Hoctu P [F(MBC)]. Jleno B ToM, uto BepostHOocTh P [F(MBC)] onpenensiercs Ha
MHOXkecTBe cocTtosiHnii UBCO(¢). Yuciao cocTosiHui B JaHHOM MHOXKECTBE PaB-
HO 2n = N, Tie n — 4uCiIo CTPYKTYpHBIX 31eMeHToB BC. B maHHOM mpumepe
N = 128. Ycnosus ¢yuknuonupoBanus MBC (7) onpeaensroT moaMHOKECTBO
COCTOSIHUI CUCTEMbI, 00ECIIEUNBAIOIIUX BBITIOJIHEHHE CUCTEMOU 3aJlaHHBIX Iie-
7eBbIX QYHKIUH, a ycinoBus (8) onpeaenseT MoAMHOKECTBO COCTOSHUM, B KOTO-
PBIX CHCTEMa OKa3bIBAECTCSI HE paOOTOCIIOCOOHOM.

OueBuaHO, A1 PELICHUs TaHHOW 3aJ]a4l TAKUM CIIOCOOOM IMPHUIETCS OCY-
MIECTBUTH TOJHBIA mepedop Bcex N COCTOSHUN CHCTEMBI, WIH K€ MPHUIyMaTh
6onee 3 pexkTUBHBIN cocod onpeeneHust paboTOCIIOCOOHBIX COCTOSIHUM, OCO-
OCHHO €CJIM Y4eCTb, YTO YHUCJIO COCTOSHMM CHCTEMbl HaXOAMUTCS B CTENEHHOU
3aBHCHMOCTH OT 4Hciia ee s5eMeHToB. [Ipobiema nonHoro nepedopa cocTossHUM
CTAHOBHTCS MPAKTUYECKU HEPA3PEIIMMOMN YK€ IIPU YBEJIUUYECHUH YUCIIA DJIEMEH-
TOB CHUCTEMbI BCEro Ha OJUH MOPSAOK. [ mpeoosieHus 3TOro «IpOKISATHS
pa3MepHOCTH» MOXKHO MPEUIOKHUTh ABa crocoba. IlepBblii ocHOBaH Ha wHjee
MMUTAIIMOHHOTO MOJIETUPOBAHUS COCTOSIHUM CIIOKHBIX CUCTEM C YYE€TOM WH-
TEHCUBHOCTU OTKAa30B MX 3JIEMEHTOB. B mporiecce MoaenupoBaHusl OCYIIECTB-
JISIETCSl CITy4YalHBIN BBIOOP COCTOSTHUN CHUCTEMBI M MPOU3BOJUTCS OIIEHKA BEPO-
ATHOCTHU €€ UCHPaBHOrO ()YHKIIMOHUPOBAHUS B JaHHOM cocTosiHuu. PaboTocno-
COOHOCTH CHUCTEMBI OIIEHUBAETCS MO COOTHOIICHUIO PaOOTOCIIOCOOHBIX U HE pa-
00TOCTIOCOOHBIX COCTOSIHUM MOTYYaEMbIX U3 CEpUU OMBITOB. TOUYHOCTH pelleHus
3aJla4yd JTaHHBIM CIIOCOOOM 3aBHCHUT OT 4YMCJa MPOBEJIEHHBIX ONBITOB. BTOpOii
crocob ocHOBaH Ha mjee (HOPMaTU30BAHHOTO MEpPEXoAa OT JOTHUECKUX (yHK-
UM, OMUCHIBAIOIIMX YCIOBUSI 0€30TKa3HOM pabOThl CUCTEMBI, K COOTBETCTBYIO-
M GopMysamM BEPOSITHOCTU CIOKHBIX cOObITHM. [Ipu 3TOM 17151 COKpaleHus
nepebopa KUCIOoJIb3YeTCs ONepalus OpToroHanu3anuu GopM MpeacTaBiIeHus Jo-
rudeckux GyHKuui. [[puMeHUTeNbHO K JaHHOMY MPUMEPY CYyTh 3TOTO MOAXOAA
COCTOUT B CJEAYIOLEM.

« B kauectBe nicxonHoil popmbl onmucaHus ycClIOBUM pabOTOCTIOCOOHOCTH
NBC BbiOMpaemM BoipaxeHue (8).

1F(MBC) = Fi(4, A 4s) v IFa(Bi A By) v IFx(Bi A Bs) v
\V4 —IFz(Bz VAN B3) \V4 F3(C1 VAN Cz),

o IIpeoOpasyem ero B mpaBMIIbHYIO COKPAIICHHYIO AU3BIOHKTUBHYIO HOP-
MaibHy0 Gpopmy gorudeckoit pynkuuu v F(MBC):

1FBC) = 1F1(4) A 1Fa(42) v TF3(B)) A TFu(By) v 1F3(B1) A
A —I.FS(B3) Vv —IF4(Bz) A —IFs (B3) v —IF6(C1) A —|F7(C2),

e [Fy(*)— ¢dakT oTKa3za ycTpoicTaa.
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o Jlns ympoleHus 3amucH 3aMEHUM IMEepeMeHHyI0 L F{(*) Ha mepemeH-
HYI0 X;:

3nech Xi Jlorudeckas MepeMeHHas, COOTBETCTBYIOIIAsi BbICKA3bIBAHUIO
“snemeHT Ne i ucnpaBeH”, a Xi Jiorhueckas MepeMeHHas, COOTBETCTBYHOIIAS
BBICKA3bIBAHUIO “3IeMEHT Ne [ He UCTIpaBeH .

o IIpeoOpasyemM TONYy4YEHHYIO AU3IBIOHKTUBHYIO HOpPMajbHYIO (opmy,
Ipe/ICTaBlIeHHYO B Ta0. 1.

Tabnuya 1
IIpeoOpa3oBaHue TM3bIOHKTHBHOW HOPMAJIbHOM GopMBI
Ne OK X] Xz X3 X4 X5 X(, X7 F(I/IBC)
1 0 0 — — — — — 0
2 — — 0 0 — — — 0
3 — — 0 — 0 — — 0
4 — — — 0 0 — — 0
5 — — — — — 0 0 0

B sroii Tabnuiie mepeMennbie Xi mpeacTaBieHbl 3HaueHueM «0» COOTBeT-
CTBYIOIIMX MEPEMEHHBIX Xi, U KaXJas CTpoKa TaOJMIIbI MPEJCTABISIET COOOM
0000IICHHBI KOJI OMPEEICHHOTO TOJMHOXECTBA HEPaOOTOCIIOCOOHBIX CO-
crosituuii UBC. Jlerko 3aMeTHTbh, 4YTO BCce 000OIIEHHBIE KOJABI JaHHON TaOIUIIbI
OTUCHIBAIOT MEPECEKAIIINECT MEXIy co00il moaMHoxkecTtBa cocrosinuii UBC,
T. €. 0000IIEHHBIE KOJIbI HE OPTOTOHAIBHBI MEXIY COOOH.

o Ipumensist popmyny K,0K :Kl.Q(K i/ Kl.), MPOBEIEM OPTOrOHAIU3A-
U0 Bcex 00001IeHHBIX KOAOB. B pe3ynpTaTe momyuum tabi. 2, KoTopas HE CO-

JEPKUT TOBTOPSIIOIINXCS CUTYallM B OMHCAHWM BCEX BO3MOXKHBIX HEpabOTO-
CIIOCOOHBIX COCTOSSHHUI CUCTEMBI.

Tabauya 2
IIpoBenenune opToroHaau3auuu 00001EHHBIX KOT0B
Ne OK Xi Xo X3 X4 Xs Xo X7 F(MBC)
1 0 0 — — — — — 0
2 1 — 0 0 — — — 0
3 0 1 0 0 — — — 0
4 1 — 0 1 0 — — 0
5 0 1 0 1 0 — — 0
6 1 — 1 0 0 — — 0
7 0 1 1 0 0 — — 0
8 1 — 1 1 — 0 0 0
9 1 — 0 1 1 0 0 0
10 0 1 1 1 — 0 0 0
11 1 — 1 0 1 0 0 0
12 0 1 0 1 1 0 0 0
13 0 1 1 0 1 0 0 0

9]
O




[TosTOoMy OT JaHHOM TAaOJIUIIBI MOXKHO MEPEUTH HEMOCPEJICTBEHHO K (op-
MyJie BBIYHMCIIEHUS! BeposATHOCTH oTKa3za MUBC:

m k h
rllFatso)]= 3111 o,
e=l i J

TJI€ M — YKUCJIO OPTOrOHAIBHBIX 00OOIIEHHBIX KOJAOB B Ta0J. 2; kK — YUCIO CUM-
BOJIOB «1» B 0000111eHHOM KOJi€ Ne e; i — unciio cuMBoJIoB «0» B TOM ke 0000-
IIEHHOM KoJie; Pi — BEpOSTHOCTh MCIPABHOTO COCTOSIHHS dJieMeHTa Ne i, T. e.
Pi= P(Xi= «1»); Qi — BepOsSTHOCTb HEUCIPABHOT'O COCTOsIHUS 7eMeHTa Ne j, T. e.

QJ.:P(X]:«O»):l—Pj

[Ipennaraemplii MOAXOJ MO3BOJSET CYIIECTBEHHO YMEHBIIUTH TPYJIOEM-
KOCTb BBIYMCIICHUSI BEPOSATHOCTEH CIIOKHBIX COOBITHI. Tak B JTaHHOM MpPUMEDE,
0Ka3aj0Ch, IOCTATOYHO BBIYUCIUTH CYMMY W3 TPUHAJLIATH MPOU3BEJCHUN Be-
positHOCTEH P;, ;. Kaknoe npousseieHHe BEPOSATHOCTEN ONPENENAETCS OJHUM
000011eHHBIM KOJIoM Tab:. 2. [Ipu nmonHoM nepedope HEPabOTOCIIOCOOHBIX CO-
crossauiit UBC B nanHOM mpumMepe HE0OXO0AMMO ObUTO OBl BBIYUCIUTH CyMMY
u3 92 MOJMHBIX MPOU3BEACHUN BEPOSITHOCTEH, T. €. MO 7 3JIEMEHTOB B KaXKIOM
npousBenaeHnu. HeobxoaumbiM TpeGoBaHMEM JIJIsl PEIICHHS TTOCTaBICHHOM TIPO-
OJieMbI B JTIOOOM CiTy4ae SIBJISIETCS HaJW4He alPUOPHBIX JAHHBIX O 3HAYCHHSIX
BeposiTHOCTEN Pi 6e30TKa3HOU pabOThl JJIEMEHTOB CJIOKHOU cuctembl. [Ipu Ha-
JIMYUU CTaTUCTUYECKUX JIAHHBIX 00 oTkazax 3nemeHToB MBC MaremaTtuueckas
MOJIENb ISl OIIEHKH PabOTOCIOCOOHOCTH 3a/JIaHHOTO CTPYKTYPHOT'O BapHaHTa
NBC MoxeT ObITh CBEJIEHA K CTPOTOMY aHAJIUTHYECKOMY BHUJY, MOKaA3aHHOMY
Ha puc 3.

P
m k h
P, PF@BO)]= Z PR | [FEBO)
oL P[F(HBC)J=1- P[ IFMBC))
P’J‘

Puc. 3. Cxema MaTeMaTHUECKOM MOJEIHU JUISI OLIEHKU HAAECKHOCTHA
(YyHKIMOHUPOBAHUS MHPOPMAITMOHHO-BBIYUCITUTEILHOU CUCTEMBI

B kayecTBe TEXHMYECKOTO U MAaTEMAaTUYECKOTO 0OeCIeYeHUs! UIsl MOJIEH-
pOBaHUs M pELIeHUs TaHHOM MPOOJIEMbI IOCTATOYHO UMETh COBPEMEHHYIO Mep-
coHanbHylo OBM co mratHpiM (0OHIMM) MaTeMaTHYECKHUM OOECTeueHUEM.
Ha sToM KkoHUENTyallbHOE MPOEKTHUPOBAHUE JAHHOW MOJEIM 3aKaHUYUBAETCA.
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Pe3ynbTaThl OOBIYHO MOMEIIAOT B CHEIUAIBLHBIA OTYET U UCIOJIL3YIOT Ha CJie-
JOYIOIIMX 3Tanax MOJICIUPOBAHUS.

Takum 00pa3om, MocienoBaTeNIbHbIM BEPOSTHOCTHBIM MOAXO/A MPU H3yue-
HUH HAJISKHOCTU COCTOUT B aHAIIM3€ UCCIEAyeMoro o0beKTa (camojera, CHcTe-
MBI OXpaHbl, KOMIIBIOTEPHON TPOTPAMMBI U T. 1I.), TOCTPOCHUHU, UCXO U3 «hu-
3UYECKUX» COOOpaXXEHUM O €ro MPUPOJIE, MPOCTPAHCTB DJIEMEHTAPHBIX COOBITHIHA,
BBEJCHUY HA HUX BEPOATHOCTHOM MEPBI U PACCMOTPEHUHN CITyYalHBIX BEIUYMH.

K coxxanenuto, mepBelil dTan UCCIEOBaHUN — aHAIU3 00OBEKTa U MTOCTPOE-
HUE MPOCTPAHCTB DJIEMEHTAPHBIX COOBITUM — OOBIYHO OMYCKAIOT M Cpa3y mepe-
XOAAT K PACCMOTPEHUIO CIyYalHbIX BEJIWYWH, YIIyCKas U3 BUJA, YTO CIy4anlHas
BEJIMYMHA €CTh Ha caMoM jene (yHKUHUS, 3aJaHHas Ha TMPOCTPAHCTBE dJIEMEH-
TapHBIX COOBITUH.

Mopeanb mocjieA0BaTeJIbHOCTH UCIBITAHUN BepHyJn

PaccmMoTpuM [ NPOCTOTHI KJIACC IIPOrpaMM, MMEKOUIMX €IUHCTBEHHBIN
BXOJl M BBIXOJ, T. €. HE COJEpKalIMX OCCKOHEYHBIX LUKJIOB. Da3zy BHIOJHEHHS
IporpaMMbl OT Hayaja /10 3aBeplueHHs Oy/ieM Ha3blBaTh 3armyckoM. Bee BO3MoOk-
HBIE Pe3yJIbTaThl 3allycka pa300beM Ha JIBa Kilacca: MPaBUIIbHBIE U HETPABUIIbHbBIE
(ommbounbie). bynem cuutarh, 4TO JMIO00M pE3yabTaT BCEra MOXKHO OTHECTH
K OZJHOMY M3 3THX KJIacCOB. (SICHO, 4TO 10 3TOMY BOIPOCY BO3MOKHBI pa3HOIJIa-
CUSl MEXAYy M3rOTOBUTEISIMM HPOrpaMMbl M IOJIb30BATENISIMH, OIHAKO OyIem
IpeoaraTh, 4To UMEETCs KaKOM-TO 00NN KpUTEpHil, HalTpUMep, «KIUSHT BCe-
raa mpasy».) PaccMOTpUM KJIacCHUECKYHO0 BEPOSITHOCTHYIO MOJENb IOCIENO0Ba-
TEJNBHOCTH UCTIbITaHui bepHymu. [IpocTpaHCcTBO 351eMEHTapHBIX COOBITUI B ATON
MOJIENH COACPKUT 271 TOYEK, [IE€ 7 — YHUCIO UCIBITAHUN (B JAHHOM CIIy4ae IO
UCIBITAHUEM IIOJPA3yMEBAETCS 3aIlyCK MporpaMmsbl). Kaxaplil 3amyck mporpam-
MBI UMEET J[BA UCXOJA: PaBWIbHBIN U HEeNpaBWIbHbII. O003HAYMM BEPOSITHOCTD
HEMPaBWJIBHOTO MCXOJA p, a BEPOATHOCTh MpaBuwibHOrO — (1 — p). BeposTHOCTD
TOT0, YTO U3 /1 3aIyCKOB K MPUBEAYT K HEMPABUILHOMY PE3YJbTATy, BBIPAXKAETCS
XOPOIIIO U3BECTHON (OPMYII0ii OMHOMHUAIFHOTO pacnpeaeienus [6; 33].

B(p,n,k)=C(n, k) - p*- (1-p)" ", (10)

rae C(n, k) — uucno couetanuii. BeposTHOCTb p anpuopu HeU3BECTHA, HO MO pe-
3yJbTaTaM 3allyCKOB U3BECTHBI 1 U k. BennunHa B kak QyHKUUS p UMEET Mak-
CUMYM IpU

p = kin. (11)
B kauecTBe Mepbl HaJIE)KHOCTH MPOTPAMMbI MOKHO IMPUHSTH BETHUUHY
R=1—-kin=(n-k)/n, (12)

3HaueHust KoTopoit (ot 0 g0 1) cormacyroTcsi ¢ OOMIETIPUHATHIM CMBICIIOM TEp-
MHHA HaJEXHOCTb: HallPUMEpP, €CIU BCE 3aIyCKHM OKOHYWJIMCH C OIIMOOYHBIM
pe3ynbTatoM (k = 1), TO HaJIEXKHOCTb — HYyJIEBasl.
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Haunbonee cymniecTBeHHOE MNPEANOI0KEHUE B JIaHHOM MOJEIHU COCTOUT
B TOM, YTO 3aIlyCKH MPOrPaMMbl CUMTAKOTCS HE3aBUCUMBIMHU. DTO O3HAYAET, YTO
pe3yabTaThl MPEABIAYIIUX 3alyCKOB HE JAl0T HUKAKOW MH(POpPMALUU O PE3yJib-
Tarax CIEAYIOMEro. SICHO, 4TO 3TO NPEANOIOKEHUE HA TPAKTUKE BBITOIHSAECTCS
HE BCErJa: HaIlpuMep, HOBTOPHBIN 3aIyCK C TEMU K€ BXOJAHBIMU JIAHHBIMHU J1ACT,
OYEBUJIHO, TOT K€ CaMbIi PE3yJIbTAT.

Cienyer OTMETUTh, YTO HM3TOTOBUTEINb MPOTPAMMBI U €€ IOJIb30BATENb
pacronaratoT pasHod uH@popmaimmern o Heil. Hampumep, M3roTOBUTENIO 3aBe-
JIOMO M3BECTHA JIOTHKA MPOTrPaMMBbl, TaK YTO MO pe3yJbTaTaM 3alycKa C HEKO-
TOPBIMM MCXOJHBIMU JAHHBIMHA OH MHOTAA MOKET TOYHO NPEICKA3aTh PE3YJib-
TaThl 3aMyCKOB C IPYTMMHU UCXOJHBIMU JAHHBIMH (HA 3TOM, B KOHEYHOM CYETE,
OCHOBaHa Jit00asi METOJIMKa TECTUPOBAHUS), U B TOM CMBICJI€ TIPENOI0KEHUE
0 HE3aBHUCUMOCTH UCIBITAHUN HE BbINOJHAETCA. OQHAKO MOJIb30BATENSl PEIIKO
MHTEPECYET YCTPONUCTBO MPOTPAMMBI, JJIsl HETO BAJKHO JIMIIb OJHO: BBIIIOJIHSET
U oHa TpeOyeMble (PYHKIIUH, TTO3TOMY Y TOJb30BaTEIsl HET OCHOBAHUMA CUH-
TaTh 3aIyCKHU 3aBUCUMBbIMU. Ecnu jxe mMeeTcs xejJaHue UCIoyib30BaTh HHPOP-
MaIoo 00 YCTPOWCTBE MPOTPaMMBI MPHU OLICHKE €€ HaJCKHOCTU, TO CIICAYET
NpUIyMaTh KaKylo-TO 0o0Jiee CIO0XKHYI BEPOSITHOCTHYIO MOJIENb, KOTOpas Obl
€€ YUNTHIBAJIA.

Hexomopuie creocmeus.

®opmyina (12) n03BoJIIET OLEHUTH HAJAEKHOCTh POIPAMMBI IO pe3yibTa-
TaM ee 3amyckoB. Cieayer 0co00 OCTaHOBUTHCS HA JIBYX MPEACIbHBIX CIy4asx:
k = n (wyneBas HafeXXHOCTh) U k = 0 (aOcontoTHAsI HaJIe)KHOCTh). B o0oux ciy-
qasx pe3yJbTaThl HE CJIEAyeT MHTEPIPETHPOBATh OYKBAJIBHO: HET HUKAKHUX Ta-
PaHTHIl TOTO, YTO OYEPEAHOM 3ayCK MPUBEAET K TOMY K€ PE3yJbTaTy, YTO U
npeasiaynme. OqHako ¢ TOYKUA 3pEHUS MOJIH30BATEIIS 3TH CIy4au COBEPIICHHO
pasHble. Eciin HynieBass HaJEKHOCTh CBHUJETEIBCTBYET O TOM, YTO MHpPOrpaMma
SIBHO HETPUTOJHA JIJIsl AKCIUTyaTallluK, TO MOKa3aTesib a0COIOTHON HAJAEKHOCTH
HE JIOJDKEH BBOJUTH B 3a0J1y’KJICHHE: TaKOM BBIBOJI HEJb3sI J€]aTh MO pe3yJibTa-
TaM JaXe€ OYEHb OOJIBIIOTO uYMciia 3amyckoB. CieayeTr momauepKHYTh, UYTO JIJIS
OIICHKH HAJIC)KHOCTHU B ATOM Cilydyae HE0OXOJIMMO PacCMOTPETh JAPYTUE BEPOSIT-
HOCTHBIE MOJEIIH.

N3 popmynel (12) cienyer, 4TO OlEHKA HAJEKHOCTH IPOTrpaMMBbl PACTET
C YBEJIMYEHUEM YHUCJIa €€ 3allyCKOB IO TUMEepOOJUUECKOMY 3aKOHY. DTO MOJ-
TBEP)KJA€T MHTYUTUBHO SICHOE COOOpaKeHHE O TOM, YTO MpOTrpaMma TeM Ha-
JiexKHee, yeM OO0JIbIIIE OMBIT €€ AKCILTyaTallui, KOTOPbIM 3aBUCUT KaK OT UHTEH-
CHBHOCTH MCIIOJIb30BAHUSI NPOTpPaMMbl, TAK M OT THpa)¥xa KOMIBIOTEpA, Ha
KOTOPOM OHa 3amyckaetcs. Takum oOpa3om, HaJIE)KHOCTh MPOrpamMM JUIsl Tiep-
COHaJIbHBIX KoMmIbioTepoB TuNa IBM PC, o6muii Tupak KOTOPBIX COCTaBISET
B Hacrosiuee Bpems okojo 100 MHIUIMOHOB, Ha HECKOJIBKO IOPSIKOB BBIIIE
AaHAJIOTUYHBIX MpPOrpaMM IS CHEUHAIU3UPOBAHHBIX IPOLECCOPOB (€ciiu,
KOHEYHO, TaKHE€ MPOTPaMMbl JIE€MUCTBUTEIBHO CYUIECTBYIOT W JKCIUIyaTH-
pytoTcs).
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O0001IeHHO-TeOpeTHYECKAs MO/Ie/Ib HA/IeKHOCTH

O6o06menHas Monenb HaaexkHocTH C 6a3upyeTcst Ha CISAYIONUX UCXO/-
HBIX TTOJIOKCHUSAX

*
1. UC C npexcraBsier muoxectBo X ={x,} (n=1,n ), B cocTaB KOTOPOro

BXOJIAT HEKOTOPHIE AIEMEHTHI. MHOXECTBO OMHUCHIBACT IPOIlecC Mpeodpa3oBa-
HUS BXOJIHBIX JIaHHBIX 4 BO MHOXECTBO pe3ynbTaToB .

2. UC C B g-peanuzanuu (q = l,q*) (YHKITMOHUPYET B MHTEPBaJIe BpEeMEHHU
(0, T,,). laTepBan pa3OoUT Ha ¥ HEOOA3ATENBHO PABHBIX MEXIY COOON TAKTOBBIX

%
uHTepBaIoBT,; ([ = l,¢ ). B Havange TakTOBOrO MHTEpBaNa T, Ha BXOJ MPO-

rpaMMbl MOCTYNAET BEKTOP HMCXOMHBIX COOOIIECHUHN a;,. YnopsnodeHHas 1o-

CJIICOOBATCIIbHOCTE BCKTOPOB BXOJIHBIX COO6HI€HHﬁ B g-pCajin3aliliid BHOa a(jl ,

z _ z
gy .- A, 00pasyeT BEKTOPHOE MOJAMHOXKECTBO BXOAHBIX CUIHANIOB 4, = {a,, }

T,,. PesynpraToM npeoOpa3oBaHUs SBIAETCS BEKTOP BBIXOAHBIX COOOILEHHI

z
Py - VYnopsigoueHHas MociieI0BaTeIbHOCTh BEKTOPOB Oy 00pa3yeT BEKTOPHOE
[MOJMHOKECTBO BBIXOIHBIX cO00IIeHn D g C D.

3. Bo Bpems pynkimonuposanust UC B g-peanuzanuu Kaxablid U3 dJ1eMeH-
TOB MHOXKECTBA X, € X MOKET HAaXOIUTbCSA B OJHOM U3 JBYX COCTOSHHHU )y,

OIMHMCHIBAEMBIX 3HAYCHUSMHU ), = 1, KOrJa 3jeMeHT pabotocnocobeH, u y,= 0,
Korja He paborocrnocoOeH. HepaboTocrmocoOHBIM cUMTaETCs 3JIEMEHT, COJEp-
KaIui omMOKy ONPEISIICHHOTO Kilacca.

OneMeHThl X, € X 00pasyloT jaBa MOAMHOXKECTBA PabOTOCIIOCOOHBIX X’

(x?, € X') u HepaboTocnocoOHbIX X" (X" € X ) 371eMEeHTOB.

[enb pyHKIMOHUPOBAHUS CUCTEMBI MIPH Xz, N x? =0 Oymer mocturuyra,

npu x; [1x" #0 He OyAeT JOCTUTHYTA WM JOCTHTHYTA, HO C XYAIIMMHU MOKa-
Tyr

3aTCIISIMU.
Llenb GyHKITMOHUPOBAHUS CUCTEMBI B ¢-peallu3allii CYUTACTCS JOCTUTHY-
TOH, €CJIIN

| D’(4g) — D(A4y)| < Ag,

rie ®’(Aq) — mnociaenoBaTeNbHOCTh BBIXOJHBIX CHUTHAJIOB B ¢-peaM3alluu,
®D(Aq) — xemaemasi NOCIEAOBATEIIBHOCTD BBIXOHBIX CUTHAJIOB B ¢-pEaTU3aLIH.

Eci 0003HaunTh ATG Kak MHOXKECTBO SJIEMEHTOB U3 X7, , TIPH KOTOPbIX
_k S

p .
XTl(qur Nx,”#0), a Bexrop u3 ATq 4yepe3 a gi € Ay, , KaK YACJIO TOMNAPHO

Pa3IMIUMBIX BEKTOPOB, a 4YCPE3 Sn — yucio IIOImapHO pa3jin4YrMMbIX BCKTOPOB
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_k o
a gi B IPOU3BOJIbHBIM MOMCHT BPEMCHU, TO BCPOATHOCTb HCAOCTUKCHUS LCIIN

dbynkuuonuposanus MC B g-peanuzamnuu

p=-t"¢ (13)

YCpeI[HeHHaH BCPOATHOCTb HCAOCTHKCHUS LCIN CI)YHK]_II/IOHHPOBaHI/IH CHC-

TCMBbI
- r-n
Py=—. (14)

n

BepostHoCTh nocTikenus 1enu pyHkunonupoanus MC

Pu=1—1_’u=1—r$n“. (15)

n

3KCHOH€HIII/I3JII)Haﬂ MOA€CJb HAACKHOCTH

JlaHHas Mozieslb OCHOBaHA HAa SKCIOHEHIMAIBHON MOJENIN paclpeaeieHUs
omnOOK B cucteme. B Hell ycTaHaBIMBaeTcs CBSI3b MEXAY WHTEHCUBHOCTBHIO
oOHapyXeHHsI OMMOOK MpU OTIaAKe dn/dt C WHTEHCUBHOCTHIO TPOSBIICHHUS
OIIHUOOK ¢ MHTEHCUBHOCTHIO MPOSBICHHS OLIMOOK MPU HOPMaIbHOM (YHKIIHO-
HUPOBAHUM KOMILJIEKCA MPOTPaMM A M YUCJIOM MEPBUYHBIX OLIMOOK 7 (T-BpeMs
paboThl IpU OTHAAKE WK (YHKIIMOHUPOBAHHH):

@:KNO—Kn, (16)
dt
toraa n = N, [1-exp(—KT)].

KonnuecTBo ocTaBmInXcsi MEpBUUHBIX OMUOOK #() BBIpakaeTcsi COOTHOIIIE-

HUeM. JUIMTENbHOCTh OTIIAAKU 1 B 3TOW MOJIEIIH

_ Noly

T In(7, / T;), (17)

rae Tp — HapaOoTKa Ha OOHapy>KeHHE OMKNOKY B Havane otinaaku; 17, T, — Hapa-
OOTKHU TEKyIlasl ¥ )KkeJaeMasi COOTBETCTBEHHO.
Ha ocHOBe 3THX COOTHOILIEHHUI ONpeaestoTcs KO3(P(UIHUEHTH TOTOBHOCTH

1_T0—q/f}472
T+(1-1Y27),

(18)

1_,:

u npoctost Kim = 1 — K. 3aech £ — nepuoj IpoBEPOK; ¢ — BPEMs 3aTpaT pecyp-
COB Ha MIPOBEPKHU; ¢3 — NITUTEIHHOCTh BOCCTAHOBIIEHUS pabOTOCIIOCOOHOCTH CHC-
TEMBL.
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OnTuMmanbHas JINTCIIBHOCTh OTJIAJKH B BKCHOHCHHHaHBHOﬁ MOACIN OII-
peacCiACTCA CIICAYIOIUM COOTHOICHUCM

Ht K°Ny(t* /2 +1,)
X

rae H — KOIM4ecTBO cucTeM, B KOTOpbIX QyHkuuonupyer KII; ¢, — nnurtens-
HOCTb DKCIUTyaTallui CUCTEMBI; ) — KO3(PPUIIMEHT yBEIUUYECHHS 3aTpaT PECypCcoB
Ha eJIMHUIlY MAIIUHHOTO BPEMEHH.

1, =k'In (19)

BaiiecoBckass Mogesanb

JlanHast MoJenb HAJEKHOCTU ONUpaeTCsl Ha 0alileCOBCKYI0 MHTEPIPETALINIO
BEpOATHOCTU. VIHTEHCUBHOCTh OOHAPYKEHHs OIIMOOK B 3TOW MOJENU Ompese-
JISIETCS KaKk

)= y(i)+T, , 20
© (n) Hl (D) 0

rae T; — JUIMTENBbHOCTh ()YHKIIMOHMPOBAHMSA CHUCTEMBI IOCIE OOHApYKECHUS U
ycTpaHeHus i—1 ommOku; (i) BETUYUHBI SBJISIIOTCS CBOOOAHBIMU MapaMeTpamMu

MOJENH, ONPEAETIAEMBIMU IPH ANIPOKCUMALINH KCIIEPUMEHTAIBHBIX TaHHBIX.

DTOT METOJ XOPOIL, €CIIN €CTh CEPbE3HBIE OCHOBAHUS AJIS IIPOrHO3a YacTo-
Thl OLIMOOK B UCXOAHOM KopTexe. OJIHaKO TEOPETUYECKU UCIIOJIb30BAHUE ITON
OIIEHKH HE BIIOJIHE KOPPEKTHO [5], TaK KaK IPOLECC, BKIIOYAIOMINN KOPPEKIHUIO
KOpPTEXa MO Kax/10i omunOKe, He CTallMOHAPEH, a 3TO Iperoiaraercs B 000c-
HOBAaHWU METOJOB OLICHKU BEPOATHOCTH.

Mopean pucka

Camas u3BecTHasi MoJielIb HAACKHOCTH, pazpaboTanHas JlxenuHcku, Mo-
pannou u lllymanom.

Ota Mojienb OJM3Ka K SKCIIOHEHIIUAIbHOW MOJIEN HAICKHOCTH U OTIpejie-
asieT QYHKIUIO HAJEKHOCTH R(f), T. €. BEpOSITHOCTh TOr'0, YTO HU OJIHA OImHOKa
HE MpOosBUTCS B UHTEpBayie oT 0 10 ¢, yepe3 pyHKIHI0 Z(f) — yCIOBHYIO BEPOSIT-
HOCTB TOT'O, YTO OIITMOKA MPOSIBUTCS Ha UHTEPBAJE OT ¢ 110 ¢ + At TIpU YCIIOBUH,
YTO JI0 MOMEHTA OIINOOK HE OBLIO:

R(t) = exp( —j Z(t)dx |, 21)
0

rae x = (¢t + At) — t.
[Ipu sTom cpennee BpeMs mexay otkazamu (CBMO) naetcst popmynoit

CBMO = TR(t)dt. (22)
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OmnH u3 cnoco6oB orienku CBMO — HaOmroneHue 3a MOBEAECHUEM CUCTE-
MBI B TEUEHHE HEKOTOPOTO MEPHO/Ia BpEMEHU U HaHECEHUE Ha rpaduK 3HAUCHHI
BPEMEHU MEXAY MOCJIEI0BATEIbHBIMU OLITHOKAMHU.

DKCTpamonupyst 3Ty KpHBYHO B Oymymiee, MOXHO mpenckaszate CBMO
B 10001 MOMEHT BPEMEHU U TMPEICKA3aTh MOTHOE KOJIMYECTBO OMMUOOK (OICHU-
Basi YUCJIO OIIMOOK, KOTOpbIe MOSABITCS paHbiine, yeM CBMO craneT OeckoHeu-
HBIM).

Takas skcTpanonsius, OHAKO, B CIMIIKOM OOJIBIION CTENEHW OCHOBaHA
Ha JIorajJikax U OObIYHO YBOJMT B CTOPOHY. Bce mpeamnosioxeHus, Ha KOTOPBIX
OCHOBBIBAETCS MOJIEIb, CIIOPHBI.

OpaHO U3 EePBBIX MPEANOI0KEHUN COCTOUT B TOM, YTO BCE OLIMOKH OJJMHA-
KOBO CEpbe3HBI (HampuMep, 0TKa3 CUCTeMbl U opdorpaduyeckas omudKa B Co-
OOIIIEeHNN OJIMHAKOBO CEPHE3HBI).

Bropoe npennonoxenue — 4to omubdka ucnpasisercs HemenieHHo. [lpen-
MoJIaraeTcsl TakXKe, YTO CUCTeMa HE U3MEHSETC (32 UCKIIOUEHUEM UCITPaBICHUS
OIHOOK).

N3 sToro cienyer, 4TO ONMUCAaHHAS BBIIIE MOJIENb KaKETCsl Yepecuyyp ONTH-
muctruuHou. Hanpumep, npu n = 10 (aecsath 0OHApYyKEHHBIX OIIMOOK) C UHTEP-
BaJlaMH MEXAY OTKa3aMH (B MUHYTax),

9,17,31, 54, 32,78, 82,33, 57, 82.

Mogenb npenckasbiBaeT, 4To ocTanoch 3,3 omuOku. MHTepBanbl BpeMeHu
ornieHuBarores mexay 10, 11, 12 u 13 ommbkamu B 135, 245, 1265 MuUHYT.

KnacrepHble penieHus1 MOBBIIIEHUS HAIEKHOCTH
Ha 3Tane pa3BUTUA KATACTPOPOYCTOMYHUBOU CTPYKTYPbI

YcnoxxHeHre CTPYKTYPhI pa3IMYHBIX CHUCTEM, 00YCIIOBICHHOE POCTOM Pa3MeEpOB
U CJI0’KHOCTH TIPOU3BOJICTBEHHBIX MPOIECCOB M MPOIIECCOB yIIPABJICHHUS, BbIIBU-
raet psjl 3a/1ad, CBA3aHHBIX C HAYYHO-OOOCHOBAHHBIM MOCTPOCHUEM HMX CTPYK-
Typsl [6—8]. PazyMHOe pa3BuTHE mpernosiaracT y4éT MHOXKECTBA Pa3IMUYHOTO
po/ia OrpaHUYeHU. ABTOMATH3AIMS MIPOIECCA OTCIICKUBAHUS TOT0, HACKOJIBKO
YAOBJIETBOPEHBI AT OIPAHUYEHUS, 3HAYUTEIBbHO MMOMOTaeT B PELICHUH TaKOTO
ponda 3aiad. B Takux ciiydasx Ha MOMOIIb YEJIOBEKY MPUXOJAT CUCTEMbI MOJI-
JEP’KKU NPUHATHS pereHus [9].

Bonbiioe 3HaueHHUE B HACTOAIINE BPEMS B CBA3U C MIOBCEMECTHOW aBTOMa-
TU3aIKe pabounx MPOIECCOB MPUIAETCS COBEPIIEHCTBOBAHUIO CTPYKTYPHI aB-
TOMATU3UPOBAHHBIX cUcTeM yrpasiaeHus [3; 10]. KoMmnbroTepHbie CHCTEMBI KOP-
MOpaluii XpaHIT CETOJHS OCHOBHYIO MH(OpMaIuioo 0 padoTe MpeanpusITHil u
bupM, B BX BBIXOJl U3 CTPOSI CIIOCOOEH OCTAaHOBUTH paboTy Kopmopanuu. Ode-
BUIHO, 4TO Takue >ku3HeHHO BaxHble (BCC — Business Critical Computing)
CUCTEMBI JIOJDKHBI 00J1a/1aTh a/IeKBATHBIM YPOBHEM OTKAa30yCTOMYHBOCTH B paM-
Kax oTBeAeHHBIX OromkeToB [11]. Ilog 0TKa30yCTOMYMBOCTBIO MOHUMAETCS
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KOJIMYECTBO OJITHOBPEMEHHBIX OTKA30B KOMIIOHEHTOB CUCTEMbI, KOTOPhIE TPUBO-
JAT K MPEKpaIieHuto paboThl — 4eM OO0JIbIIE y3JI0B CUCTEMbI HYKHO BBIBECTH U3
CTpOA AJIA IpeKpalieHus ee paboThl, TeM 00Jiee 0OTKAa30yCTOMYMBA TakKas CUCTe-
Ma. OTKa30yCTONYMBOCTH MOBBIIIAET OOIIYIO0 HA/IEKHOCTh CUCTEMBI, COOpaHHOM
U3 HEJOCTATOYHO HAJEKHBIX KOMIOHEHTOB. TpeOoBaHMs 10 OTKa30yCTOWYUBO-
CTH OIPEACNIAIOTCS MO PAa3HOCTU MEXKIY TpeOyeMbIM YpOBHEM HAJIEKHOCTH U
peanbHOM HAJIEKHOCTHIO CYIIECTBYIOIIMX KOMIOHEHTOB. HagexHOCTh B CBOIO
ouepeib — 3TO J0JSI BpeMEHU HEMPEPhIBHOM paOOThl BHIYUCIUTEILHON CUCTEMBI —
yeM OOJIBbIIIC ATa BEJIMUMHA, TEM MEHBIIE cucTeMa npocrauBaet [12]. s kpu-
TUYECKU BAXKHBIX MPUIOKEHUN HYKHO TO0OMBaThCa MUHUMYM 99,9 % HanexHo-
cti. O0muM TpeGOBaHHEM CErOJHSI CTAJO «IISATh NEBATOK» — 5 MHUH MPOCTOS
B roql. OgHako Takue e TpeOoBaHUs, HY>)KHO TPEIBSIBIATh U K CETeBOMY 000-
pPYIOBaHUIO, KaHAJIaM MOAKIIOUECHUS U JJIEKTponuTaHuio. EcTecTBeHHO, 4TO
HAJIE)KHOCTh CEPBEPOB JIOJHKHA OBITH BBINIE HAJACKHOCTH pabO4YuX CTaHIUNA U
MOOMJIBHBIX yCTpOKCTB [13].

[Ipoctoe nyOnupoBaHUE 3JIEMEHTOB CUCTEMBI 3a4acTyl0 HE SIBIseTcs -
(EeKTUBHBIM pelIeHUEM MPOOJIEM OTKAa30yCTOMYMBOCTH MHPOPMALIMOHHBIX TEX-
Hosioruit [3]. CyiiecTByeT psiji KIACTEPHBIX PEIICHUM, HO OMSTh K€ BO3HUKAET
npo0OiiemMa pa3BUTHUSI CUCTEMBI B 1esioM [14]. YcinokHeHue CTPYKTYPhl CUCTEMBI
MPEIBABIISET MOBHIIIICHHBIE TPeOOBaHUS K d()PEKTUBHOCTU U KaueCTBY MPUHU-
MaeMbIX PEIICHUI Ha dTarax pa3BUTHS CUCTEM.

B nannoit pabore paccmarpuBaercs rnpobiemMa MOBBIIIEHUS YCTOWYUBOCTH
KJIACTEPHBIX MH(POPMAIMOHHBIX TEXHOJIOTHI K cOOSM B paboTe, Ha MpUMEpe
CHUCTEMBI KJIACTEPOB, ITyTEM YMPABICHUS Pa3BUTHEM UX MHPPACTPYKTYphl. Pac-
cMartpuBaeTcs (popManuzanus 3aJa4u MIaHUPOBAHUS OUEPETHOCTH U ATAHOCTH
CO37aHUs CJIOKHBIX KJIACTEPHBIX CHCTEM 00paboTKu MHGOpPMAIMH, MOJETH |
METO/IbI, TIO3BOJISIONINE ONPECTUTh MOMEHThI Havyalla U OKOHYaHUS pa3padoT-
KM B3aMMOCBSI3aHHBIX OOBEKTOB KIJIACTEPHBIX CTPYKTYP, paclpeiesieHue pecyp-
COB MEXJy HUMH Ha dTane riaHupoBaHus. Pa3padbatsiBaeMblil OIX0d, MOJCIH
U METOJbl MOTYT OBbITh MCIOJB30BAaHbI JJI PEIICHUs 3a/lady WHBECTUIIMOHHOTO
IUTAHUPOBAHUS CO3/IaHUSI KPYMHOMACHITAOHBIX KaTacTpOo(OyCTOMUMBBIX KJa-
CTEpHBIX CHCTEM 00pabOTKM HH(pOpMalMK Ha 0a3e COBPEMEHHBIX BBIUHCIU-
TEJIbHBIX CETEN.

K.]IaCTeprle Pe€ICHUS KaK CI0Cc0o0 NMOBbLINIEHHUS Hallé)KHOCTI/I

Kak ykazano B pabotax [15; 11], BO3MOXHBI Ba crioco0a MOBBIICHUS 10C-
TYIMHOCTH PECYpPCOB MPOrpaMMHO-UH(POPMALIMOHHBIX TEXHOJIOTHI KOPIOpaTUB-
HBIX CTPYKTYp: YBEIMYEHUE WHIWBHUAYAJIbHOW HAJEKHOCTU CEPBEPOB U YIIydU-
HIeHHE O0IECUCTEMHON OTKa30yCTOMYMBOCTH. B mepBoM ciiydyae yBeIM4HUBaeT-
Csl HAJIEXKHOCTh Ka)KJIOTO 3JIEMEHTA CUCTEMBI, YTO MO3BOJISIET CTPOUTH KOHPUTY-
paiuu BBICOKON AOCTYNHOCTH M3 HEOOJBIIOIO KOJIMYECTBA KOMIOHEHTOB. Jlis
IIOCTPOEHUSI HAJEKHOW pacCIpeeICHHON CHCTEMBl B paMKaxX KOpIIOPALMH
OOBIYHO HCHOJIB3YETCSl OOJIBIIOE KOJUYECTBO HE OYEHb HAJEKHBIX KOMIIOHEH-
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TOB, @ BBICOKAsl HaJ€XKHOCTh BCEW CUCTEMBI JOCTUTAETCS MHOTOKPAaTHBIM ayO-
aupoBaHueM. M3BECTHBI METO/IBI YBEINYEHHUS alllapaTHON HaJeKHOCTH [17].

Hcnonb3ys pe3epBUpPOBaHUE, YBEIMUYMBAIOT OTKAa30yCTOMUYHMBOCTH KOMIIb-
IOTEPOB MO OTHOILLIEHHUIO K COOSM BHYTPEHHUX KOMIIOHEHTOB: OJIOKOB NHUTAHMS,
JVCKOB, MPOLIECCOPOB U T. M. [IpW uCronb30BaHUU pe3EpBUPOBAHUS TIIABHOE
BOBpEMS 3aMETUTh COOIl U MEPEBECTU CUCTEMY Ha pabOTy C Pe3epBHBIM AHAJIO-
IOM BBIXOJSAIIETO U3 CTPOsl KOMIIOHeHTa. [Ipu 3TOM nmist pe3epBUpOBaHMS, Ha-
npumep, 6JIOKOB MUTaHUSI HE TpeOyeTcss MPOrpaMMHON MOAJIEPKKHU, B TO BpeMs
KaK JJId MaMsTH, )KECTKUX JHMCKOB U IMpolieccopa 4acTo MPUXOAUTCS MEHATh U
[10. B pe3ynbrare pelIeHHE CTAaHOBUTCS HE YHHUBEPCAIBHBIM, M €r0 HEJIb3
MPUMEHHTH I IPYTHX CEPBEPOB.

Bwmecre ¢ nyOnupoBaHreM ropsiyasi 3aMeHa MO3BOJISIET BBITOJIHATh PEMOHT
cepBepoB 0e3 mpeKpauleHuss ux paboThl, YTO YBEJIWYMBAET JOCTYHHOCTh, HO
YMEHBIIAET OTKA30yCTOMYMBOCTh U HAJICKHOCTh KOMIIbIOTEPA BO BPEMS CMEHBI
onmoka. Hanbomnee ciokHO 00eCeunTh TOPSIUYIO 3aMEHY MPOLIECCOPOB, MaMSITH
U KECTKUX JHMCKOB, IMOCKOJIBKY JJISI 3TOTO HY>KHO peajin30BaTh TUHAMHUYECKYIO
MEePECTPOIKy omepanuoHHON cuctembl. Kpome TOro, HEOOXOIUMO MPaBUIHLHO
CIIPOEKTHPOBATH KOPIYC CEpBEpPa, KOTOPBIA MO3BOJISUT Obl MEHATh BHYTPEHHHE
AJIEMEHTHI, HE BBIHUMAsI BECh CEPBEP U3 MOHTAXKHOM CTOMKH.

HeManoBaXHbIM 3JIEMEHTOM HAJECKHBIX CHCTEM SIBIIAECTCS JIUArHOCTUKA
KOMIIOHEHTOB: II€pErpeBa Ipoleccopa, MamsATH, CUCTEMHOM IUIAThI, a TaKXKe
KOHTPOJIb BO3HUKHOBEHHUS! OIIMOOK. J[MarHocThka MO3BOJIAET MPEeAyNpEAUTh
aBapvIO0 M BOBpPEMs 3aMEHHUTH OJIOK, KOTOPBII IMMOKa elie padoTaeT KOPPEKTHO,
HO YK€ «IBIIIUT Ha JajaH». Eciu B cucreMe NMpeaycMOTpeHa ropsiyas 3aMeHa
JAHHOTO KOMIIOHEHTA, TO 3TO IMO3BOJISET UCIPABUTH MOJIOMKY €Ille /10 €€ BO3-
HUKHOBEHHMS.

[anee ocHOBHOE BHMMaHUE yAenseTcsa knactepuszauuu. Mmeercs nse pea-
JU3aldU KJIacTepoB, 00ECIIEUMBAIOIINX COBMECTHYIO pabOTy HECKOJIBKUX KOM-
NBIOTEPOB: ammaparHas U nporpamMmHas [14]. AnmapaTHelii Kjactep mpemy-
CMAaTpUBAET CIIEHMAIbHbIE KOMIIOHEHTHI JIJIS1 MOAAEP/KKHU LIEIOCTHOCTU KJIacTepa
u oOpabaTbiBaeMbIX UM JaHHBIX. [IporpaMMHBINA MO3BOJISIET peain30BaTh Kia-
CTep U3 YHUBEPCAJIBHBIX CEPBEPOB U CETEBBIX TEXHOJIOTUW, HO TpedyeT Moj-
JIEP’KKU CO CTOPOHBI ONEPAIMOHHON CUCTEMbI: OallaHca 3arpy3Ku, KOHTPOJIsS pa-
00TOCIIOCOOHOCTH Y3JI0B, EPEPACIIPEACIICHNS PECYPCOB U PELIEHUS IPYTUX 3a-
nad. CoOCTBEHHO arnapaTHble KJIacTephbl BBITYCKAIOTCS YK€ JaBHO, a CEroJHs
HavyaJld MOSIBISATHCA U IPOTPaAaMMHBIE KJIACTEPHI.

B pabote paccmaTpuBaercs penieHue npoOaeMbl YBEIUUEHUS anmapaTHOU
HaAEKHOCTU MyTeM Kiactepuzanuu. [IpuueM kiactepsl OyAyT paccMaTpUBaTh-
Cs HAa KAauyeCTBEHHO Ooyieeé BBHICOKOM YpOBHE — C TOYKHM 3pEHHs KaTacTpodo-
ycroiunBoctd. B [11] katacTpodoyCTOHYMBOCTD ONMpeAensieTcs Kak Croco0-
HOCTh K BOCCTAHOBJICHUIO pa0OThl MPUJIOKEHUN U JAHHBIX 32 MUHUMAJIbHO KO-
POTKHUI mepuoj; BpeMeHu nociie karactpodsl. [lox karactpopamu moHUMAarOTCS
HE TOJBKO NOKap, HABOJHEHHUE WJIN 3EMJIETPSICEHUE, HO TAKXKE BO3MOXKHBIEC HeE-
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peaBUACHHbIE COOU B paboTe Ciiyk0, pa3pyllieHHe JaHHBIX WM MOBPEXKACHHUE
BCETO IIEHTpa 00paboTKu (HApUMED, B PE3YJIbTaTe aBapuil B X0JI€ PEMOHTHBIX
paboT, yMBIIIJICHHON AuBepcun win caboTtaxa). Pazpurue katactpodoycroituun-
BOI apXuTeKTypsl (puc. 4) mpeanonaraer o0ecrneyeHrue 3auiThl OT He3aIulaHu-
POBAHHBIX MPOCTOEB BO BpEMsI, U TIOCIIE KaTacTpo(dsl B reorpaduyecku pacmpe-
JIEJICHHBIX y37aX KiacTepa, MpU KOTOPOM OTKa3 OJIHOTO y3Ja HE MPUBOIAUT
K IIPEKPALIEHUIO PaOOTHI BCEH CUCTEMBI.

| =" ' =" 5

Y3en 4

Y3en 2 Y3en 3

LleHTp 06paboTkm A LieHTp 06paboTkm B

KnueHTckne coegmHeHunA

Puc. 4. KaractpodoycroiiunBast apXuTeKTypa

Kak mpaBumno, noaaepkka karactpopoyCcToNIrBOM KOH(GUTYpallud HE OT-
PAHUYMBAETCSA Pa3BEPTHIBAHMEM TOJBKO aNNapaTHO-MPOrPAMMHBIX PEIICHUN
(opranuzanusi KjiacTepa, YCTAaHOBKA MPOrpaMMHBIX KOMIIOHEHTOB YIIPaBJICHUS
IPOU3BOIUTEILHOCTRIO, pecypcaMu, HHGPACTPYKTYPOl U Ap.), a JOJKHA BKIIO-
4YaTh CHEIUANIbHBIC BUJIBI YCIYT, MPEAOCTABIsIEMbIE MPOU3BOIUTEIIEM, TPEThEil
KOMIMAaHUEH WM BBIMOJHAEMbIE CAMUM 3aKa3uUKOM (MOHUTOPHUHI pabOTOCIIO-
COOHOCTH, pe3epBHOE KOMUpOBaHUE U T. 1.). Hanmpumep, psia pemiennii, Hampas-
JICHHbIE Ha oOecreyeHrne KaTacTpoPpoyCTOMUYNBOCTH U OCHOBaHHBIE Ha UCIIOb-
30BaHMM TexHoJoruii komnanuu Hewlett-Packard, paccmoTpen B pabore.

Tunel Kiacrepos

B nanmnoit pabote paccmarpuBaeTcs MmpoOiieMa YIpaBlICHHsS pa3BUTHEM
UH(OPMAIMOHHO-TEXHUYECKOW MHPPACTPYKTYphl KOPIOpAIMH, YCIEIIHOE pe-
HIEHHE KOTOPOW 00eCTeYnuT ONTUMAJIbHBIN MJIaH Pa3BUTHUS MH(DOPMALMOHHOTO
npocTtpancTBa [17]. YopaBieHue pa3BUTHEM 3aKJIIOYAETCS B OMNPENCICHUH MO-
MEHTOB BBOJIa THUIIOB KJIACTEPOB, CTPYKTYPY CEPBEPHON CETU B KaXbIH MEPUOJ
IUTAHUPOBAHUS U MOTOKM MOIIHOCTEN MEXAY KJacTepaMH Pa3IMYHbIX YPOBHEM
uepapxuu (corjaacHO BBIOpAaHHBIM CTETEHSM KaTacTpodOyCTOWIMBOCTH) C yue-
TOM JMHAMHUKUA HW3MEHEHUsSl MOTPeOHOCTEl aOOHEHTOB KaXKJIOTO CTPYKTYPHOTO
KOMITOHEHTa (cepBepa) B MHMOPMAITMOHHO-TEXHOJOTHYECKUX paboTax W Karu-
TaJbHBIX 3aTpaT Ha ee pa3Butue [18-21].

69



AnmapaTHO-NPOrpaMMHbBIEC PEIICHUS JJIsi KOPIOPATUBHBIX CTPYKTYp, oOec-
MEYMBAIOIINE KaTaCTPO(POyCTOMUYUBOCTh, COOTBETCTBYIOT CIICAYIOIIUM THIIAM
KJacTepoB. JJist 3aIUThI OT KaTacTpod y3Iibl KiacTepa He0OX0IMMO Pa3HECTH Ha
JIOCTAaTOYHOE PACCTOSTHUE. Y3IIbl pa3MENIaloTCa B Pa3HbIX MOMELIEHUSAX, HA pa3-
HBIX 3Ta)kax 37aHusl, B Pa3HbIX palilOHaX ropoJa WK 1aKe B Pa3HBIX TOPOJIaX WIH
cTpaHax. PaccrosiHue MEXIy y3iamMu OMpeNessieTCss UCXOsl U3 KOHKPETHOU CH-
Tyalluu U B COOTBETCTBHUHU C UCIIOIB3YEMOM TEXHOIOTUEN PETUIUKAIIUU JAHHBIX.

PaccmoTpum TUIIBI KJIACTEPOB, IPEACTaBICHHEIE B [ 14].

Hauynewm c yokanpHOTO Kiactepa, B KOTOpOM (pHC. 5) Bce y3ibl pacmoio-
JKEHBI B OJTHOM IIEHTpPE. DTO HE 00ECIIeUnBAET KaTacTpoPhOyCTOMIMBOCTH, OTHA-
KO, MOCKOJbKY OOJIBIIMHCTBO KJIACTEPOB BBICOKOW TOTOBHOCTH MPUHAJJIEKAT
MMEHHO K 3TOMY 0a30BOMY THIY, MOJIE3HO CPABHUThL €0 C JAPYTUMHU KJacTep-
HBIMU apXUTEKTYpaMHU.

CeTb BbICOKOI EOTOBHOCT

3epKannpoBsariiie THCKOB

g @ I‘Ipmno»(eHMea @li : 'pmno»(eHme D %2
E ; A
ysenl y3en 2 y3en 3 y3en 4
.............................................................. / AN <

4 y
LleHTp 06paboTkm A I:l v LleHTp 06paboTkm B

KnueHTckne coegmHeHunA

Puc. 5. JlokanbHbIi K1acTep

KamnycHslii kiactep (puc. 6). Mcnonbs3yercst Kak aabTepHAaTUBHBIN CIOCO0
pa3MeleHus y3j10B 00pabOTKU U XpaHEHUs JaHHBIX, KOTOPbIE paclpeAestoTCs
1o Tepputopun npeanpustusi. COoit B OAHOM 37JaHUH HE MPUBOAHUT K MPOCTOIO
cucTeMbl. PaccTosiHUSI MEXTy y37aMH OTpaHUYEHBI UCTIOIB3YIOUICHCS TEXHOIO-
rMeil peryiMKaluy JaHHbIX. s CTPYKTYpHOU OpraHu3anuy KJIacTepoB ATOTO
TUIA OOBIYHO XapaKTEPHO CIEayIoNIee:

— U30BITOYHBIE TUCKU CO CPEICTBAMHU PEIUIMKALINU JaHHbIX;

— M30BITOYHBIE CETEeBbIE Kaben, MPOJIOKEHHbIE TI0 PA3HBIM MapIIpyTaMm;

— aJbTepHATHBHBIC MCTOYHUKU MUTAHUS KaXJOTrO y3ia (MUTAaHUE MOXKET
[0JIaBaThCsl OT Pa3HbIX MOJCTAHIMM, YTO 3allMIIAET KJIacTep OT BO3MOXKHBIX
nepedoeB ¢ mojaveit ANEKTPOIHEPTHUH).

Mempoxknacmep (puc. 7) — 3TO THUII KJacTepa Kilacca ropojia Wiv panoHa.
B ero apxurektype umeroTcs AyONHpYyIOUIUE y3ibl, PACHON0KEHHbIE B PA3HBIX
YacTsIX TOpOJia WU B IPUTOPOJIaX.
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Pa3necenuie y3710B Ha OOJIBIINE PACCTOSHUS YMEHBIIIAET BEPOSTHOCTD BBI-
X0Jla M3 CTPOsl MyONUPYIOIIETO y371a B Pe3ysibTare KatacTpodbl. ApXUTEKTypa
METpOKJIacTepa OYEHb HATOMUHAET KaMITyCHBIH, C TOW pa3HUIIEH, UTO paccTos-
HUS MEXIY Yy3J1aMU 3HAUUTEIbHO Ooibliie. [{Ji opraHu3aiuu Takoro KiacTtepa
TpeOyeTcsi pa3pelieHue MECTHBIX BIIAaCTEH Ha MPOKIAJIKy CETEeBBIX Kalesell u
Kabesnei 711 perIMKaIuu JaHHBIX, YTO MOXKET YCIO0KHUTh €ro pa3BepThIBAHHUE.

CeTb BbICOKOW
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Puc. 7. Metpoknactep

Mertpoknacrep nmpeamnoiaraeT Hajluuue CpeJCcTB CUHXpOoHU3auu. OObIYHO
JUTSI peLIeHUs] STOM 3a7]aui UCTIOJIB3YEeTCs TUIOMAKa-apOuTpaTop, coaepxrarias
JOTIOJTHUTEJIBHBIM Y371, KOTOPBIM COCTOUT W3 BBHIJCICHHOTO CepBeEpa M BBINOJ-
HSCT CBS3YIONIYI0O M CHHXPOHU3HPYIONIYIO POJIb JJISI BCEX OCTAIBHBIX Y3JIOB.
Apoumpamopul — 10JTHOPYHKIIMOHAIILHBIC CUCTEMBI, SIBJISIOIINECS COCTABHBIMHU
YJacTsAMU KJIacTepa, HO He MOJCOCINHCHHbBIC K TUCKOBBIM MaccuBaM. B MeTpok-
JacTepe MOJICPKUBAIOTCS KOH(DUTYpAIIUH ¢ OJHUM WM IBYMsI apOUTpaTopamu,
OJIHaKO KoH(pUrypanuu ¢ AByMs apouTpaTopamu 0ojiee IpeAnOoUYTUTEIbHBI, TaK
KaK OHH 00€CTICUMBAIOT OOJIBIITNI YPOBEHb TOTOBHOCTH.

OCHOBHOE pa3nmu4re MEXKAY KaMITyCHBIM U METPOKJIACTEPOM B TEXHOJIOTHH
perUIMKanuy JTaHHbIX. KaMmycHBINM KiacTep, Kak MpaBHIIO, UCHIONIB3YET ISl Perl-
mukanuu coeauHenue Fibre Channel [13] u cpenctBa onepallmoHHONW CHCTEMBI
(ckaxxem, MirrorDisk/UX [22]), uTo HaklaabpIBaeT OrpaHUYCHHUE HA PACCTOSHHUE
MEXIy HeHTpaMu oOpaboTKH. MeTpoKiiacTep HCIOIb3yeT PEIUIMKAIII0, OCHO-
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BaHHYIO Ha BO3MOXKHOCTSIX JTMCKOBBIX MaccuBoB (Hampumep, HP SureStore XP
wm EMC Sym-metrix [23]), KOTOpbI€ JOMyCKAIOT UX pa3HECEHHE Ha OOJIbIIHNE
paccTosiHus. B ocTranbHOM METpOKIIacTEp OPraHU30BaH TAK K€, KaK U KaMITyC-
HBIA. ApXUTEKTypa METpOKJacTepa peaju3oBaHa B JByX mnpoaykrax HP:
MetroCluster with Continuous Access XP u MetroCluster with EMC SRDF [14].

Y3en 1b Y3en 2b

CeTb BbICOKOM Aé'
H MpunoxeHye A \S/ MpunoxeHye B
]

Knactep B MaragaHe: LeHTp 06paboTku gaHHbIX b

nobanbHas

CceTb

Pennvkauusa v/van
3epKannposaHme
OaHHbIX

Y3en la Y3en 2a
CeTb BbICOKOM

FOTOBHOCTU

KnacTep B KanuHuHrpage: ueHTp o6paboTku AaHHbIX A

Puc. 8. KonTuHeHTanbHBIN Ki1acTep

Kontunenrtansubiii knactep. KoHTuHeHTanbHbIA Kiactep (puc. 8) mpen-
CTaBJIsieT COOOM COBOKYMHOCTb JYyOJMPOBAHHBIX KJIACTEPOB, Pa3HECEHHBIX Ha
3HAYNTEIbHBIC PACCTOSHUS, IPHUYEM TaKUM 00pa3oM, YTOOBI MEKIYy HHMH HE
UCIOJIb30BAIMCH TEXHOJOTUM JIOKAJIBHBIX ceTed. B apxurektype KOHTHHEH-
TaJbHOTO KJacTepa KaXKIbli BXOASIIMI B HEro KiacTep SIBISETCS MOJHOCTHIO
IIPABOMOYHBIM, TIO3TOMY apOWTpaToOp HE UCToyib3yercs. Jia coemquHenus Kia-
CTEPOB UCTOJB3YIOTCA TIIo0anbHbIe cetn Ha 6aze TCP/IP, onnako mis periuka-
IUM MOTYT TOHAJ0OMTHCS U BBICOKOCKOPOCTHBIE BBIJICJICHHBIE UM KOMMYTH-
pyembie nunun (Hanpumep, T1/E1 nnm T3/E3 [24]).

YpoBHM H30BITOYHOCTH NMPH OPraHU3ALUAMN
KaTacTPO(OyCTOHYNBOIO KIacTepa

Ntak, Bce OoJiblile MPEANPUATUN MPEIBABISIOT MOBBIIIEHHBIE TPEOOBAHUS
K cBoeil nHpopManmoHHON nH(ppacTpykType. Pacrer uncno opranuzanui, 1is
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KOTOPBIX «HEMPEPHIBHOCTh OU3HECA» CTAHOBUTCA YXKE€ HE MPOCTO KPACHBBIM
CJI0BOCOYETaHUEM. ECTh OHU U B HaIlIEW CTpaHe.

I dnektponutanue 1 : i dnektponutanue 1
J10KanbHbIM AUCKOBbIN E E YaanéHHbIN AUCKOBbIV
maccvs maccus
Ysenl CoAsm ¢ oc- B H Y3en la
— — CsA3n c oc-
H HOBHbIM A : H C
:| Mpunoxenwne A CeTb : 1 CeTb HOBHbIM MpunoxeHue A
- TOMOM . -
L R RN RN N N R RN RN Y L] EL L R N R R R R Ry L]
A EEEEEEsEEEsssssEsEssEEEEEsEEEnEnEnnnnnn i | A - [T e D -
: Y3en 2 : u Y3en 2a
CeTb - = |CeTtb
1| NMpunoskenne B Ceasncoc- [ —— : H MNpunoxexue B
H P : H CBA3W C OC- P
H HOBHbIM . H
: . : HOBHbIM
. TOMOM H :
H H H TOMOM
I dnekTponuTtaHue 2 : dnekTponuTaHue 2
e H e H
LleHTp 06paboTku LleHTp 06paboTku
A3AHHbIX A AaHHbIX B
R B AN W—
CeTb i+ Cemb
LleHTp 06paboTkm : |ApbuTpatop 1 i ¢ |Ap6utpatop 1
AaHHbIX C : H

H H
I dnektponuTaHue 5 E T DnekTponuTaHue 6
H H

Puc. 9. Tpu nenrpa (c miomaakoi-apouTpaTopom)

Bce Oonee unm MeHee cepbe3HOE 000PYAOBAHUE MOAPAa3yMEBAET HEKOTO-
pyto creneHb u30bITouHOCTH. CepBephl U JUCKOBBIE MAaCCUBBI OCHAILAKOTCS pe-
3epBHBIMHM HCTOYHUKAMU MUTAHUS, BEHTWIATOPaMH, AyOIUPYIOIUMU KOHTPOJI-
Jepamu, IMPOLECCOPAMH, 3€PKAIMPOBAHHON KAUI-NAMATHIO, MHOTUMH JIPYTHUMH
M30BITOYHBIMU YCTpOWcTBaMHU. Bce 3TH ycuiMsl HampaBlIeHbl Ha YCTpPaHEHHE
€IMHOM TOYKU OTKa3a 000pyaoBaHMsl. /{15 mocTpoeHus: 0TKa30yCTONYMBOM CHC-
TE€MBbI 3TO HEOOXOJIMMO, JJI1 KaTacTpo(oyCcToMunBON — HerocTaTouHO. Eciu oT-
Ka30yCTOMYMBAsl CHCTEMa CIIOCOOHA COXPaHATh PabOTOCIIOCOOHOCTH B Clyyae
BBIXO/Ia M3 CTPOSl OTAEIbHBIX KOMIIOHEHTOB, TO KaTacTpooycTOHYMBas —
B CJIy4ae OJJHOBPEMEHHOI'O MHOXECTBEHHOTO BBIXOJIa U3 CTPOSI COCTaBHBIX Yac-
TE WK Y3JI0B B pe3yJIbTaTe COOBITHI HENPEeIBUIEHHOTO XapaKTepa.

PaboTocnocoOHOCTh OTKA30yCTOMYMBOM CHCTEMBbI 00ECIIEUMBAIOT BXOMS-
M€ B HEEe KOMIIOHEHTHI: JaHHbIE CO COOMHOIO IMCKa BOCCTAaHABJIMBAIOTCS IO
YETHOCTH, MUKPOCXEMA MaMITH MOKET JIOKAJIbHO OTKJIIOYAThCs, IUTAHHUE OCY-
HIECTBIISAETCS C PE3EPBHOIO UCTOUYHMKA U T. A. (cM. [23; 25-27]) OyHKUHOHUPO-
BaHUE KaTacTpo(OyCTONUMBOM CUCTEMBI JOCTUTAETCS 3a CUET pa3HECEHUs ee
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KOMIIOHEHTOB Ha 3HAYUTEJIBHBIE PACCTOSIHUA. JTO MO3BOJISAET MOAKIIOYATH CHC-
TEMY K Pa3HbIM MOJACTAHIMAM WJIH JICKTPOCTAHIUAM, UCKITIOYask €AUHYIO0 TOUKY
OTKa3a 1o cO0l0 B Mojaye NMUTaHUs, U oOecrneunBas HENPEPHIBHOCTh OM3HECA
IIPU BBIXOJE M3 CTPOS HE TOJIBKO y3JIa KJIacTepa, HO U Bcel Iuiomanku. OaHako
OJHOBPEMEHHO PACTET POJIb KAHAJIOB CBSI3U MEX/Y Y3JIaMH KJIacTepa; €CIIU PUCK
IIOBPEIUTDH MPOBOAKY BHYTPH 3[1aHUsI HEBEIUK, U MOXXHO IPUMEHATH JICLIECBBIC
pemieHust (M3HAYAJIBHO I0Jaras, 4ro IMPOBOJKA HAJIEKHEE KOMIIOHEHTOB), TO
B METPOKJIACTEPE KAHAJI CBS3M CTAHOBUTCS BAXKHBIM JJIEMEHTOM apPXUTEKTYPHI.
[Tpu mocTpoeHnu KaracTpopoyCTONUHNBOTO KJIacTepa HEOOXOIUMO TIPETYyCMOTPETh
IIPOKJIAJIKY OCHOBHOT'O M PE€3EPBHOI0 KaHAJIOB CBSI3U 110 PA3HBIM MapILIpyTaMm.

[Tpu hbopmupoBaHuK ONTHUMAILHOTO TIAHA PAa3BUTHUS KJIacTepHO mH(pa-
CTPYKTYPBbI UpE3BBIUAHO BaXKEH ATAIl BHIOOpa MPaBUILHON apXUTEKTYPHhI, KOT/Aa
TpeOyeTCsl ONpeNeNuTh, HACKOJIBKO YS3BUM OW3HEC M KaKOBO MaKCHMAaJbLHOE
BpeMst ipoctost UT-undpactpykTypsl, Ipu KOTOPOM OU3HECY HE Oy/IeT HaHECEH
HETOIMPaBUMBIN y1Iepo.

71 HEeKOTOPBIX NMPEANPUITUNA WU MOAPA3ACIIEHUNA KOPIIOpAaLUU 3TO MO-
KeT ObITh JIEHb WIM JIBa; JJIs JPYTUX JlaXK€ MUHYTHBIA MPOCTONM HECET OIIyTH-
Mble moTepu. OIHU TPHIOKEHUS HYKJIAIOTCs JIMIb B 3alIuTe OoT cOos y37ia,
a ipyrue TpeOyIoT elle 1 3alIUThl OT BBIXO/A U3 CTPOs BCEH IIIOIIAIKH.

[anee, BaXXHO ONPENEIUTDh, KAKYIO POJIb UTPAET KaX bl KOHKPETHBIN Cep-
Bep. Tak, cepBepsl, OTBEYAIONINE 32 0OCIyKUBaHUE COOPOYHOM JIMHUU, TPEeOy-
€TCsl BOCCTAaHOBUTH ObicTpee. OJTHAKO €CIIM OHU PACIOJIOKEHBI HETOJAIEKy OT
cOOpPOYHOI JIMHHUH, TO B CIIy4ae 3eMJICTPSICEHUSI CEPBEPHI BHIMAYT U3 CTPOSI BMe-
CT€ C JMHUEU, MO3TOMY 3allyCKaTh MPUIIOKEHUS, YHpaBisSolKe COOpKON Ha
yAAJIIEHHOH IUIOIIA/IKe, He uMeeT cMmbiciia. C Apyroi CTOPOHBI, CUCTEMY YIIpaB-
JICHUS TIOCTaBKaMHU MOYKHO 3aIllyCTUTh Ha JIPYTo#l IIIoMmaaKe, ooecrnedunB paboTy
aOOHEHTCKHX y3JI0B OTJeNa MPOAAK U HEMPEPHIBHOCTh MOCTABOK MPOTYKIHUU.

Nrak, kaTacTpod0oyCTOMUMBOCTL CUCTEMBI B anmapaTHOW 4acTu oOecrneun-
BaETCSL:

— reorpauuecKkuM pa3HeCceHUEM y3JI0B;

— peIUIMKalUed JaHHbIX;

— HECKOJIbKMMH HE3aBUCUMbIMU UCTOUYHUKAMU [TUTAHUSI;

— BBICOKOHAJIC)KHOU CETeBOM MH(MPACTPYKTYPOI.

CueHapuu 0TKa30B KJIACTEPHOH HH(PPACTPYKTYpPbI

PaccMoTpuM Temneps HECKOJIBKO CIIEHAapHeB padOThl KilacTepa, OTBEYaro-
IIUX Pa3HbIM YPOBHSAM HAJIE)KHOCTH U YCTOMUMBOCTH K Katactpodam. unamu-
yecKasi XapaKTepUCTHKA, BIUMCIsieMas BCAKUN pa3, KOrja y3el KiacTepa BhIXO-
IUT U3 CcTposi, B [14] moiyuniia Ha3BaHUE «KJIACTEP-KBOPYM» — LEIOCTHOCTh
KJlactepa.

CMbICH ATOM XapaKTepUCTUKH TMOSICHUM Ha cienyiomeM npumepe. Eciu
cucteMa ucnoiab3yet 10 y3710B, 1 Bce OHU pabOTarOT, TO KJIACTEP-KBOPYM paBeH
100 %. Ecnu e, B HEKOTOPBIM MOMEHT, BBIXOJSAT M3 CTPOS [IBa y37a, TO KIa-
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cTep-KBOpyM cTaHoBUTCS paBeH 80 %. AHanu3 (QyHKIMOHUPOBAHUS KIacTep-
HBIX CHCTEM IIOKa3bIBAaET, YTO KJACTEp CIMOCOOCH K PEKOH(UTypaIruu TOJIBKO
B TOM CllyYae, €CJIM YMCJIO OJHOBPEMEHHO BBIIMIEIINX U3 CTPOS Y3JIOB CTPOTO
MEHBIIIE MTOJIOBUHBI PAaOOTAIOIIHX.

Janee mist pa3nuYHBIX ApPXUTEKTYp MPH OLEHKE TOCIEICTBUN TOTO WIH
MHOTO CLIEHApHsI OTKA30B JOCTATOYHO PAaCCUUTATh 3HAUCHHE KIIACTEP-KBOPYMa.

ApXUTEKTypa C OJHUM apOUTpaTopoM. B paMkax JaHHOIN apXUTEKTyphl IME-
eTCsl J1Ba IieHTpa 00pabOTKX JaHHBIX U OJIHA TUIOIIaika-apoutparop (puc. 10).

Ysenl Y3en 3

Mpunoxexne A — — Mpunoxkenne C

CBA3M HenpepbIBHOIO

A0CTyna

Mpunoxexne B — F MpunoxkeHune D

= 0E0RE
=00

LleHTp 06paboTku AaHHbIX A LleHTp 06paboTKM AaHHbIX B

ApbuTpaTop

Puc. 10. ApxutexTypa ¢ OTHIUM apOUTPaTOPOM

Ha sTtom mpoctpaHcTBe paboTaer kiactep M3 4eThlpex y3ioB (yzen 1 —
npwiokeHue A; ysen 2 — npunoxenue B; ysen 3 — npuinoxenue C; yzen 4 —
npuioxenue D) u apbutparopa (Bcero msath). Kaxkaplii ieHTp 00paboOTKU AaH-
HBIX COJIEPKHUT JBA y3JIa Kjactepa u oauH MaccuB Sure-Store XP. Ha kaxnom
y3Ji€ €CTh IPUJIOKEHUE, paboTaroliee ¢ JUCKOBBIM MaCCUBOM.

Mexy TUCKOBBIMH MAacCUBaMHU YCTaHOBJIEHBI CBSI3M HEMPEPBHIBHOTO JIOCTY-
na, TaK YTO JIaHHBIE MPUIIOKEHHS A, paclOIOKEHHBIE Ha JUCKaX A MacCHBa LIEH-
Tpa A, pemMuupyroTcsa Ha n1ucku Al MaccuBa, pacronoxeHHoro B neHrpe B. To
e camoe aenaercs s npuioxkeHuid B, C u D, cooTBercTtBenHo. [lnomanka-
apOUTPaTOp COMEPKUT CepBEP-apOUTPaATOP.

B Tabn. 3 mpencraBieHbl CLIEHAPUU, WUTIOCTPUPYIOLIUE BO3MOXKHBIE IO-
CJIEICTBHS BBIXOJIa U3 CTPOSI OJHOTO WMJIM HECKOJIbKUX Y3JI0B, a TAaKKe LEHTpa
00pabOTKM JaHHBIX B KOH(UTYpAIMH C OTHUM apOUTPaTOPOM.

Takum o6pazom, kiactep OyAeT OCTaHOBJIEH TOJIBKO B CIy4yae BBIXOJIA U3
CTpOs TPETHETO y3ja MpHU YK€ HEJOCTYMHBIX JIBYX y3/ax U apOutpartope. Bo
BCEX OCTAJIbHBIX CIIy4asX KiacTep OyAeT crocoOeH MPOU3BECTH PEKOH(UTYpa-
uto. [IoHSATHO, YTO B OOBIYHOM peXHMe MpuiokeHue A pabortaer Ha y3ie 1,
OPUCYTCTBYS B «CIIILIEM» BUJE HA JPYTUX y3Jax Kjactepa u OyJIy4d CKOH(H-
TYPUPOBAaHO TakK, YTO IIPU OCTAHOBKE OHO 3aIllyCKaeTcs Ha apyroM ysie. CueHa-
pun 7—-14 WUTIOCTPUPYIOT BO3MOXKHBIE MOCIEACTBUS BBIXO/Ia M3 CTPOS LIEHTpa
00pabOTKM JaHHBIX B KOH(UTYpAIMH C OTHUM apOUTPATOPOM.
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Tabnuya 3

CueHapuy 0TKa30B B KOH(pUIypanyu ¢ OAHUM apOUTPATOPOM

Cuenapun | He pabo- Ortka3 HenoctHocTh | OcTanoch [TocnencrBus
TaeT Kiacrepa, %
1 ApOuTtpaTop 80 4usS5 | Her
2 V3en 1 80 4u35 | Ilpunoxenue A 3a-
IyCKaeTcs Ha Apy-
T'OM y3JIe KJIacTepa
3 V3en 1 y3en 2 75 3u34 | [Ipunoxenue A u B
3aIrycKaeTcs Ha
JPyTOM y3J1€ Kia-
cTepa
4 V3en 1, ApOutpatop 67 2u33 | Ilpunoxenue A uB
y3en 2 3alycKaeTrcs Ha
JPyTOM y3J1€ Kia-
cTepa
5 V3en 1, V3en 3 50 1 u32 | Kiacrep octaHoB-
y3en 2, neH*
apourtparop
6 Apburparop V3en 1 75 3u3z4 | [Ipunoxenue A 3a-
IyCKaeTcs Ha Apy-
T'OM y3JIe KJIacTepa
7 Ilentp A 60 3u35 | [Ipunoxenue A u B
3aITyCKaeTcs B IIeH-
Tpe B
8 Ilentp A | ApOutpaTop 67 2u33 | Her
9 Lentp A 40 2u3 5 Kunacrep ocranos-
ApOuTtpaTop nen*
10 Lleatp A | ApGutparop; 50 1u32 | Kimacrep ocranos-
y3en 3 nen™®
11 Apburpartop | Llentp A 50 2u34 | Knacrep octaHoB-
aeH*
12 V3en 3 Ilentp A 50 2u34 | Knacrep octaHoB-
aeH*
13 Lentp B 60 3u3S | [lpunoxenus C u D
3aITyCKaroTCA B IICH-
Tpe A
14 Apburparop 80 4u3S5 | Her

[Tpumeuanue. * — kmacTep MOXKHO MePE3ayCTUTh BPYYHYIO Ha OCTABIIMXCS y3Jax.

B koHdurypamum ¢ ogHUM apOUTPATOPOM KIIacTep MOJIBEpraeTcsi OrnacHo-
CTH BCSIKMH pa3, KOrJa y3eJl OCTaHaBIUBAETCS MO MpUYUHE cOOsl WU MpHU Ipo-
BEJICHUU PErjaMEHTHBIX padoT.

Apxumexkmypa ¢ 0symsa apbumpamopamu. Hanuuune AByX apOUTpaTopoB
(puc. 11) obGecrieynBaeT MOBBIIICHHYIO 3aIIUTY MPU OCTAHOBKE Y3JIOB M MO3BO-
JSI€T OCYUIECTBIISITh IUIAHUPOBAHUE OOCITY>KMBAHHUS apOUTpaTopoB 0Oe3 pucka
OCTaHOBKH KJIacTepa Ipu 0OHapyKEHUH cOOsl.
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Y3en 1l

Y3en 3

MpunoxeHune A —

CBA3M HenpepbIBHOTO

— MpwunoxeHune C

A0CTyna

MpunoxeHune B —

LleHTp 06paboTkun AaHHbIX A

— MpwunoxeHune D

CIE0C0-0

LleHTp 06paboTkM AaHHbIX B

ApbuTpaTop 1

ApbuTpaTop 2

Puc. 11. ApxutexTypa ¢ IByMs apOUTpaTopamMu

Tabnuya 4
CueHapuu 0TKa30B B KOH(UIYpPallU ¢ IByMsl apOuTpaTopaMu
Cuena- He pabo- Otka3 HenoctHocth | OcTanoch [TocnencrBus
puu Taer KJjacTepa, %
1 Ilentp A 67 4u36 [Tpunoxxenue A
u B 3anyckaercs
B LIeHTpe B
2 Ileatp A | ApGutparop 1 75 3uz4 | Her
3 Hentp A, 50 3u3 6 Kiacrep ocranos-
apoutpatop 1 JIeH
4 Hentp A | ApGutpatop 1, 67 2u33 [Tpunoxenue A, B
y3en 3 u C 3amy1ieHsl Ha
JPyTOM y3J€ Kiia-
cTepa
5 ApOburpa- LenTp A 60 3uz5 | [Ipwioxkenne A
Top 1 u B 3anyckaercs
B LIeHTpe B
6 V3en 3 Ilentp A 60 3uz5 | [Ipunoxenue A
u B 3amyckaercs
B LIeHTpe B
7 Lentp B 67 4u3 6 | Ilpunoxenue C
u D 3amyckaercs
B LIEHTpe A
8 [Tnomanxa- 67 4u36 | Her
apOuTpaTop

B 1abn. 4 cuenapuu 11 apXUTEKTYPHI C ABYMsI apOUTpaTOpaMu UIUTFOCT-
PUPYIOT BO3MOYKHBIC TIOCIICJICTBUAS OCTAHOBKH IIEHTpa 00paOOTKH JaHHBIX M OJI-
HOTO WJIM HECKOJBKHX Y3JIOB B KOH(UTypamuu ¢ aByMs apOutparopamu. U3
aHaM3a CIICHapUeB OTKA30B B JAHHON KOH(UTYpalMu BUIHO, YTO HEKOTOPHIC
CIICHApUH, IPUBOAIINE K OCTAHOBKE KJIACTEPa C OJHUM apOUTPaTOpPOM, MMO3BO-
JS0T paboTaTh KiacTepy ¢ AByMsi apOUTpaTOpaMHu.
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MuHuManbeHbIA yiepo, Mpu KOTOPOM KJIAaCTep CTAHOBUTCA HEJIOCTYIICH, —
ATO OJTHOBPEMEHHBIN BBIXOJ] U3 CTPOS OJHOTO U3 IICHTPOB 00pPaOOTKH TaHHBIX U
oJHOTO apouTpaTopa. Eciiu oHOBpeMeHHbIH yiep0d OoJibiie, TO KiaacTep OyaeT
OoCTaHOBJIeH. Bo Bcex ocTanbHBIX ciiydasx OyaeT Mmpous3BeleHa peKOH(Urypa-
Usl U CUCTEMA MPOJOJIKUT pabOTy Ha OCTaBIIMXCA y3iax. BBeaeHue BTOpOro
apOuTpaTopa CyIIeCTBEHHO MOBBIIIAET YPOBEHb TOTOBHOCTU CUCTEMBI.

Kak BuanHO 110 Tabnmie, cueHapuii 10 u 11 B koHbUTypaIuu ¢ OJHUM ap-
OUTpaTOpOM TMPHUBEIYT K OCTAHOBKE CHUCTEMBI, B TO BpPEeMsl KaK aHAJOTUYHBIC
CIIEHApUH B KOHPUTYpAIUU C JByMs apOUTpaTOpaMu MPUBEAYT JIMIIb K PEKOH-
dburypamuu Kiacrepa.

OnTumMu3anus ynpabJjieHHe Pa3BUTHEM CTPYKTYPHI KJIACTEPHOI
cucrembl 00padoTku nHpopmanuu. Cucrema KiIacTepoB

PaccmarpuBaemble apXUTEKTypHbIE PEIICHHUS JUIsl BOBMOXHOTO Pa3BUTHS
KJIACTEpHOM HMHQPACTPYKTYphl KOPIOPALMU BKIIIOYAIOT COBOKYIHOCTH Y3JIOB
B LIeHTpax 00paboTku uHpopmanuu [28—30]. B cBoro ouepens, y3ibl, BKIIOYA-
0T PsIZI CTPYKTYPHBIX NOAPA3JIECIECHUN, yYaCTBYIOIIUX B HH(POPMALIMOHHOM IIPO-
CTPaHCTBE Ha PaBHBIX IpaBax (MIPUJIOKEHUS, TUCKOBBIE MACCHUBBI, apOUTPATOPHI
U T. JI.), CBSI3aHHBIX MKy cO00Il KOMMYHHMKAIIMOHHBIMH KaHalaMH, oOecreyu-
BAa€MbIMHU CETHIO BBICOKOW F'OTOBHOCTH, & I TUCKOBBIX MacCHUBOB IIPEJOCTAB-
JSIeTCsI CBSI3b HETIPEPHIBHOTO AocTymna. Kaxaplii neHTp o0paboTku nHpopManuu
XapaKTepu3yeTcs: BeTUYNHAMU MOTPEOHOCTEN CBOMX Y3JI0B B MH()OPMAIIMOHHO-
TEXHUYECKUX Pecypcax U KaTeropueil karacTpodoyCTOMYMBOCTH JJIsl KIacTep-
HOM apXWUTEKTYpbl B KAXKJBIM NEPUOJ IJIAHUPOBAHUS PA3BUTUS KIACTEPHOM MH-
bpacTpykTypsl Kopnopauuu [31].

Kareropuss katactpodoycCTOMUMBOCTH LEHTpa 00pabOTKU HH(pOpManuu
XapaKkTepu3yeTcs, B IEPBYIO0 OUepe/lb, 3HAUYEHUEM KJIAaCTEp-KBOPYMa, a TaKXKe
COCTaBOM KOMINIEKCA MCIIOJIb3YEMBIX allapaTHO-IPOrPAMMHBIX CPEICTB B y3-
nax. Torma mporecc pa3BUTHS KJIACTEPHONM HMHQPPACTPYKTYpbl KOpHOpaluH,
o0ecIreunBaoIui MOCIEI0BAaTEIbHOE TO3TAMHOE OBBIILIEHNE YPOBHS KaTacT-
podoycTONUYNBOCTH, 1O AHAJIOTUU C MOJIENIBIO B paboTe, MPEACTaBISAETCS B BU-
ne Habopa myTed Ha MHOTOJOJBHOM aJbTEPHATUBHOM rpade, MHOMKECTBO
BEpIINH KOTOPOTO OTOOpa)kaeT HaOOp BO3MOXHBIX KaTeropuii karactpodo-
YCTOWYMBOCTU (TUI KJacTepa) KaxAoro IeHTpa o0paboTku uHpoOpmanuu
B 3a/IaHHBIE MEPUOJbI, & MHOXKECTBO AYT — BO3MOKHBIE MEPEXOAbl U3 OHOM
KAaTerOpuu B JIPYTYIO.

3ajaya MIaHUPOBAHUS PA3BUTHUS KJIACTEPHOM MH(OPACTPYKTYPhl COCTOUT
B MOHCKE ONTUMAJIbHOTO IJIAHA PAa3BUTHS KIACTEPHOTO WH()OPMALIMOHHOTO
IPOCTPAHCTBA, KOTOPBIA TOJKEH ONpPENEIUTh MOMEHTHI BBOJIa LIGHTPOB 00Opa-
00TKM MH(MOpMaLMK, a TaKXKe€ MHPPACTPYKTYpPYy KIACTEPHON CETH B KaXKAbIU
nepuoj miaHupoBanus. HeoO0XoauMo Takke yUUTbIBATh IMHAMUKY U3MEHEHMUS
NOTpeOHOCTEW Y3JI0B CUCTEMBI M 3aTpaThl HAa pPa3BUTHE KIACTEPHOH CETH
KOPIIOpALUH.

78



B 3aBHCHMOCTH OT KOHKPETHBIX OCOOEHHOCTEW MOCTAHOBKHU 3ajauu ¢Gop-
MaJIM3yeTCsl KPUTEPUH ONTUMAIBHOCTH IS IJIAHA PA3BUTHUS KIIACTEPHOU WH-
dbpacTpykrypsl Kopriopaiuu [13]. B psae ciayuaes 1ernecooOpa3HO BBECTH KO-
3¢ UIUEHTHI, YIYUTHIBAIONINE BAXKHOCTh HH(POPMAIIMOHHO-TEXHUUECKUX pecyp-
COB, TpeOyeMbIX i-M nojpazzaenenuemM (y3iaom kiactepa). OHa 3aBUCUT OT TPH-
OPUTETHOCTH CTPYKTYPHBIX MOJpa3JIEICHUN CUCTEMbl KOPIIOPATUBHOTO yIIpaB-
JeHHsI, 0OCTYKMBA€MbIX UM U 3HAUEHUS KIACTep-KBOpPyMa Ui COOTBETCTBYIO-
IETO CLIEHApUs MOBEICHUS CUCTEMBI IIPU OTKa3aX KOMIOHEHTOB. IIpu 3TOM Ha-
KJIAJbIBAIOTCA OOIIME OrpaHUYEeHHs] Ha 3aTpaTbl IO CO3JAHUIO anmnapaTHO-
IPOrpaMMHBIX CpeACTB UH(PpacTpyKTyphl [32] (MH(GOPMALMOHHOTO MPOCTpPaH-
cTBa). BaxkHbIMM Takke SIBISIOTCS OTPAHHYEHUS] HA CTENEHb YJIOBJICTBOPEHUS
NOTpeOHOCTE KOPHOPATUBHBIX MOJI30BATENEH B MH(POPMALIMOHHO-TEXHUYEC-
KHX yCIIyTrax o Meproaam IIaHUPOBAHUS.

PaccmaTpuBaemas MoJenb MO3BOJIIET MIPOBOJIUTH ONTUMU3ALMIO U aHAIU3
BapHAHTOB Pa3BUTHS KJIACTEPHON MHOPACTPYKTYphl CUCTEM 00paboTKU MHPOP-
MalIHH.

Knacrep-kBopym

B pab6ote [14] kiacTep-KBOpyM YIIOMHUHAJICS, KaK TUHAMHYECKasl XapaKTe-
PUCTHUKA, 3HAUEHHE KOTOPOW MPEACTABISIET COOOM 1EIOCTHOCTh KiacTepa B Te-
KYIIMI MOMEHT BpeMEHH. /[ HalIel MOoCTaHOBKY 33/1a4M KJIacTep-KBOPYM OIl-
penenéH, Kak MUHUMAaJIbHAs 11eJIOCTHOCTh KilacTepa, IpU KOTOPOl OH OCTaéTcs
paboTocnioco0eH. DTO MPOILIEHTHAs XapaKTEepUCTUKA, OO0O3HAYarollas MUHU-
MaJbHYIO 4acTh KJacTepa, CIIOCOOHYIO CIPABISATHCA C BO3JIOKEHHBIMH HA HETO
3amayamu. O0bsicHUM Ha npumepe. Ecnu 3Hauenue knacrep-kBopyma 40 %, To
9TO O3HA4YaeT, YTO MPH BbIXoje u3 cTpos 60 % Bcero o0opynoBaHUs, KIacTep
croco0eH cTa0uiIbHO paboTaTh HA OCTABIIMXCSA JJIEMEHTaX. TakuMm o0pa3om,
B UJI€asie KJIACTEeP-KBOPYM JIOJKEH CTpeMUThes K 0.

Jlnst pacdera 3Ha4YEHHs KJIACTEp-KBOpyMa KaXIOMy Y3Iy KiacTtepa 3Kc-
NEPTHBIM IyTEM MPOCTaBISIIOTCS Beca. [lociie 3TOro COOTBETCTBEHHO BecaM
PACCUUTBIBAETCS MIPOLICHTHBINA «IKBUBAJIEHT BAXKHOCTUY UISl KAKIOTO y3ia. [la-
Jie€ COCTABJISIFOTCS BapHUAHTHl HAPYIIEHUS LIEIOCTHOCTH KJIAacTepa ¢ COOTBETCT-
BYIOIIEH OIEHKON paboTOCrocoOHOCTH. MUHUMAaIbHOE pabOTOCIIOCOOHOE 3HA-
YEHUE 1EJIOCTHOCTH MPUHUMAETCA 32 KIacTep-KBOPYM.

OnTumMu3anuoHHAast 321242 NJAHUPOBAHUSA PA3BUTHUA
CTPYKTYPbI KJIACTEPHOH CHCTEMBI

NwmeeTcst nHPOpMAITMOHHO-TEXHUUECKAs CUCTEMA, TTPEACTaBIISIOIIas COO0M
COBOKyMHOCTH / kiactepoB. O603HaunuM HOMEp Kiactepa i =1,/ . Kaxapiii kia-

CTEp XapakTepusyercs: katacTpodoycroitunBor kateropueit (k =1,K ), paiion-
HBIM KO3((PUIIMEHTOM |; U MOTPeOHOCTHIO B KiacTep-KBOpyMe (; B MOMEHT
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BpemeHu f. Ha wuHrepBane BpemeHM 1 KaXKAblii NEpUOi IUIAHUPOBAHUSA

(t =1T ) , BBIICJISIFOTCS MaTEepUalIbHBIE CPEACTBA B pasmepe R, Ha pa3BUTHE UH-

bpacTpyKTypbl CUCTEMBI KJIacTEpOB. A pailoHHBIA KOIPPUIIUEHT W;, YIUTHIBACT
YBEJIMYECHHE KalMUTAIbHBIX 3aTpaT Ha CTPOUTENIBCTBO KJAcTepa B OCOOBIX paii-
OHaX (CEeBEpHBIX, CEMCMHUECKUX M T. 11.). Kaxxa0il kaTeropuu k COOTBETCTBYET
MUHHUMAJIbHOE Pab0TOCTIOCOOHOE 3HAYEHHUE IETOCTHOCTH (KiacTep-KBopyM) Oy
U KaluTajbHbIE 3aTpaThl (TpeOyemMble pecypchl) Ha pa3BuTue kiactepa Ry. s
dbopmanu3ay NOCTaBICHHON 3a/1aud BBEAEM CIIEIYIONINE MTePEMEHHBIC BEIH-
YUHBI: X, = 1, €CIIK i-H KJIacTep UMEET k-10 KaTerOpHIO B 7-H TIEPHOJ TIIAHUPO-
BaHWUS, X, = 0 B IPOTUBHOM CITy4aw.

O6o03HauuM uepe3 g = Qi — Or Pa3HOCTh MEXIY TpeOyeMoil MUHUMAIIb-
HOM LIETOCTHOCTBIO i-T'0 KJIacTepa B f-ii MEPUOJl M KJIacTep-KBOPYMOM k- KaTe-
TOPUH.

Torga BeIpakeHHE, XapaKTEpU3YIOIIEe CTENEHb MPEBBIIICHUS MOTPEOHO-
CTEl B YCTOMYMBOCTH K HAPYIICHUIO LIEIOCTHOCTU BBITJISAUT CIEAYIOIIUM 00-
pazom:
4> el gy, <0,

=
’ 0, eciu g, >0,

(23)
Gire» €CTH gy, >0,

Dirs =
0, ecmn g, <0,

Ycnosue BbIOOpPa A7 KaxKI0r0 KJIacTepa 0JJHOM KaTeropuy U3 JOILyCTHMO-
r0 MHOXKECTBA

T I K
ZZZ%’M “Xikt (25)
=1 i=1 k=1

dbopmanuzyercs B BUJIE

K S -
> Xy =L i=LI, t=LT, (26)

rae / — o01iiee KOJIMUeCTBO KIaCTEPOB.
VYcnoBue, orpaHMYMBaroIee Habop BO3MOXKHBIX KaTErOpU i-r0 KilacTepa B
KaX/IbIW f-1 TIEPUOJ, BBITTIAJAUT TAK:

K
Mkexy <Ky i=L1, t=LT, (27)

rac K = mln k — MHUHHMAaJIbHAA KaTCropu:d, KiIIaCTCP-KBOPYM KOTOpOH ITIOJIHO-
Qlt>Qk

CTBIO YJIOBJIETBOPSET MOTPEOHOCTH i-rO KJacTepa B f-i MEepHo;] TUIAaHUPOBAHUS
(k=LK).
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VYuursiBast pailoHHBIA KO3 (ULHUEHT Ll;, OTpAaHHMYEHUE Ha KalUTaJIbHbIE 3a-
TpAaThl B IEPUOJI BpEMEHHU ¢ (POpMANTU3yeTCs B CAEAYIOLIEM BUJE:

I K
Z“izxikt ' (Rk Xy = Ry - Xy ) <R,. (28)
k=1

i=1 =

B HameMm ciyyae BaKHBIM YCJIOBHE SIBIJISIETCS YJIOBJIETBOPEHHE MOTpPeOu-
TEJIbCKUX 3alpoCOB, U MO3TOMY B KAa4€CTBE KPUTEPHUS ONTUMAIBHOCTH ILIAHA
Pa3BUTHS UCIIOJIb3YEM BbIpaxkeHHE (25), B3TOE 10 MUHUMYMY:

T
min Z

t=1 i

Zqikt “Xikts (29)

I K
=1 k=1

Takum o6pazom, miaH, obecrieunBarOMii MUHUMYM JlepUIMTa HaeKHO-
CTH, HA BCEM WHTEpBaje BPEMEHU, BBIJCICHHOM Ha Pa3BUTHE CUCTEMBI, OyIeT
ABJISITHCSA ONTUMAJIbHBIM.

st pelieHUs pacCMOTPEHHOM 3aJauM HCTOJB3YETCS aITOPUTM, MpPUMeE-
HOmMud TpadoByo GopMaTU3aIN0, OTPAKAINIYI0O BO3MOXHBIE BapUAHTHI
Pa3BUTHS KJIACTEPHOU CHUCTEMBI. AJITOPUTM OCHOBAH Ha MPOLEAYype MPOCMOTpa
BAPUAHTOB PEIICHHUS, UCIOJB3YIONMIEH CXEeMy «BETBEU U TpaHUI» (CM. TaKXKe
[33]). biok-cxema anropurma npuBeneHa B [28; 30]. 3aech paccCMOTPHUM TOJIBKO
OCHOBHBI€ IIIaTH aJTOPUTMA.

1. Bemenenue. [Insg ouepeqHOro i-ro Kjacrepa nmpocMaTpUBAETCS MHOXKeE-
CTBO BO3MOXHBIX BAPUAHTOB €r0 pa3BUTHUA. [ KaXJO0ro BHOBb MOJIYYEHHOTO
BapuaHTa MPOBOJUTCS PacyeT OLEHKU KPUTEpHsl ONTUMAIbHOCTU (050K 4), U
Ka)XJ10€ BHOBb MOJIYYEHHOE PEIICHUE MOMEIIAETCS B MACCUB YaCTUUYHBIX pelle-
Huit (MYP), KOTOpBIN YIIOPSIIOYMBAETCS TI0O 3HAYCHUIO OIICHKU KPUTEPHS OINTH-
MaJIbHOCTH (010K 5).

BetBiienne ocymiecTBIsSETCS U3 PEIIeHus, Y KOTOPOTro 3apuKCHpOBaHBI Ba-
PUAHTHI pa3BUTHUS ISl HAMOOJBIIETO KOJMYECTBA 3JIEMEHTOB KJIACTEPHOWU HH-
bpacTpyKTyphl; €CJI TAKMX BAPUAHTOB HECKOJIBKO, TO BETBJICHUE OCYIIECTBIISIET-
Csl U3 pelIeHUsl ¢ HaWIydlled oleHKoN kputepus. OuepeHol UHACKC KiacTepa
BBIOMpAETCS U3 clieaytoniero cootHomenus i = JI*MAX + 1, tne JIMAX — auc-
JIO €TMHUIL KJIACTEPHOU MH(PPACTPYKTYPHI, ISl KOTOPHIX 3a()UKCUPOBAHBI BapH-
aHTBI Pa3BUTH B BELIOPAHHOM YacTUYHOM peteHuu (6moku 9, 10).

2. Ucknrouenue nenepcnekmusHulx peutenuii. ECv Ha onpeieIeHHOM 1are
BETBJICHUS OyJET MOJYy4YeHO peIIeHre, B KOTOPOM 3a(dUKCHUPOBAHBI BAPUAHTHI
Pa3BUTHS JUIsl BCEX KIACTEPOB MHPPACTPYKTYPHI, TO U3 PACCMOTPEHHS MUCKITIO-
YaIOTCSl BCE YACTUYHbBIC PELICHUSI, UMEIOIIHNE XYIIUE, YeM y JaHHOTO, OIEHKH
KpUTEpUsI ONTUMAJIbHOCTH, T. €. HCKIIOYAIOTCA BCE PEILICHUS], CICAYIOIIUE 3a
JTAHHBIM B MaCCHBE YaCTHUYHBIX pelieHui (010K 6).

3. Buiuucnenue oyenxu. [Ins Mpon3BOIBHON BEPIINHBI j-TO YPOBHS MOJEIN
¢ 3aUKCHPOBAaHHBIMHM BapHaHTaAMHU DPA3BUTHUS ISl j-TO KJIacTEpa, OICHKA BHI-
YUCIIAETCS CIEAYIOIMIMM 00pa3oMm:
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Fiy = Fy (Xii) T Fie*(Xite) (30)

IJle IEPBOE CJIaraéMoe €CTh 3HAaUeHHE KpUTepus Uil 3a)MKCUPOBAHHOM 4acTH,
BTOpOE — OIIEHKa KpuTepus [Uis He3a(hMKCUPOBAHHOW YacTH KJIACTEPHOW HH-
dbpacTpykTypsl 1aHa pa3Butus. s BerauciaeHus: Fj;*(x;,) BHITIOIHSIOTCS Cle-
JYIOIIHUE IIard Ipoueyphl:

Ilae 3.1. BeluncnsieTcss 3HaueHHe OCTaBlIeiics yacTH pecypcoB R /7' =
= Rt —R(x,-kt), lS]

Llae 3.2. llonaraercs i =j + 1; nys Bcex KIacTEpPOB, BAPUAHT Pa3BUTHS KO-
TOPBIX HE 3aMKCUPOBAH, HA3HAYAeTCs BBICIIAS JOMYyCTHUMAsi KaTEropus KiacTe-
pa (c ydeToM Kiacrep-KBopyma), (GOpMUPYETCS MACCUB KaTEropHil KJIAcTEpOB
KMAS (i, f), pacCUMTBIBAIOTCS 3aTPaThl PECYpPCOB HA CO3JaHME Takoi cetn RO
Y TIPOBEPSIETCSA OIPAaHUYEHUE

R, > RO, (1)

Ecnu orpanuuenue BbINOIHEHO, TO Fj; = Fj(Xj,), €Cu OrpaHUYeHUE HE BBI-
MOJIHEHO, TO JJI KaXKJIOTO i-TO KiacTtepa (i > j) BBIUMCISAETCS 3HaUYE€HHUE BHOCH-
MO#1 UM J100aBKU K KpuTeputo D(i, t) Ipu yMEHBUIEHUU €ro KaTeropuu Ha eau-
HUILy, 1 CPOPMUPOBAHHBIN TakuM 00pa3zom maccuB MEM (n, ) ynopsnouuBa-
€TCs B TIOPAJIKE YBETUYEHUS JOOABOK K KPUTEPUIO ONITUMAILHOCTH.

Lllaz 3.3. BeiOupaeTcs kiacTep, AAOIIMil HAUMEHbIIYI0 J0OaBKY K KpHUTE-
pHIO ONTUMATIBHOCTH MIPU YMEHBIIEHUH ero kateropuu il = MEM (n, ), KMAS
(i, t) = KMAS (il, t) — 1, BeluucisieTcsl BeIuInuHa RQi, = Rxmasit, n -1 — Rxmasq,
npoBepsercs orpannyeHue (31).

Illae 3.4. Ecnu orpanndenue (31) He OCyIIECTBIEHO, TO CHOBA BBIMIOJIHS-
ercs mwar 3.3. B npoTUBHOM cilydae Ha OCHOBE C(HOPMHUPOBAHHOIO MAaCCHBa
KMAS (il, #) Beraucnsiercs F™*;; (xXiy) = Fir (Xi, (MAS(Gi1, 1), 1)-

4. Vcnosue nonyuenus onmumanvno2o peuienus. Eciu Ha mepBoM MecTte
B MACCHBE YaCTHUYHBIX PEIICHUN OKA3bIBAETCS PEIICHHE, B KOTOPOM 3adUKCUPO-
BaHbl BAPUAHTHI PA3BUTHUS ISl BCEX KJIACTEPOB MH(MPACTPYKTYPHI, TO MOJYUEHO
ONTHUMAJIbHOE PEIICHHE, U aJITOPUTM padoTy 3aKkaH4duBaeT (070K 7).

PaccmoTpeHHble MOAEIH U aITOPUTMBI UCTIOIB3YIOTCA B CIEAYIOLIEH I1aBe
JUIsl ONTUMU3ALMY [JIaHAa PAa3BUTHUSL KIACTEPHOM CTPYKTYpPhl KOHKPETHOM KaTa-
ctpodoycToitunBoi cuctemMbl 00pabOTKH WMH(OpPMAIMK HA 3aJlaHHBIN TEPUOJ
pa3BUTHSL.

dopMHupoBaHUe NJIAHA Pa3BUTHS KJIACTEPHOl CTPYKTYPbl KATACTPO-
doycrToiiunBOoro BapuaHTa cucTeMbl 00padoTku uHopmamumn. JlaHHBIN
pazzien CoAEepKUT onurcaHue Tana (GOpMUPOBAHUS TUITAHA PA3BUTHUS KIACTEPHON
ctpyktypsl UC B cocTtaBe 00mieil CTpyKTypbl pa3pabOTaHHOW CHCTEMBI IpPO-
IrPaMMHOM NOAJIEPKKH.

[Iporpammuas peann3zanus pelieHHs 3aa41 MOCTPOEHA Ha 0a3e anropurma
HaXO0XJICHUU ONTUMAJbHOIO IUIaHA B KaXKJIbIi KOHKPETHBIN MEPUOJ Pa3BUTHUS
cuctemsl. [Ipu 3TOM ObUTHM BBEACHBI CAEAYIONINE JOMYICHUS:
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— IMepeBoj KjacTepa B 0oJiee BBICIIYIO KaTErOPHIO MPOU3BOAUTCS O€3 Ha-
panMBaHus IPOU3BOAUTEIBHOCTH;

— (unancoBsie 3aTpaTsl Ha kiaactep MC paccuntansl TakuM o0Opa3oM, 4TO-
Obl Mepexo]l KiacTepa U3 OJAHOW KaTEeropud B APYTYHO INPOUCXOAMI 3a OJHH
IIEPUOA.

Pemenve mocTtaBieHHOW 3aJauyd MOJHBIM NEPEeOOPOM BapHAHTOB, AAXKE B
paMKax Majod CUCTEMbI HA KOPOTKOM MHTEPBAJIC BPEMEHH, 3aHUMAET JIIUTEIbHOE
BpEMsl M HE BCErja OKaHYMBAETCs YCIEUIHO. B CBs3u ¢ 3TUM 00CTOATENHCTBOM
B @JIrOPUTM MPOTrpaMMbl BBEAEHA ONTHUMU3ALMS MMOMCKA ONTUMAIBHOIO PEIIECHUS
[16], mocTpoeHHas Ha «HESIBHOM» TiepeOope BapHaHTOB. B OCHOBY onTuMu3aimu
B3siTa MOAM(DUKAIIMA METO/Ia «BETBEH M IpaHUID. AJFOPUTM pPEaU30BaH UTEpa-
LMOHHOM ITPOLEAYPON: pa3JIeeHNE BCEX BO3MOKHBIX PELIEHUN Ha MOAMHOKECT-
Ba, MPOBEPKAa BO3MOXXHOCTH CYLIECTBOBAHHMS B IIOJMHOYKECTBE OINTUMAJIBHOIO
pELIEHHS], OTCEB «IUIOXHMX» IMOAMHOYKECTB PELIEHUH, BO3BPAT K IEPBOMY 3TaITy.

[Tpu mporpamMMHOI peanu3anuu aaropurMa ObUT cieJaH Mepexol OT Lese-
BOI (yHKIIMH, KaK CYMMbI PELLIEHUI HAa BCEM MHTEpBaJle IJIAHUPOBAHUS, K CyM-
M€ 3HAUYCeHUH 1e1eBOM (DYHKIIMU Ha KaXKJIOM JTane IlaHupoBaHus. TeM caMbIM
ObuTa BBEJIEHA MPOBEPKA HA ONTHUMAJIBHOCTh PEIICHUS Ha KaXJIOM KOHKPETHOM
JTane pa3BUTHU.

Takum 00pa3zoM, «ONTUMAIBHOE» pEllEHHE, HAIEHHOE U1l KOHKPETHOIO I1e-
puosa TUIAHUPOBAHUS, 3aHOCUTCS B IUIaH O€3 MPOBEPKH HA CyMMapHOE 3HaueHHE
1eJIeBOM (PYHKIIMM HA BCEM BPEMEHHOM MHTEPBAJIE Pa3BUTHSI KJIACTEPHOU CHUCTEMBI.

MoskeT BO3HUKHYTh TaKOW BapHaHT, KOIJa MPEAbSBIECHHBIE 3KCIEpTaMU
3alpoChl Ha Pa3BUTUE CHUCTEMBI YJIOBJIETBOPEHBI JO MOMEHTA OKOHYAHUS IIO-
CTYIUICHUS JICHEKHBIX CpencTB. Takas cuTyalus BO3HHUKAET MPHU HEOOJbIINX
NEPBOHAYAJIBHBIX 3alpocax U JUIMTEIIbHOM BPEMEHHOM MHTEpBAJIE, ONpPEIEIEH-
HOM Ha pa3BUTHE CUCTEMBI. BCTaeT Bompoc OIpenesieHns CTPAaTEeruy Pa3BUTHS
y>ke 0e3 onopsl Ha NOTPEOHOCTU CUCTEMBI, BEICTaBIEHHBIE 3KkcnepTamu. He Bce-
I71a UIMEET CMBICII, B TAKOM CJIy4ae, BBIICNATh CPEACTBA Ha CIa00pa3BUTHIE AJie-
MEHTBI CUCTEeMBbI. BIloJIHE BO3MOXKHO, UTO JAHHOE COCTOSIHME 3JIeMEHTa OyJeT
SBJISITHCSL YAOBJIETBOPUTENbHBIM JJII CUCTEMBI B II€JIOM €IlE JOITUNA TEPHOJ
BpeMeHU. COOTBETCTBEHHO MOJXOJ C PaBHOMEPHBIM DPAa3BUTHEM CHUCTEMBI
B JIAHHOM clly4ae He MoaxoauT. Y mostomy aiis 1eecoo0pa3Horo ucnolib3oBa-
HUS BBIJIEISIEMBIX PECYPCOB B CUCTEME MPEAYCMOTPEH OJIOK MPOTHO3UPOBAHUS
pa3BUTHS 3apocoB 7eMeHTOB cucteMsbl (biiok «MOJI-1»).

[IporHo3upoBaHrEe CTPOUTCS HA OCHOBE JAHHBIX O MEPBOHAYAIBHOM CO-
CTOSIHUU KJIaCTepa U COOTBETCTBEHHO TEKYILIEM, KOTOPOe 00YCIIOBIEHO KIacTep-
KBOPYMOM, 3aIlpOLICHHBIM 3KCIEpTaMH JJI 3TOro kiacrepa. Ha ocHoBe 3TOro
MOJIX0/1a JaJibHEWIee Pa3BUTHE CUCTEMbI OyleT MIaHUPOBATHCSA MPOMOPLUO-
HAJIBHO Pa3BUTHIO 10 MOMEHTAa Y/JOBJIETBOPEHHUS IMEPBOHAYAIBHBIX MOTPEOHO-
CTEU CUCTEMBI.

Peanuzaiusi oNTUMHU3AIIMOHHOTO TOJIX0/1a TpeOyeT pa3pabOoTKH KOMITbIOTEp-
HBIX JITOPUTMOB U MPOrPaMM, PEANU3YIOLIUX MPOLEAYPhI INIAHUPOBAHUS pa3BU-
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TS CTPYKTYPBI CUCTEMBI KiacTepoB. KoHeuHsblil pe3ynbTatr paboThl: MPOrpaMMHO-
ATOPUTMUYECKAs MOJIEPIKKAa KOMIIBIOTEPHOW aBTOMATH3allMu Tporiecca GopMu-
POBaHUs TUIaHa pa3BUTHS (IIPOrpaMMHAs PeaTU3alysl JaHHBIX AITOPUTMOB).

Jia GyHKIIMOHUPOBAaHUS Pa3pabOTaHHON MPOrPaMMHOM CUCTEMBI HEOOXO-
nuMma onepannonHas cucrema u3 juHeiiku WINDOWS (9X/ME/2K/XP) u BoI-
1I€e, TaK K€ He0OX0AUMO MpUCyTCcTBUE psana oudnuorek Borland C++ Builder.

K anmnmapatHomy obecriedeHnIo HyKHO MOJXOUTh U3 pacyeTa, YeM MOIIHEE
KOMITBIOTEP, TeM ObicTpee OyaeT pabora cUCTeMBbl. PEKOMEHIyeTCsl UCTIOIb30-
BaTh CUCTEMY C Mpoueccopom He Hmke Pentium 200 MI'y u onepaTuBHOM na-
MATBIO — 32 Mb.

IIpouenypa ¢opmMupoBaHusi ONTHMAJIBHOIO IUIAHA Pa3BUTHS KJja-
cTepHOil MH(PACTPYKTYpPbI. ANTOPUTM MpEACTaBIeH Ha mpuMepe GopMupo-
BaHUS TUTaHA Pa3BUTHs CUCTEMBI U3 5 KJIacTepoB, B TeueHue 10 3TamoB Ha Kaxk-
JIOM U3 KOTOPBIX BBIJCIAIOTCS MaTepuaibHble cpenicTBa B pazmepe 4000.

1. B mosiBuBHIEMCSI TpW 3alycKe MNpPOrpamMMbl OKHE HM3MEHUM JIaHHBIE,
CTOSIIIIUE 110 YMOJTYAHHUIO HA UCXOHBIEC TAHHBIC BEIOPAHHBIE HAMH.

=lol x|

K.oMYECTED KNACTEROE |5 | Hap-KM KNACTEp0E

MnaH paseMTIHA

K.onMyecTED MEpMOLOE NNAHWMPOEHUA |1 1]

Pazrep BelenAEmMEl: CRE0CTE |4DEIEI .
NaHWpOBaHKE

JanaHue noTpetHOCTER |

[Marow e | Brixog

2. BpI30BEM OKHO XapaKTEPUCTHK KJIACTEPOB M BBEIEM OLIEHKH KJacTep-
KBOpPYMa ITOJIyYEHHBIE HA OCHOBE 3KCIIEPTHOIO 3a/1aHHs BECOB JIJIS y3JI0B KJlacTe-
pa: nokanbHbIi — 90, kamnycHblil — 70, METpOKIAacTep ¢ OJHUM apOUTPATOPOM —
50, meTpoxacTep ¢ 1ByMsl apOuTparopamu — 45, KOHTUHEHTATIbHBIN — 35.

Hii XapakTepHcTHEM KnacTepos H=] E3

K.aTeropua |Knau:Tep-KBu:||:|gM ||:TE|HMDCTb |

NokaneHeN EnacTep il 90 0

—_

K.arnycHEIN nacTep 0 1000

MeTpornacTep ¢ 1 apAuTparopor a0 2000

2
MeTpoknacTep ¢ 2 apAuTpaTOpoM 3 15 2800
4

F.OHTMHEHT 2NEHEIN KNacTEp
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3. Uepes kHoniky «Ilman pa3zButus» Ui 3a1aHUS TIEPBOHAYAIIBHBIX KaTErO-
pHUi KJIACTEPOB BBEJIEM 3HaUeHUsA. /(s mpumepa: rnepBblid KiacTep — KaMITyCHBIN,
YEeTBEPThI — METPOKIIACTEP C OJTHUM apOUTPATOPOM, OCTAIbHBIE — JIOKATBHBIE.
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;

2
3
4
5
5
7
3
5 [
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4. Jlanee uepe3 KHOMNKY «3aJaHue MOTPEOHOCTEN» BBI3BIBAEM OJIHOMMEH-
HOE OKHO. B 3TOM OKHEe 3amosiHsieM OIIEHKH MOTPEOHOCTEW KIacTepoB Mpen-
CTaBJICHHBbIE B BHUJE TPEOYEMBIX KJIACTEP-KBOPYMOB Y3JIOB Hallleld CHUCTEMBI.
45 nns nepBoro knacrepa, 70 1y naToro, octaabHbIM 110 20.

§i: 3ananue noTpetvocTen M= E
2 3 4 5
k. nacTep-kEopy 20 20 20 Kl
4] [T

Jakpeme |

5. Ilo nHaxatuio Ha kHOTIKY «IlnanupoBanue» nporpamma GOpMHUPYET IIaH
pa3BUTHs 3aJaHHOW CHUCTEMBI KJIACTEPOB, O YE€M COOTBETCTBYET 3aIlOJIHECHUE
«rporpeccbapa». IIo ero moJHOMy 3alOJHEHHIO BHOBb uepe3 KHONKY «Ilnan
Pa3BUTHUSDY MBI MOKEM ITPOCMOTPETH YK€ TOTOBBIN IUIAH PA3BUTHSL.
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Takum 00pa3zom, Mbl MOJYUUTIUM KOHEUYHBIN pe3yJibTaT B BUJE PEKOMEHa-
TEJNBHOTO TUTaHA PA3BUTHS KIACTEPHOU CUCTEMBI.

MoaeanpoBanue CTPYKTYpPbl KJjacTtepHoi cucrembl: baok MOJI-1.
PazpabGoTtanubiii 00K MPOrpPaMMHOIO KOMILIEKCA MO3BOJISET MOJAEIUPOBAThH
(B MHTEPAKTUBHOM PEXUME) CTPYKTYPY KIACTEPHOU CHCTEMBI, IPEACTABICHHON
B BHJIE B3aHMOCBSI3aHHBIX [IEHTPOB 00pa00OTKK UHPOPMAILIUU C U3MEHIEMbIM CO-
CTaBOM paboYMX CTaHIUN. TakKe B CTPYKTYPY CUCTEMBI MOTYT OBITh BKITFOUEHBI
1aT(GOPMBI-apOUTPATOPBI — YCTPOMCTBA OTCICKHUBAIONINE PAOOTy CHCTEMBI H
POU3BOSIINE PEKOH(UTYPALIMIO CUCTEMBI B Cydyae Pa3jIMYHOIo pojia amrma-
paTHbIX cOoeB. [l Cy>KISHHs O COCTOSSHUU CUCTEMBI UCTIONB3YETCS XapaKTepH-
CTHKA LEJIOCTHOCTHU KJIacTepa — «KJIacTep—KBOpYyM». B paccmaTpruBaeMoM Huxke
IpUMeEpe TOPOT BbIXOJA M3 CTPOs KiacTepa Mo NMpUYMHE pa3pylIeHUs BbIOpaH
B paszMepe 50 % 3HaueHus KiacTep—KBOpyMa.

[Ipu ™monenupoBanuu (QYHKIIMOHMPOBAHUSA KIIACTEPHOM apXUTEKTYpPbI
npeajaraeMblii IPOrpaMMHBIA MPOAYKT MPEIOCTABISET LIMPOKUE BOZMOXKHOCTH
10 TIPOTHO3WPOBAHUIO TMOBEICHUSI CUCTEMBI TIPH €€ MPOCKTUPOBAHUH U HCCIIe-
JIOBaHUU KOHKPETHBIX KJIACTEPOB. Y TOOHBIN MOJIb30BATEIbCKUN UHTEpPEiic ne-
JaeT paboTy ¢ nporpammoit 6osnee kompopTHOI. B cocTaBe KoMIuiekca JaHHOE
npuioxenue «bimok MOJI-1» cocpemoToueHo B daiine rpo.exe.

Ha puc. 12 npuenena riaBHas ¢popMa NpUIOKEHUS.

MeHio «100aBUTHY» MO3BOJISIET pa3MellaTh Ha padodyeM MoJjie LEHTPhl 00pa-
0otk uHpopMaruu U 1uatGopmbl ¢ apOutparopamu. KonnyectBo paboumx
CTaHIMK B LEHTpaxX 0OpabOTKU M KOJIUYECTBO apOUTPaTOpOB Ha miaTtdopmax
YCTaHABJIMBAETCS C MOMOIIBIO TyHKTA «HACTpoKay (puc. 13).
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[Ipu BbIOOpE MyHKTa «pa3pyLIUThy» Kypcop MPUHUMAET (GOpMY KPECTHKA,
[OCJIE 3TOT0 MOYKHO YKa3aTh pabO4yl0 CTaHLMIO, KOTOpas JOJKHA BBINTH W3
ctpos. IIyHKT «pa3pyliuTh» aKTUBEH TOJIBKO IMPH 3aMylIeHHOM (pabouem) Kiia-
cTepe.

+|" Knacrep _ O] %]

AOSAEMTE  PaSPYWWTE  HAcCTROMKE MYyck  CTon

|I:TaTgc knactepa: OFF |.":".KTHBHbI:-: anereHToE: [ |Eh:eru:| anereHToE: [ |KnacTep-KBnng: 1] -

Puc. 12. T'naBnas popma npunoxenust «bamoxk MOJI-1»

" Knactep [ _|O) %]

AOOSEMTE  pPaspywMTe HAcTpoMEa  Myck  cTOn

+|" HacTpofika M=l B3

K.onM4ecTED CTaHWME B agHOM LEHTpE: IE

K.0NMYECTED apOUTPATOROE Ha NNATROpE; ||:|-|

I:IkI

|ETaT5||: knacTepa: OFF |.-'-‘-.KTHBHb|:-: 3 nerdeHToE: [ |Eh:eru:| anereHToE: 1 |Knac:Tep-KBnpyM: 1] A

Puc. 13. Hacrpoiika pabodero mosus
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+|- Knacrep [_ | O] %]

A0O3EMTE  PA3pYWMTE  HACTPOMKE MNYck  ©Ton

d [ ]

|ETaTgn:: knactepa: OFF |.-’-‘-.|<THBH|:.|:-: anereHToE: 9 |Eh::ern:| anemeHToE 9 |Knan::Tep-KEn:|ng: 1 -

Puc. 14. Pa3menienrne KOMIOHEHTOB KJ1acTepa B pabodyem rmose

[Tocne pazmenieHus: Bcex KOMIIOHEHTOB B pabouem noje (puc. 14) nns ax-
TUBH3AIMU KJIACTEpa CIEAYeT HaXKaTh «IIyck». B paboTarorem pexuMe akTHB-
HBbIE CTAHIIMU OKPacsTCS B 3€JeHBbIN 11BeT. HeakTUBHBIE CTaHIIMU BCerja OKpa-
IIeHBI B YepHBIN 1BET. /{151 ocTaHOBa KJIacTepa U BHECEHUS U3MEHEHUN ClIeyeT
HaXaTh «CTOI.

B crpoke craryca rimaBHOW (opMmbl OTOOpakeHa TeKymas WHGOpMAaIIus
0 coctosiHuM Kiactepa. CraTyc KiaacTepa HHPOPMUPYET O pabOTAOIIEM W OC-
TaHOBUBIIIEMCS KiacTepe. KoamdaecTBo akTUBHBIX JIEMEHTOB — 3TO KOJIUYECTBO
MOJIHOCTBIO pabOTOCIOCOOHBIX cTaHlMi. MHpopMalus o0 JOCTHKEHUH 3Haye-
Hus Kiactep-kBopyma 50 % (korjga kiactep OCTAaHABIMBAETCS) TakKKe Mpen-
CTaBJIEHA B CTPOKE CTaTyca IJIaBHOU (DOPMBI.

Moaudukanus JaHHOTO KOMIIOHEHTa CUCTeMbI oaAepKku «biaok MOJI-2»
UCIIOJIB3yeT rpad)OBYI0 MHTEPIPETAIMIO 33/1a4 (aHAIOTHMYHO 3a/1a4ue TIaHUpO-
BaHUS PAa3BUTHUSA CTPYKTYPbI) U IPUMEHSETCS JJI ONPECIICHHs CTPYKTYPHI Kjia-
crepa — moayib Graf.exe u aHanKM3a COCTOSIHMS KJlacTepa B YCIOBHIX BbIXO/A U3
ctpos y3noB — moayib Claster.exe. [lpu skcopte knactepa B (opmare mpo-
rpaMMbl 00pabOTUYHKa CTPYKTypa KiacTepa coxpaHsieTcs B (aiis, ogHako nepe
AKCIIOPTOM HEO0OXOJMMO HA3HAYUTh AKTUBHBIM OJIMH W3 ILIEHTPOB 00pabOTKHU
uHbOpMaIuy, TaK Kak MpPHU SKCIOPTE aKTUBHBIN y3en B rpade OyAeT MpuHST
CTapTOBBIM Yy3JIOM KJIacTepa.

[Tocne 3amycka MOAYJIs MOKHO YBHJIETH CIICAYIOIINE 3aKJIaKK Ha (opMme:
«CtpykTypa kiactepa». [lonbp3oBaTento npenocTaBiIsieTcsi BO3MOXKHOCTh 3arpy-
3UTh CTPYKTYpY Kiactepa B Qopmare, KOTOpPbIM cO3/aeTcs Mpeablayiieit
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nporpammoii. [locne 3arpy3ku cTpykTypa Kiactepa 0OToOpa)kaeTcsi B BUJIE MaT-
PHLBI CMEXKHOCTH U NIEPEYHS 3JIEMEHTOB, KOTOPBIE IPUCYTCTBYIOT B KJIACTEPE.

Crnenyromtas 3aknaaka: «O6paboTtka knacrepa». B cnucke (eciu cTpykTypa
KJIacTepa 3arpy’keHa) OTOOpa)karoTCsl JIEMEHTHl KiacTepa, C YKa3aHHEM CO-
CTOSIHUS KaXXJIOTO 3JIEMEHTa: «paboraeT» — «He paboraer». Takke B CIMCKe
0TOOpa)kaeTcsd TEKYyIUUMH aKTUBHBIA LEHTP 00pabOTKM MH(GOpMAIMHU: «aKTHB-
HBI». B 3aromoBke cmmcka oToOpakaeTcs TEKyIIee COCTOSIHUE KacTepa: «pa-
0oTaeT», «Kj1acTep OCTAHOBJIEH — BO3MOXKEH PYUHOU Mepe3aIyCcK», «IoJIHas oc-
TaHOBKA KilacTepa — (yHKIMOHUpOBaHUE O€3 3aMEHbl 3JIEMEHTOB HE BO3MOXK-
HO». DJIEMEHTBI, OTKa3 KOTOPBIX MMPOU30MIET HA JAHHOM IlIare, yKa3bIBalOTCs B
CTPOKE «3JIEMEHTHI BBIIIEIINE U3 CTPOs HA JaHHOM Iuare». [lepedyeHsb aieMen-
TOB YKa3bIBA€TCA B BUJIE CIIUCKAa HOMEPOB.

ITocne TOro, Kak ykazaHHbI BCE 3JIEMEHTBI, MOXKHO IPOU3BECTH NIEPEPACUET
cocTosiHUS Kiactepa (kHomka «BsimomHuTh 00paboTKy»). IIponsBogurcs aHa-
JM3 CTPYKTYpPHI KJIacTepa C y4ETOM BBIIIEIIUX U3 CTPOS SJIEMEHTOB. B ciyyae
BBIXO/Ia M3 CTPOs LIEHTPA, CUCTEMa IOMbBITAETCS MPOBECTU PEKOHPUTYPALHIO
KJlactepa, eciau OyJeT BO3MOXKHOCTh MEPEeBECTH 0O0pabOTKy Ha APYroil LEHTp,
TO 3TOT LIEHTP CTAHET AKTUBHBIM.

BeiBoabl. PopMHUpPOBAHNE KPUTUYHBIX MO HAJEKHOCTU CUCTEM YIIpaBJe-
HUSL TPEbSABISAET BbICOKHME TPEOOBAHUS MO HAJECKHOCTH, KaK K TEXHUUYECKHM,
TaKk U MPOTrPaMMHO-UH(POPMAIIMOHHBIM cpeacTBaM. CyllecTBYyeT psl KpUTHY-
HBIX 00JlacTell HayKU U MPOMBIIUIEHHOCTH, IJI€ HEBBIIIOJHEHUE 3TOr0 TpeboBa-
HUS U, KaK CJEACTBUE, OO pabOThl CUCTEMBI yNPABICHUS MOTYT IMOBJEYb 3a
co00i1 3HaYUTENbHbIE 5KOHOMUYECKHE TIOTEPH B paMKax, KaK MPeaNpUsITHs, TaK
U uenoro peruoHa. [1oaToMy 01HON M3 OCHOBHBIX 33ay pa3pabOTYMKOB IPO-
rpaMMHO-UH(DOPMAILIMOHHOTO 00ECTIEYeHHs] CTAHOBUTCS CO3[JaHUE TAaKUX aliro-
PUTMOB WJIM METOJOB pa3pabOTKH, KOTOPhIE OOecreurnBaid Obl yCTOWYUBOCTH
CUCTEMBI K IPOrpaMMHBIM U anmnapaTtHbIM cOosiM. B cBoro odepensp, nccineaona-
HUS HAJIC)KHOCTH (PYHKIIMOHUPOBAHUS CUCTEM YTMpaABJICHHs MOKa3alIu, YTO Kaye-
CTBO MX pabOThl HANpPSIMYyIO 3aBUCUT OT HAJEKHOCTH U O€30TKAa3HOCTH IpO-
IrPaMMHO-UH()OPMALIMOHHON COCTaBIISIOILIEH.

OaHUM M3 MOAXOJOB K CO3JIaHUIO OTKAa30yCTOMYMBBIX CUCTEM YIIPABJICHHS
SBJISIETCA METOAOJIOTUS U30BITOYHOCTH. MyJIbTHBEPCHOHHOE OTKa30yCTOMYHMBOE
POEKTUPOBAHKE MO3BOJSIET TOOUTHCS ONTUMAIBHON M30BITOYHOCTH MPOTrpaMM-
HBIX U MH(OPMAIIMOHHBIX KOMIIOHEHT, MPU3BAHHOW MpPENyNpennTh CllydaiiHble
coon. IIpu aTOM paboTa cuCTEMBI yIpPaBICHHs 3aCTPaxOBaHa TAKKE U OT COOEB,
BBI3BAHHBIX OLIMOKaMH, CT€HEPUPOBAHHBIMH €II€ BO BpeMs MPOEKTUPOBAHUS U
pa3paboTKH MporpaMMHO-UHGOpMaIMOHHOro obecrnieuenus. Ha srame nmpoekTu-
POBaHUS KPUTHUHBIX MO HAJEKHOCTH CUCTEM YIIPABIICHUS, a TAKXKE IIPU €0 pas-
BUTHH ¥ MOJIU(UKAIIMIN OCHOBHOE BHUMaHHE HAMpaBJICHO Ha Pa3pabOTKy Crelu-
(uKaImii, YTO MO3BOJIAET MPUBJIEKATh K pa3pabOTKe MYJIbTUBEPCHOHHBIX KOMIIO-
HEHT HEMOCPEACTBEHHO CMELMATUCTOB MO ynpaBieHUo. Vcrnonb30BaHHE CUCTEM
NOJIEPKKU TMPUHATUS PEIICHUH IPU MYJIBTHUBEPCUOHHOM IPOEKTUPOBAHHUH
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MO3BOJIAET Y/AENATh OCHOBHOE BHUMAHUE KayeCTBY TpeOOBaHUI Ha 3Tarne GopMu-
POBaHUS HAJISKHOTO MPOrPaMMHO-UH(POPMALIMOHHOTO 00ECTIEYEHHUS.

Ha ceropnsmnuii aeHp i1 o0ecnedyeHns HaleXKHOCTH UHPOPMAILMOHHO-
IPOrpaMMHOTO OOECHEYEHUs CHCTEM YIPABICHUS MPEATIOKEHO MHOKECTBO
MOJIXOJI0B, BKJIIOUasi OpraHU3allMOHHbIE METO/bl pa3paboOTKH, pa3uyHbIE TeX-
HOJIOTMM U TE€XHOJOTMYECKUE MpOrpaMMHbIe cpeicTBa. OQHAKO OTCYTCTBUE 00-
HIENPU3HAHHBIX KPUTEPUEB HAJIEKHOCTH HE MO3BOJISIET OTBETUTh HA BONPOC, Ha-
CKOJIBKO HaJIeKHEE€ CTAaHOBUTCS CUCTEMA IPU COOJNIOCHUHU MpeiaraéMbIX Mpo-
HEeAyp U TEXHOJOTUMH U B KaKOW CTENEHW ONpaBAaHbl 3aTpaThl. TakuMm oOpazom,
IPUOPUTET 3a/1a4M OLIEHKH HAJIeKHOCTU JOJIKEH ObITh HE HM)KE MPUOPUTETA 3a-
nadn ee obecrnieueHus. PaccMOTpeHHble B MOHOTpa(UM METOJbl OLEHKHU U IIO-
BBIIICHUS HaJCKHOCTU MH()OPMALMOHHO-ITPOTPAMMHOr0 00€CIeYeHus: KpUTruy-
HBIX 10 HAJEKHOCTU CUCTEM YIIPABIICHUS, BKIIIOYas KilacTepu3aluio s obdec-
NEYEHUs1 KaTacTpo(OyCTONUMBOCTU CUCTEM YIIPABJICHHUS, UMEIOT BaXKHOE TE€Ope-
TUYECKOE 3HAUEHWE W 00JIaIat0T OOIBIIMM TOTCHIIMAIOM MPAKTUYECKOTO TMPH-
MEHEHUs, KaK B HAyKe, TaK U IPOMBIIUICHHOCTH.
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PEHNEHUE YIIPYT'O-IINIACTHYECKHUX 3AJTAY
C ITIOMOIbIO 3AKOHOB COXPAHEHUA

C. U. Cenamos, E. B. ®umrommza

Cubupckuii rocyJapCcTBEHHBIN a3POKOCMUYECKUN YHUBEPCUTET
nMeHH akagemuka M. @. PemeTHeBa,
Poccuiickas ®enepanus, 660014, r. KpacHosipck,
npoct. uM. ra3. «KpacHosipckuit padbounii», 31.
E-mail: sen@sibsau.ru, filyushina@sibsau.ru

Pewenue ynpyzo-nnacmuueckux 3a0au 00Ha U3 CAONCHEUWUX U AKMYATb-
HBIX NpobOIeM Mexanuku oegopmupyemozo meepoozo mena. Tpaouyuonuno smu
3a0auu pewaromes aubo memooamu TOKII, sapuayuonnoco ucuucieHus uiu
nonyoopamuvimu memooamu. K coowcanenuro, 6ce amu memoowvl mo2ym Ovlmb
NPUMEHEHbL UL K O02PAHUYEHHOMY Yucuny 3a0ad. B pabome ucnonvzyemcs
MEeXHUKA 3aKOHO8 COXPAaHeHUs. Dmo NO0360Jsem NOCMPOUmsv AHATUMUYECKUE
Gdopmynvl 051 HAXOJHCOEHUs YNpPY20-NAACMUYECKOU epaHuybl O WUPOKO20
Kaacca 3a0ad. B pesynomame y0anoce nocmpoums Ynpy2o-niacmudeckue 2pa-
HUYbl OISl CKPYYUBAECMBIX NPAMOTUHENHBIX CIEPIICHEl, ceyeHue KOMOpPblX 02pa-
HUYeHO KYCOYHO 21A0KUM KOHMYPOM, OJisl U32UOAEeMbIX KOHCOel NOCMOAHHO20
ceuenusl, a makoice 0I5l AHMUNIOCKUX 3a0ay. Paspabomannas memoouxa no3eo-
JUNA HANUCAMb KOMNbIOMEPHbIE NPOSPAMMbL OJisl NOCMPOEHUs. YAPY20 — Nid-
CMuYecKux 2panuy OJisi CKPY4Usaemvlx NpsaMOIUHEelHbIX cmepoichel. B npeona-
eaemotl pabome noCmpoeHa ynpy20-niacmuyeckas epanuyd, 603HUKaowdas npu
KpYy4eHuu NpamMoauHelHo2o Opyca npou3eoabHO20 ce4etusl, Komopoe ocpanuye-
HO KYCOYHO-2NAOKUM KOHMYPOM, A Maxdce Ynpy20-niacmuyeckas cparuybl 8
3a0auax 06 uzeube KOHCOIU U aHMuniockou oegopmayuu. Ilhan cmamou cie-
oyrowull: 8 nepeom napazpage paccCMompeHvl 0OCHOBHblE YPABHEHUS YIPY20CmU
U Kpaegvle 3a0ayu, 8 n. 2 OCHOBHblE YPAGHEHUsL MeOPUlU UOealbHOU NIACMUYHO-
cmu Mus3zeca, 6 n. 3 cghopmynupogamnsi yciosus Ha epanuyax ynpyaux u niacmu-
yeckux obaacmeii, 8 n. 4 paccmompeno KpydeHue NpuzMamuiecKux Ynpyeux
cmepoicHell, 8 n. 5 onucau ynpyauil uzeub opycves, 8 n. 6 niockas 3adava meo-
puu ynpysocmu, 8 n. 7 — aHMUNIOCKAs 3a0aya meopuu ynpy2ocmu, 8 n. 8 no-
CMPOeHbl 3aKOHbL COXPAHeHUs OJisl YpasHeHull ynpy2ocmu, 6 n. 9 — 3aKoHbvl CO-
Xpauenusi 08YMEpHbIX ypasHeHull niacmuynocmu, 6 n. 10 — nauodena ynpyeo-
nIacmu4ecKkas epanuya 8 CKpyyueaemMom NpsamMoIuHeuHom cmepoicHe, 8 n. 11 —
YAPY20-nAacmu4ecKkas cpanuya 8 uzaubaemou Koncoau, 8 n. 12 —npeonosicena
Memoouka Ol NOCMPOEHUs YNpY20-HAACMUYeCcKUx 2panuy O0as obaacmeu
oonvuiux pasmepos. B zaxnouumenvrom n. 13 nocmpoenul ynpyzo-niacmuyec-
Kue epanuybl OJisk CMepHCHell pa3IUYHbIX NPOKAMHbBIX NPOodueti.
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Kniwouesvie cnosa: 3axonwi COXpaHerus, ynpyco-njiacmudeckasd cparuya,
MmoOYHoe€ peuteHue, ynpyecocnib, njildCmudHocnlb, ynpy2o-niacmuiHocnib.

SOLUTION OF ELASTIC-PLASTIC PROBLEMS
WITH CONSERVATION LAWS

S. I. Senashov, E. V. Filushina

Siberian State Aerospace University named after academician M. F. Reshetnev,
31, “Krasnoyarskiy Rabochiy” prosp., Krasnoyarsk, 660014, Russian Federation.
E-mail: sen@sibsau.ru, filyushina@sibsau.ru

Solution of elastic-plastic problems is one of the most complex and urgent
problems of solid mechanics. Traditionally, these problems are solved by the
methods of complex analysis or calculus of variations or semi-inverse methods.
Unfortunately, all of these methods can be applied only to a limited number of
tasks. In this paper, we use a technique of conservation laws. This allows us to
construct analytical formulas for finding the elastic-plastic boundary for a wide
class of problems. As a result, we will construct the elastic-plastic boundaries:
for twisted the rod straight, the cross section of which is limited piecewise
smooth contour; for flexural consoles constant cross-section, as well as for anti-
plane tasks. This technique allowed us to write a computer program for the
construction of elastic-plastic borders for twisted the straight rods. In the
present paper the elastic-plastic boundary arising torsional straight beam of
arbitrary cross section, which is limited by a piecewise smooth contour, and the
elastic-plastic boundary in the problems of the bending of the console and anti-
plane deformation. Plan of the paper is as follows: in the first section the basic
equations of elasticity and boundary value problems, in p. 2 basic equations of
the theory of ideal plasticity von Mises, in p. 3 formulate conditions on the
boundaries of the elastic and plastic domains, in p. 4 considered elastic torsion
of prismatic bars, in p. 5 described elastic bending beams in p. 6 plane problem
of elasticity theory, in p. 7 — anti plane problem of elasticity theory, in p. 8
constructed conservation laws for the equations of elasticity, in p. 9 —
conservation laws of two-dimensional equations of plasticity, in p. 10 — found
elastic-plastic boundary curl up in a straight rod, in p. 11 — elastic-plastic
boundary in the bend, in the console, p. 12 — describes a method for the
construction of elastic-plastic boundaries for large areas. In the final section
p. 13 we demonstrated elastic-plastic boundary for rods rolled profiles.

Keywords: conservation laws, elastic-plastic boundary, exact solutions,
elasticity, plasticity, elastic-plasticity.

BBenenue. PeiieHue ynpyro-miacTHYecKuX 3a/1ad OJHA U3 CIOKHEUIINX U
aKTyaJlbHBIX TIPOOJIEM MEXaHUKHU AehOPMHUPYEMOTO TBEPAOIro Teja. ITO CBs3a-
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HO C TE€M, YTO YIPYTO-IJIaCTUYECKasi FpaHulla 3apaHee HE U3BECTHA U MOJICKUT
ONPEICJICHUIO B MIpOIlECCe pelieHus 3a1ayu. PemeHneM ynpyro-miacTUYecKux
3a]]a4 3aHUMAJIUCh MHOTHE U3BECTHBIE MEXAHUKH. XOpOIIUKA 0030pHBINA MaTepu-
an MoxHO Haiitu B kHurax b. JI. Annuna u I'. I1. Yepenanona [1], JI. A. I'anuna
[2; 10]. OOmero moaxoaa JAJisl pEeIICHUS TaKUX 3a7a4 J0 HACTOSIIETO BPEMEHU
He BbIpaboTaHo. MIMEITCs JUIIb OTAENbHBIE PEIICHMs ISl Pa3HbIX YaCTHBIX
cinyudaeB. K kilaccuueckuM pesyJibTaTaM 3/1eCh CIIEyeT OTHECTH TOUYHBIE pellle-
HUS 33J1a4d 00 yNpyro-riacTUYeCKOM KPYUYEHUU CTEP>KHS OBAJbLHOTO CEUCHHS,
noctpoerHHoe B. B. CokonoBckum, a Takxe pemenue JI. A. 'annnHa o pactsike-
HUU IJIOCKOCTH C KPYTOBBIM OTBEPCTHUEM.

WNHTepecHblil TeopeTHueckuil pe3yapTaT noiaydeH b. JI. AuausasM [1]. On
JIOKa3aJl, 4yTo 3aja4a 00 ympyro-miacTHYeCKOM KPYYCHHsI CTEP)KHS OBAJTHHOTO
CEUYEHUS PELICHUE CYIECTBYET U €IMHCTBEHHO.

Jnst pelieHuss ynpyro-miacTUYECKOW 3aJauyd MNPUMEHSIIUCh METOIbI
TOKII, BapuanrioHHbie METOABI M MTOTYyOOpaTHBIE METOBI. B 3T0M pabore mis
MOCTPOEHHUS YIIPYrO-IJIaCTUUYECKONM TPaHUIIbl UCMOJIb30BaHbI 3aKOHBI COXpaHe-
HUsl. 3aKOHBI COXpaHEHUsI ObUIM MCIOJIb30BaHbI B pabotax [4; 5; 11] nus pe-
HIEHUS 3a/1a4 UAeaIbHON MIIACTUYHOCTU B JBYMEpHOM ciaydae. OHUM MO3BOJIMIIH
MOJyYUTh aHAIUTHYECKUE penieHus 3aaad Komm n Pumana. B nocnenyrommx
paboTax, OJIHOTO U3 COABTOPOB, 3aKOHBI COXPAHEHUS OBLIM UCIOJb30BAHBI IS
pELIEHUs] HEKOTOPBIX YNPYTO-IUIAaCTUYECKUX 3a1a4 [6; 16]. [anHas meToauka
MO3BOJIMJIA HANKCaTh KOMIBIOTEPHBIE MPOTrpaMMbl JIJi MOCTPOSHUS YNPYro-
MJACTUYECKUX TPAHUIl JISI CKPYUMBAEMbBIX MPSIMOJUHEHHBIX CTEpKHEH.
Ha sty nmporpamMmbl noJiydeHbl CBUJIETENBCTBA 00 UX TOCYAapCTBEHHON peru-
crpamuu [8; 9].

B npennaraemoii paboTe MOCTPOEHbI yIPYTro-IjacTUYECKUE IPaHullbl B 3a-
Jaye O Kpy4YeHUHU NPSIMOJIMHEMHOTro Opyca MpPOM3BOJBHOTO CEYEHUS, KOTOPOE
OTPaHUYECHO KYyCOYHO-TJIaJKUM KOHTYPOM, a TaKke B 3aja4ax 00 u3rude KoHCco-
JM ¥ aHTUILIOCKOM nedopmaruu. s ynodcTBa ctaThs pa3oura Ha naparpadsl:
B IIepBOM naparpade pacCMOTPEHbI OCHOBHBIE YPABHEHHUSI YIIPYTOCTH U KpaeBbIe
3a7a4i, B M. 2 OCHOBHBIE YPaBHEHHS TE€OPUHU IUIACTUYHOCTH Mmuseca, B 1. 3
chopMyIupOBaHbl YCIOBUS HA TpaHUIAX YIPYTHX W TUIACTUYECKHX O0O0JacTei,
B I1. 4 paCCMOTPEHO KPYUYEHUE NPU3MATHUYECKUX YIPYTUX CTEPHKHEU, B II. 5 ONU-
CaH ynpyrui u3rud Opycres, IIOCKas 3a7a4a TEOPUHU yIPYTroCTH, B M. 7 — aHTH-
IJI0CKas 3a/1a4a TEOPUH YIPYTOCTH, B 1. 8 3aKOHBI COXPAHEHUS JI1 YPABHEHUI
YIOPYTrOCTH, B M. 9 — 3aKOHBI COXPAHEHUS JABYMEPHBIX YPABHEHUM IJIACTUYHO-
cTH, B 1. 10 — cTpoutcs ynpyro-rjiacTuueckas rpaHulla B CKpy4MBaeMOM Mpsi-
MOJIMHEMHOM CTEpkKHE, B M. 11 — mocTpoeHa ymnpyro-miacTuyeckass rpaHulia
B M3rn0aeMoil KOHCOJH, B . 12 — mpenokeHa MEeTOANKa ISl IOCTPOCHUS YII-
PYTO-TUTACTUYECKOM TpaHuIlbl Ui 0bjacTeil 6onpmmx pa3mepoB. B mocnennem
naparpade ¢ momouplo mporpaMm [8; 9] MOCTpPOEHBI YHpPYro-IUIaCTUYECKHe
TPAHMIIBI [T PA3THIHBIX TPOKATHBIX TPOodUIIeH.
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1. OcHOBHBIC yPaBHEHHS YIIPYTOCTH U KpaeBble 3a1a4H

PaccMoTpum cTarimoHapHble YpaBHEHUs JIMHEWHONW yIPYrocTU B MU30TPOI-
HOM clIy4ae.
YpaBHEHUSI paBHOBECUSI UMEIOT BH/I:

ot
acT’f+ xy+aTXZ+X:O,
ox Oy 0z
ot oc, Ot
xy+ y+ yz+Y:O’ (11)
ox Oy 0z
ot
ot,, yz+602+Z:0,
ox oy Oz
rae 6,,6,,06,,1,,,T,,,T,, — KOMIOHCHTBI TeH30pa HaNpsbKkeHUd, X,Y,Z — koM-

IIOHEHTHI BHEIIHEH CUIIbI, OTHECEHHOH K eqUHHUIEC 00beMa. KOMIIOHEHTRI TEH30-
pa HanpsH>KEHUM CBS3aHBI C MOMOIIBIO 3aKOHA ['yKa ¢ KOMIIOHEHTaMHM TEH30pa

nedopmarmii.

o, =Ae+2ue,, 6, =Ae+2pe,, G, =Ae+2ue,,

(1.2)
T,y =2He,,, T, =2e,,, T, =2le,,
ou Ov ow ou ov ow ou Ov
I'ae E=—+_—+—_; Sx:_; gy:_; gZ:—; 28xy:_+_;
ox Oy Oz ox oy 0z oy Ox
ou ow ou ow
26, =—+—; Zayz =—+—, e A,u— noctrosHHbie Jlame; u,v,w — KOM-
Oz Ox oz O
IOHCHTBI BEKTOpa AePOpMALUHM; €,,€,,€,,€,,,E,,,E,, — KOMIIOHCHTBI TEH30pa
nedopMarum.

C yuerom (1.2) ypaBHeHUsI TEOpUU YNPYrOCTH MOXKHO 3alucaTh B Iepe-
MEIEHUSIX

oe
A —+uAu=0
( +;,l)ax+u u=0,

0
(Mu)a—;wAv:O, (1.3)

Oe
A —+uAw=0
( +u)8Z+u w=0,

rae A — oneparop Jlarutaca.
B cuny coorHomenuii (1.2) KOMIIOHEHTHI TEH30pa HANPSKEHUH, TOMUMO
ypaBHeHHI paBHOBecHs (1.1), yIOBIETBOPSIOT €llle U YPABHEHUEM COBMECTHO-
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CTU. 3/71€Ch YCJIOBHUS COBMECTHOCTU HAMMUCAHBI B Clly4yae, KOTJa BHEIIHUE CHUJIbI
OTCYTCTBYIOT.

5%0 0%0
(1+V)Acx+ax—2:0, (1+V)Acy+§=0,
0%0 0%0
(I+v)Ac, +§:O, (1+v)At,, + ooy =0, (1.4)
(I+v)At,, + 06 =0, (I1+v)At,, + 0’6 =0,
¥ oxoz ¥ oyoz

rae =0,+0,+0,, v — koopuuueHt [Iyaccona.

3amauu JUisi ypaBHEHHUM YIIPYTOCTH CTABATCS JIMOO B MEPEMEIIECHUSIX, TOTAa
HaJ0 pemaTh ypaBHeHus (1.3), 1100 B HANpsHKEHUAX, TOTJA HAJI0 pelaTh ypas-
Henus (1.1)—(1.3).

Ecnu 3amaua pemaercs B HaNpspKEHUsAX, TO K ypaBHeHusm (1.1), (1.3) ne-
00Xx01uMO 100aBUTh TPAHUYHBIC YCIIOBUSI.

X=o,l+1t,m+1.n,

?:rxyl+cym+ryzn, (1.5)

Z=1,l+1,m+0,n,

rac l,m,n — HalpaBJIAIOIIHC KOCHUHYCHI BHEIIHEHU HOpMaJIn K FpaHHqHOfI

IMOBCPXHOCTU B paCCManI/IBaGMOﬁ TOYKC, X, Y,Z — KOMIIOHCHTBI BCKTOpPA IIO-

BEPXHOCTHBIX CHJI, ISHCTBYIOIIUX HA €AMHUITY TUIOIIA]IH.
Ecnmm 3amava pemaercs B TEpeMENICHUSAX, TO Ha TpaHUIE S 3aJar0TCs

HepeMELICHUS
ul,=u, vij=v, w/,=w, (1.6)

rJi€ U,v, W HEKOTOpbIe (DYHKIIMH ONpEACIICHHbIE Ha S .

3ameuanue. B Teopun ynpyrocTd pacCMaTpUBAIOTCS M UHBIE 3aJa4yu, HO
B CTaTh€ MBI UX KacaTbCsl HE OyJIeM, MOATOMY O HUX 3/I€Ch HE YIIOMUHAEM.

2. OcHOBHBIE YPaBHEHHUS TeOPHH IJIACTHYHOCTH Mmu3eca

st cranmoHapHBIX ypaBHEHUM TEOPUM IUIACTUYHOCTU Muzeca HeoOXoau-
MO K ypaBHeHUsIM paBHOBecus (1.1) noOaBuTh 3aKOH IMIacTUYHOCTH Museca,
KOTOPBIN UMEET BUJ

1Y 1Y 1Y
(cx —gej + (oy —gej + (GZ ‘59) +21, + 21, 421, =2k, (2.1)
rae k— npenen TeKy4ecTy MPU YUCTOM CIBUTE.
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B cnydae mimockoi nedopmManuu 3aKOH IMIACTUYHOCTH (2.1) MOXHO mpu-
BECTH K BUIlY

(Gx -0, )2 + 4t§y = 4k?, (2.2)

B nmnactuueckoit o0iacTy, KOMIIOHEHTHI JIEBUATOpa TE€H30pa Aedopmannuu
CBSI3aHBI C KOMIIOHEHTAMH TE€H30pa CKOPOCTEH nedopManny COOTHOMECHUSIMU

o, - 0= =Ae,, 0,- 140=5 =Ae,, 0.~ 1/0=5 =Ac,

(2.3)
Ty = Aexy, Ty, = Aeyz, 1., =Ae,,
rae A — HeoTpuuarenbHas QyHKIMS, onpeaenseMas u3 cootHomenus (2.1).
ou' ou’ ou’ ou'  ou’
& =" € =" € ="", 2ex == T—=
ox 7 oy 0z Yooy ox
(2.4)
ou'  ou’ ot ou’
2e, =—+—, 2e,, =—+—,
0z Ox 0z oy

1.2 3
rac u ,u ,u — KOMIIOHCHTBI BCKTOPa CKOPOCTH.

3. YciioBHus HAa TPaHMLAX YIIPYTHX
U IVIACTHYECKUX olJiacreit

OmnpeneneHue rpaHuIlbl MEXIAY YIPYTrol U MIaCTUYECKOM 00J1acTsIMU OJTHA
U3 CJIOKHEMIINX 3a7]a4 MEXaHUKHU Jie(opMHUpyeMoro TBEpAOro Teaa. ITa rpaHu-
[[a 3apaHee HE HW3BECTHA W OMNPEACIACTCS B IMPOILECCE PEUICHUsS YMOPYyTo-
IJIacTU4YecKor 3amgadyu. B psae ciiydaeB ee GpopMy MOKHO yragaTh U3 OOIIMX
COOOpaXEHUM.

[Ipeamonaraercs, 4TO0 COCTOSSHUE YIPYTOCTH HEMPEPHIBHO MEPEXOIUT B CO-
CTOSTHUE TEKY4ECTH, B 3TOM CJIydae BOJIU3U yNPYro- IMIaCTUYECKONU IPaHUIIbI IO
00€e ee CTOPOHBI BBIMOJIHSAETCS 3aK0H ['yka. DTO MPUBOJUT K TOMY, YTO BCE KOM-
MOHEHTHI TEH30pa HANPSKEHUHU W TeH30pa AcehopMalliii HePepPhIBHBI HA YIIPY-
ro- IJIACTUYECKOU TPaHULIE.

4. KpyyeHue npu3MaTHYIeCKHX
YIPYIHX CTepP:KHeH

PaccmoTpum yrpyruii Npu3MaTU4eCKUi CTEPKEHb C ITONIEPEYHBIM CEUECHMU-
eM TpOou3BOJILHOU (hopmbl. BokoBasi MOBEPXHOCTH CBOOOJHA OT HAIPSHKCHH,
a K TOpLiaM IIPUJIOKEHBI CUJIbI, JKBUBAJICHTHBI KPYTALIEMY MOMEHTY M.

Ilycts Hayano KOOpPAMHAT HAXOAWUTCS B HEKOTOPOW NPOU3BOJIBHOM TOUYKE
TOPLIEBOTO CEUYECHHMS, a OCh z MapajljiesibHa oOpasyromeil crepkus. ['pannynbie
ycnoBus (1.3.) npuMyT BU
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ol +1,m=0,
rxyl+c5ym =0, 4.1)
Tl +1,,m=0,

a Ha Topuax crepxus (z =0,z=1)

” T, dxdy =0, ” T, dxdy =0,
0 0

.g G, dxdy =0, .g xc dxdy =0, (4.2)

” vo . dxdy =0,
0

'g(xryz —ytxz)dxdy:M, 4.3)

rae (2 — miomaap nomnepeyHoro ceyeHus. Kak oObMHO MPUHATO B TEOPUU KPY-
YEHUS CYUTAEM, UTO

0, =0, =T, =0, (4.4)

a OCTaJIbHbIE KOMIIOHEHTHI TE€H30pa HAIpPsHKEHUH yJOBIETBOPSIOT YpaBHEHUAM
paBHoBecus (1.1), koTopele pu npeanonoxeHusx (4.4) npuMyT BUA

a’fxz :O, 8’Cyz :O,

ox Oz
ot, O, Oc

2 4 +—==0.

ox Oy Oz

(4.5)

VYpaBHeHust coBMecTHOCTH (1.4) 3anuinyTcs B BUae

0’c. 0°c. 0°c. 0o’

Z zZ V4 V4 O
M

o o o oxdy

o’c

(1+v)At,, + - Z =0, (4.6)

o’c

1 A z =(.
(1+v) TyZ+6y82

N3 ypaBHenutii (4.6) cienyer, 4yTo
o,=Azy+Bzx+Dx+Ey+Fz+H, 4.7)

rne A, B, D, E, F, H— 1pon3BOJIbHbIC TOCTOSIHHBIE.

101



[Toncrasnss (4.7) B coorHowmeHuu (4.3) nmosydaeM, 4ro 6, =0 BO Bcex

MONEPEMEHHBIX ceueHUsIX cTepkHs. [lorTomy ypaBHenus (4.5), (4.6) cBenyrcs
K CJICIYIOIINM:

—2 4+ ==, 4.8
ox oy (4.8)
At =0, At =0. (4.9)

[Ipeobpazyem ypaBuenus (4.8)—(4.9). ns storo nuddepeHuupyem ypas-
HeHue (4.8) Mo x ¥ BBIYUTAEM U3 HETO NepBoe ypaBHEeHHs (4.9).

Kl oy, Ot 0 4.10)
oy\ ox oy ' '
Tenepyr muddepenupyem ypaBHenue (4.8) mo y U BBHIYMTAEM M3 HETO
BTOpOE ypaBHeHUE (4.9).
oo, Oty
—| —==-—1=0. 4.11
('Bx[ oy ox j S

N3 ypaBuenuii (4.9) u (4.10) cnenyer

ot
O T g, (4.12)
oy  Ox

rne C — Npou3BOJIbHAS TIOCTOSTHHASL.
Cuctema (4.8)—(4.9) moxxet ObITh 3aMeHEHa ypaBHeHUsIMHU (4.8) 1 (4.12).
[Tockombky u3 (1.2) cnenyer

T, = (6_u+6_w) T, = @+6_w 4.13
=“Ma a) " NE Ty ) 4.13)
Torma
arxz_atyz_ 2 5_”_@ (4.14)
oy ox ozloy ox) |
1{ou ov
M3BecTHO, YT0 —| ———| — eCThb TpEThbs KOMIIOHEHTAa BEKTOpA
2\ 0y oOx
rot(u,v, w) . Umeem
0 ot,, 0
Y Tz 9, 90 (4.15)
oy ox 0z

15/0)
Trac a z YI‘OJ'I Bapr‘H/IBaHI/ISI Ha GI[I/IHI/II_[y JJIMHBI BOJIOKHA CTCp)KHH. 9TOT
zZ

yToJl Ha3bIBaeTCs KPyTKOil 1 o00o3Havaetcs 0. U3 (4.15) u (4.12) nonyyaem
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om
C=-2 =
H 0z

=206, (4.16)

OKOHYaTENBHO IOJYy4YaeM, 4YTO 3aJada KPy4deHUs yIPYroro InpusMarhye-
CKOT'O CTEPKHS CBOAUTCS K MHTErPUPOBAHUIO YPABHEHUM.

ot ot
Te , Tz g, T T _ 5 (4.17)
oy ox oy  Ox
C rpaHMYHBIMH YCIIOBUSIMH
T l+1,m=0. (4.18)

[Tockonbky ypaBHeHust (4.17) cBomstcs k ypaBHeHuto Ilyaccona, To Ha
TOM OCHOBaHBI MHOTOYHCIICHHBIC TTPUMEPHI PEIICHUS 33a/1a4d O KPYUYCHUU YII-
PYTUX IPU3MATUYECKUX CTEPIKHEH.

OTOT Xe (paKT MPHUBEN K aHAJOTUSM, KOTOPHIE MO3BOJISUIM CBECTH 3aJady
(4.17), (4.18) k npyruM MEXaHUUYECKUM 3ajadyaM, pPeIIeHue KOTOPBIX OMUCHIBA-
eTCs STUMHU K€ ypaBHeHUsAMU. [lepeuncnum HeKoTophie: MeMOpaHHas aHaIOTHs,
HECKOJIBKO THUAPOAMHAMUYECKUX AHAJIOTUM, 3JIEKTPOJMHAMUYECKUE aHAJIOTHU.
Mo>kHO BBECTH MOHATHS KPYTHUIbHOM skecTkocT C =M /0.

[IpuHsATO CyUTaTh, YTO YeM OOJBIIE KPYTUIIbHAS KECTKOCTh, TEM JIy4YIlle
JTAHHBIN €1 CTEPIKEHBb COIPOTUBIISIETCS] KPYUYEHHUIO.

bruto mokaszaHo, 4TO cpenu BCeX MPHU3MATHYECKHX CTEPKHEH, MMEIOIINX
OJIMHAKOBOIO IUJIOLIA/Ib MOMEPEUYHOr0 CEUEHHUs, HauOOJBIIYI0 KPYTHIIBHYIO Ke-
CTKOCTh UMEET CTEPKEHb C KPYTOBBIM CEYCHHUEM.

Bonee toro nokaszaHo, 4To M3 BCEX MPU3MATUYECKUX CTEPHKHEH C MHOTrO-
CBSI3HBIM TIONEPEUYHBIM CEUEHHEM C JaHHOW IUIONIaAbI0 M C JaHHOU 0OIIei
IUIOMIAJIbIO OTBEPCTHM CTEPKEHb C KOJIbIIEOOPa3HbIM CEYEHHEM, OIPaHUYCHHBIN
JIBYMSI KOHIIEHTPUYECKUMHU OKPYKHOCTSIMHU, HMEET MAKCUMAaJIbHYIO JKECTKOCTh
npu kpydeHur. OO0 3TUX U APYTUX 3a/ladyaX, BOZHUKAIOIIUX B TEOPUHU KPYyUCHHUS
YIPYTUX TET MOKHO IPOYMUTATh B [3].

Cen-Benanom ObuT OTMEUYEH MHTEPECHBIN (haKT: MAKCUMAJIbHOE KacaTelb-
HO€ HaNpsDKEHUE, KaK MPaBUJIO, JOCTUTAaeTCsl Ha OOKOBOW MOBEPXHOCTH CTEPK-
HS B TOUKaxX Hanbosiee OJIM3KUX K LIEHTPY TSHKECTH MOMEPEYHOr0 CEUCHUS.

5. Yupyruii usru6é opycnes

PaccmoTrpum mpu3MaTtudecKkuil CTepKEHb, U3rHOAeMbIil B OJTHOW U3 TJIaB-
HBIX IUIOCKOCTEW ABYMSI PAaBHbIMHU M TNPOTHBOIIOJOKHBIMU MOMeHTamu M
(puc. 1).

Havyano kxoopauHat BO3bMEM B LIEHTPE TSKECTH IONEPEYHOIO CEUYEHHS,
a TUIOCKOCTh Xz — B TJIaBHOW miockocTu m3ruba. [lomydaem criemytomiee die-
MEHTapHoe penieHue ypaBuenui (1.1), mpu oTCyTCTBHHM MacCOBBIX CHII
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GZIK, G,=0,=1,,="T,=1,=0, (5.1

rae R — paanyc KpUBU3HBI CTEPKHS Mocie u3rubda; £ — MoAyJb yIpyrocTy Mpu
PACTSKEHUU U CKATHUU.

‘}.u
M /R _//> .

Puc. 1. U3rub 6pyca

PaccmoTpum Teneps Oosnee oOmui ciydaid M3ruda KOHCOJIU MOCTOSIHHOTO
MIOTIEPEYHOT0 CEUEHUs, KOTOpask HaXOJIUTCS MOJ JAEeWCTBUEM CWIbl P, mpuio-
’KCHHOM Ha KOHIIE U MapaJuIeIbHOIN OJHOM U3 TJIaBHBIX OCEH MOMEepedHOro ceve-
Hus (puc. 2).

L]

Puc. 2. Y3rub koucoau

IIpennosoxkuM, 4TO B CiIydae KOHCOJIM HANPSDKEHUS HAa HEKOTOPOM pac-
CTOSSHUHU z OT 3aJleJJaHHOr0 KOHIIA pachpeiessiioTcs Tak ke, kak B (5.1),
a UMEHHO

P(l—-z)x
o, =22 52)
[
[Ipennonokum, 4To B KAKIO0M TOYKE MONEPEUYHBIX CEYEHUM NEHUCTBYIOT Ka-

CaTCJIbHBIC HAIIPSDKCHUA T,, U ’L'yz, a OCTAJIbHBIC KOMITIOHCHTBI TCH30pa HAIIps-

KCHUH O, Gy , ’ny PaBHBI HYJIO.
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[Ipu caemaHHBIX MPEANONIOKEHUIX, B CIydae OTCYTCTBHUS OOBEMHBIX CHII
noyxyyaem u3 ypaBHenuit (1.1)

Oty _ ot,, ot, Ot, Px

0, =0, ==+ =——. (5.3)
oz 0z ox oy [

N3 (5.3) crnenyet, 4To KacaTelbHbIE HANPSIXKEHUS HE 3aBUCAT OT z U JJIA
Ka)KJIOTO TIOTIEPEYHOT0 CEUCHHUS OyAyT OJIMHAKOBBHI.
YpaBHEHUS COBMECTHOCTH CBOJISATCS K JBYM

P
At =———, At _=0.
TJCZ l(l + v) b TyZ (5.4)

AHaNOruyHO BBIKJIAJIKaM U3 MpeAbIIYIero naparpada mnoiaydaeMm

i 5Tyz_61:xz _ P
oyl ox oy ) I(1+v)

(5.5)
i %_ ﬁryz =0
ox\ oy ox
N3 dpopmyn (5.5) nonyuaem
0 ot,, P
oY (5.6)

oy Ox I(1+v)

rae C — nocrossHHas. MoXHO noka3atb, cM. Hanpumep [3], yto C =0. Torma
ypaBHEHUS U3rnda KOHCOJIU UMEIOT BHI:

XZ

ox Oy [ 56
<
ot ot Py (5-6)

XZ Xz

ot N ot, Px

oy o l(1+v)'

K sTuM ypaBHEHHSIM HEOOXOIUMO T00ABUTH TPAHUYHOE YCIIOBUE, KOTOPOE
uMeeT BUA T,/ +T,,m =0 Ha rpaHuIle KOHTYpa.

6. ILnockasi 3a1a4a TeOPUH YIPYroCTH

B stom maparpade BblnullleM ypaBHEHHUS IJIOCKOW TEOPUM YIPYTOCTU
B [IEPEMELICHUAX U IIOCTABUM UL ITUX YPABHEHUN HEKOTOPHIE KPAEBbIE 3aa4M.
JI1s1 IUTOCKOM 3a1a4M BBIIOJIHAIOTCS CIEAYIOIIUE YCIOBUSA

u :u(x,y), v:v(x,y), w=0.
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Torma u3 (1.3) umeem

O’u 0% 0%u
Fi:(y\,'FH)[y'F J-FM[y-F

2 2 2
Fzz(k+p)[ Ou +Q)+u(ﬂ+

Ox0y

oxdy  oy* ox*

['panuunbie yciaoBus (1.5) 3anumyTcs Tak

Mox

le+'[xym:|:(x+u)(a_u+@]+ au}l+u(8u+8v m:},

2
5_3}(),
qy

2
L Y

6y2 J

(6.1)

ox Oy 5 ox
; (6.2)
Tyl +o,m=p 8_u+@ [+ (k+u) 8_u+@ +u@ m=Y.
oy Ox ox Oy oy |
7. AHTHILIOCKASI 32/1a4a TEOPHH YIIPYTOCTH
Paccmorpum  ypaBuenus (1.1), (1.2) B caydae, korma u=v=0,
w=(x,y).. DTOT cllydail COOTBETCTBYET T.H. aHTHIUIOCKOMY YIPYTOMY CO-

CTOSAHHIO.

VYpasuenus (1.1) cBenercs

ot
ox oy

0,1, —0,1,, =0.

ot,,
—x= 4 Y 7-0, X=Y=0,

a yCJIOBHUSI COBMECTUMOCTH JiepopMauii K COOTHOLIEHUIO

[IycTh Ha ympyroe Teno AEUCTBYET TOJIBKO €ro COOCTBEHHBIM BEC, TOTIA,

€CJIM OCh 0z HAaIIPABJIEHA BBEPX, MOJy4YaeM z =—pg, IIe P — INIOTHOCTh, KOTO-

pasi IpeIIoIaraeTcs MOCTOSTHHOM.

OxoHYATEIBHO IMOJIy4acM YpaBHCHHUA, OIMHUCBIBAIOIINUC YIIPYIOC€ COCTOSHHC

B YCJIOBUSIX aHTUIUIOCKOM ehopmanuun

Xz (%yz

———pg=0,

ox oy
0 0

-—71,,=0.

—71
ay Xz ay y
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8. 3akoHBI coXpaHeHHs I yPAaBHEHHMI YIIPYTrOCTH

3aKoHbI cOXpaHeHUs! — (PyHIaMEHTaJIbHbIe 3aKOHBI MPUPOJIBI ObLIU cop-
MyJIupoBaHbl K Hadamy XX Beka. [loHATrne 3akoHOB coxpaHeHus it dudde-
pEeHIMAIBHBIX YPAaBHEHHUH MOSBUIIOCH MO3/IHEE, Tociie padoT D. Herep u ee mo-
canenoBareneil. [llupokoe ux NMpUMEHEHUE K PEIICHUIO U UCCIEIOBAHUIO HEKO-
TOpbIX Au(GEepeHITNATBHBIX YPAaBHEHUH OTHOCHUTCS K TIOCIEAHEH YETBEPTH
XX Beka. Ho BaXXHOCTh M TIOJIE3HOCTh 3TOTO MOHATHS HE TMOHSATA OOJBITUHCT-
BOM HCCJIEIOBATEIIEH 10 KOHIIA U cerdac.

B sToit paboTe MBI BBelleM IMpOCTEHIIEe ONpe/IeIEHUE 3aKOHOB COXpaHe-
Hus. boiee moaApoOHO C 3TUMM Ba)KHBIMU MOHATHSIMU M UX TMPUIIOKECHUSIMU
MOYKHO O3HAKOMUTHCS B [3] 1 UIUTUPYEMOM TaM JIMTEPATYPE.

Ilyctes F, =0, F, =0, cucrema aAByx audQepeHIMaIbHbIX YPaBHEHUN Ha

JIBE€ UCKOMbIE (DYHKLIHUH U = u(x, y),

Omnpenencnue. CoxpaHAOMUMCI TOKOM Mt cucteMsl f =0, F, =0, Ha-

30BEM BEKTOP (A,B) TakoM, 4To

QA+2B:H1FI +11,F,, (8.1)

ox oy
rne I1,— Hexoropele mauddepenunansupie oneparopsl. Ilpennonaraercs, dto
OHU 002 OJTHOBPEMEHHO HE SIBJISIOTCS] TOXKIECTBEHHO PAaBHBIMU HYJIIO.
Haiinem 3akoHbBI COXpaHEHU 7151 ypaBHEHHU U3 1. 4, 5, 6, 7.

1.YpaBHeHUs, OMKCHIBAIOIINE YIIPYroe KpydyeHue uMerot Bua (4.17) B 6o-
Jee yIoOHBIX 0003HAYCHUSIX

ou Ov
—+—=u,+v, =0,
ox Oy g
8.2
ou Ov (8.2)
———=u,—Vv, =0,
o oy
e u=71,v="1,,00=—-2ub.
Ilycts
A=d'u+plv+y', B=aou+piv+y2, (8.3)

e o ,B’,y" — HekoTOpBIe (DYHKIIMH TOIBKO OT X, ) .
N3 (8.1) ¢ yuerom (8.3) u (8.2) momyyaem

ot +oluy +BLv Bl +v, + o+ o, + BIv+ PPy, +y) =

1 2
= o (i, +v, )+ a2, —v, — 1),
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31ech U Jalee MHACKC BHHU3Y, KOT/Ia 3TO HE BBI3BIBAET HEIOPa3yMEHMHIA,
OyJleT 03Ha4YaTh MPOU3BOIHYIO 110 COOTBETCTBYIOIICH TIEPEMEHHOM.
Otcroa mojmyvyaem

o' =p%, p' =—a?, y; +yi =—o’a, oc; +oci =0, B; +Bi =0.
Wnm, nocie HeCI0KHBIX TpeoOpa3oBaHui
o’ = —Bl, [32 = ocl, yi +yi :—oczoc, oc; —Bly =0, Bi +oc1y =0. (8.4)
CrnenoBaTesbHO, COXPAHSIOLIUIICSI TOK UMEET BUJL

A=0olu +B1v+y1,
(8.5)
B=—Bu+alv+y?

1l 1.2
rie (oc ,B ) ecTh pemierre cucteMbl Komm-Pumana, vy, y° onpenenstorcs u3

ypaBHeHus (8.4).
C yuetom (8.5) 3aK0H COXpaHEHUsI MOKHO 3aIllMCaTh B BUJIC

J(alu+Blv+yl)dy—(—Blu+a1v+y2)dx:0 (8.6)
r
rae [' — npou3BONIBHBINA KyCOUYHO-TJIAIKUN 3aMKHYTBIA KOHTYD.

Ilyctb (xo, yo) HEKOTOpasi TOYKa, JieXKallasi BHYTpH 00JIACTU OTpaHUYCH-

HOU KOHTYpoMm ['. BozpMem

1 X — Xy 1 Y=o
o = -, Bl=-

(x=x)" +(¥ =) (x=x, ) +(y-1)" (8.7)

ITycts I} — OKpY>KHOCTB (x - X, )2 + (y - Vo )2 = R? (puc. 3).

Puc. 3
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HetpynHo noka3ate yto unrerpai (8.6)

I((xlu +B1v+y1)dy—(—Blu +oc1v+y2)dx =
r

_ _J (alu +B1v+y1)dy—(—ﬁlu + 0c1v+y2)dx.

I

(8.8)

Beraucium  mHTEerpan mo I, mepexoAs K MOJSAPHBIM KOOpIWHATAM
X—Xx,=Rcos0, y—y,=Rsinb.

I(alu +Blv+y1)dy—(—[31u +a'v+ yz)dx =

I

2 : i
= I [cos@u - Smev+y1chos9+[8129u + Cosev+y2szin9}d9:

R R R
= z[u +7'Rcos0+y"Rsin0 |d0 = 2fuare + RT(yl cos 0+ sin ) do.
0 0 0

B nocnennem BoipaxkeHun ycrpemuM R — 0 1 UCITOIB3ysl TEOPEMY O Cpel-
HEM I10JIy4aemM

I(alu +Blv+ yl)dy —(—Blu +a'v+ yz)dx. =2mu (X, ¥, )-
[

Teneps u3 (8.8) umeeM
1
u(xy, o) = —I(alu +Blv+ yl)dy - (—Blu +alv+y? )dx. (8.9)
2n s

IlycTh Teneps

= ~ 20 =B%  (8.10)

1 Y=V 2 nl
_ =a , B
’ (x_x0)2+(y_y0)2

(=2 + (- 30)

s oToro ciyvast BeraucauM uHTerpan no I, Mmeem B mOJSIPHBIX KOOP-
IOUHATaxX X — X, =RcosO, y—y,=Rsin0.

T sin 0 cosO cosO sin O
I: J.{ u+ v+yl}Rcos9+{— u+ v+y2}Rsin9}d9:
Foo R R R R

= T[v + R(y1 cosO + v sin@)}d@.
0
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Yerpemisist R — 0 u3 nocnenned Gopmydisl 1 (8.8) mosyunm
_ 1 2 2 1 2 2 2
v(xo,yo)—%l(a u+Bv+y)dy—(—B u+ov+y )dx (8.11)

Bripaxxenus (8.10) u (8.11) mo3BoJISIFOT BHIYUCIUTD 3HAYEHUS U,V B JIFOOOM
BHYTPEHHEW TOUYKEe 00JIaCTU OKpPYXEHHOM KOHTypoM [', eciii Ham HW3BECTHBI

3HayeHus u,v Ha Kourype I'. Ho u =1, ,v=1, , 009TOMy Ha KOHType [  HaMm
OTH [IBE BEIMYMHBI HE M3BECTHEI, 4 H3BECTHA TOJIBKO BenuduHa T,./+71, m=0.

noatoMy dopmyisl (8.10), (8.11) He MO3BOJSAIOT BBIYMCIUTH 3HAYECHHUE KOMIIO-
HEHT TEH30pa HaNpsHKEHUM BHYTPHU OOJIACTH, a 3HAUYUT PEIIUTh 3a7a4y O Kpyue-
HUM yIPYTOTO CTEPXKHA. 3aTO, KaK 3TO OYJET MOKa3aHo jaiiee, 3T (GopMyIIbl Ja-
YT HaM BO3MOKHOCTb PEIIUTH 0OJIEE CIOKHYIO YIPYTO-IJIACTHYECKYIO 3a1auy.
3ameuanue. Ananorudnbie GopMyibl 0€3 Tpyaa MONMy4aroTcs sl ypaBHe-
HUW aHTUIUIOCKOW TEOPUH YIIPYTOCTH, IIPUBEICHHBIE B 11. /.
2. YpaBHeHuUsI, OoNMKChIBaOIMe U3rud opycka umeror Buj (5.6). Ilomoxum

BHUX U=T V:Tyz,
_ — _p) _
Py = o, P/(m)—‘”v

Xz?°

TOTJa UMEEM

ux+vy=0)1, u,—v, =0,. (8.12)
bynem uckath COXpaHsIOMMNACS TOK U1 9TOW CUCTEMBI B BUJIE
_ 1 1 1
A=au+pBv+y,
(8.13)
_ 2 2 2
B=au+pv+y,

rae o ,B’,y — (yHKIMH TOIBKO OT X, V.
AHaJIOTMYHO NPEBIIYIIEMY TYHKTY UMEEM

Ao+ B, =alu+olu, +Bv+Bly, +v +otu+a’u, +plv+ By, +7]) =
:al(ux +v, —col)+oc2(uy —v, —(02).
Otcroga nosryyaem
o :BZ, Bl =—a?, yi +yi :—ocloo1 —oczoaz, oci +oci =0, Bi +Bi =0.
[Tocsie HECIOKHBIX BBIYMCICHUNA UMEEM
o’ = —Bl, B2 =aol, yi +yi = —oclco1 —oczooz, OLL —B}v =0, B; +0L1y =0. (8.14)
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CrnenoBatesbHO, COXPAHSIIOIIUNICS TOK UMEET BUJ

A=c u+pv+y,
(8.15)
B=—Pu+ov+y’,

rae (oc ,B ) — MPOU3BOJIBHOE pelieHue ypaBHeHni Komu-Pumana, yl, yz OIl-

penenstoTcs u3 ypaBHeHus (8.14).
s Toka (8.15) 3aK0H coOXpaHEeHUs] MOKHO 3alKcaTh B BUJIE

j(oc u+p v+y1)dy—(—B u+ao v+y2)dx:O.
r

HOCTynaﬂ IIOJIHOCTBIO aHAJIOTMYHO C IMPCABIAYIIHUM IIYHKTOM, OKOHYATCJIb-
HO ITIOJIy4acM

u(xy.y) = ijl(oclu +Blv+ yl)dy —(—Blu +a'v+ yz)dx
r

V(X-3p) = ij.(oczu +Bv+ yl)dy = (—Bzu +alv+ yz)dx
r

Jl1st 9TOM 3a/1a4M CpaBeIJIMBBI 3aMEUaHUs MPEABIYIIETO MyHKTA.

3. 3aK0OHBI COXpAaHEHHUS IIOCKON TEOPUU YIIPYTOCTH.

Haiinem HEKOTOpbIE 3aKOHBI COXPAHEHUWs I YPAaBHEHUMN, ONKUCHIBAIOLINX
JIByMepHBIE aeopManuu ynpyrux tei (6.1), 3mecs Oyaem cienoBarh padote [7].
Niem coxpaHsIOmMuUiAcs TOK B BUC

A=oy(A+2p)u, + By, +yipv, + (A + 2u)81vy,
B =ou, +Byu, +v,v, +0,v),

rae o,,B;,Y;,9;, HEKOTOpble (QYHKIHUHU OT X, ).
M3 cooTHOIIECHU
0 0
ox oy

N3 (8.16) momyuaem
o, =—f; + (K + H)Yla By =ayp,

(8.17)
V2 =9, +(7V+H)0C19 0, :(}\‘+2M)’Y13
(k+2u)80(1 +80L2 =0, By +aBz =0,
ox Oy ox Oy
(8.18)

MaYI +8Y2 :0, 88l +882 =0.
ox Oy ox Oy
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[Toncrasmsst (8.17) B (8.18) monyuaem

oG TR e TR

M%ﬂ““)% (+2n) zyy 0.
o

(K+2p)%1%1+§;2;(k+p)+ %:0,

T e 2R 2 T 0

OT0 03HayYaeT, 4To (ocl,yl) " (BI,SI) €CTh MPOU3BOJIbHBIE PEIICHUS ypaB-

HeHul (6.1), KoTopble CBA3aHHBI MEXKTy OO0 cooTHOIIEHUsMHU (8.18). D10 Mo-
3BOJISIET, HA OCHOBE TOUHBIX PEIICHUN YpaBHEHHMH YIIPYroCTH, BBIIMCATh OECKO-
HEYHYIO0 CUCTEMY 3aKOHOB COXPAaHECHMSL.

9. 3aKOHBI COXPAHEHUSA IBYMEPHBIX YPABHEHHM I IJIACTUYHOCTH

PaccmoTpum crnepyromye ypaBHEHHUs JBYMEPHOM IUIOCKOM TEOpUHU ILIA-
CTUYHOCTH, KOTOPBIE HECIIOKHO MOIYUYUTh U3 YPABHEHUH II. 2.

8—0—2k @cos2e+@sm29 =0, .1
Ox ox oy
a—G—Zk @sm29—@00829 =0. 9.2)
oy ox oy

T
31ech G — THAPOCTATHYECKOE JaBIIEHHE; 9:(1,x)—z, rae (1,x) — yrom

MEXKy TJIaBHBIM HaIpaBJICHUEM TEH30pa HANPSIAKEHUM U OChIO OX.
bynem uckartp 3akoHbl coxpanenus cuctemsl (9.1), (9.2) B Bune pyHkiuit
c=C (0,6) , D= D(G,O) , I KOTOPBIX PAaBEHCTBO

oc 8_D =0 wm B cuiy popmyasl I'puna CﬁDdx Cdy =0 (9.3)

ox oy
BBITIOJIHAETCS B CHITy CUCTEMBI, T. €. COOTHOIIICHUE:!

8C8_G+ oC 8D80+8D89
0c Ox 000x Oc oy 00 oy

(9.4)
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JIOJKHO BBITIOJIHATHCS JJISI BCEX €€ PEIICHU B HEKOTOpPOH 007acTH OrpaHUYeH-
HOU IJ1aJKUM KOHTYpoM [

3anuiieM cUcTeMy TUTACTUYHOCTH B HOPMaJIbHOM MaTpuuHOU dopme [5]:

Jo _cos206 2k Jc
ox sin 20 sin20 || O
+ =0.
0 1 ~ cos20 || 90 ©-5)
ox 2ksin20 sin20 /\ oy

oC oC )
30 )’ [OJIyYUM ypaBHEHUE!

YMHOXKas 9Ty CUCTCMY CJICBA HA BCKTOP ( P
0)

6_C8_0+8_C@_(6C00s29+8C 1 j@_o_
Oc Ox 00 Ox 0o sin20 00 2ksin20 ) Oy

(9.6)
_(GC 2k +8C cos26j@_o
0o sin20 00 sin20 )dy

CpaBHuBas ypaBHeHue (9.5) ¢ (9.6), nmoxy4yum aBa ypaBHEHHUS JJis ONpee-
nenus pyakuuit C u D :

0c O0c sin20 00 2ksin20’ .7
oD  oC 2k  OC cos20 '

oD _8C cos20 B oC 1

90 0o sin20 00 sin20

BrIpa3zum KOMITOHEHTHI 20 JUHEWHOU cuctemsl (9.7) B IBHOM BHJIC:

6_C + Zk(a—Dsin 20+ a—Ccos 29) =0,

00 o 19/e]

(9.8)
8_D - Zk(a—Dcos% —a—csin29j =0.
00 0 0o

MO3KHO 3aMETUTh, YTO €CJIU MOJOKUTh C = — y(G,G), D= x(G,G), TO CHC-

Tema (9.8) coBHajaeT ¢ IMHEAPU30BAHHON CHCTEMOM MIACTUIHOCTH
Vo — 2k (—y, 0820+ x,sin20) =0,
Xg — 2k (y4$in20 + x, c0s26) =0.

OT0 MO3BOJSET UCIOIb30BAaTh BCE CBOMCTBA 3TOM CHUCTEMBI MPHU MOCTpOE-
HUU 3aKOHOB COXPaHEHUS.
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Takum oOpa3om, TMHEApU3AIUS CUCTEMBI TIACTUYHOCTH JTOCTHTaeTcs 0e3
HE00X0IMMOCTH TpeOOBaTh HEPABEHCTBA HYIIO IKOOMaHa
Janee, HCTIONB3YsI 3aMECHY

E=0+2k0, n=0-2k0,
cBezieM cucteMy (9.8) Kk ypaBHEHHSIM:

0 O

22 +8—Cctg9 =0.

on  on

(9.10)

BBojs HOBBIE 3aBUCHMBIC DYHKIIUU @, \) :
¢o=D—-1tgbC,

9.11
v =D +ctgdC, ©.11)

IMMOJIYYHUM CUCTCMY:

op 1

P te0(y—@)=0,

P 2g(w ) o
op 1 '
X cteb(w—0)=0.

an+2cg(w )

OxoHYaTeNbHO, TIoJIarasi P = (CcosH , MPUXOANM K YPaBHCHHUIO:

~P_o. (9.13)

A 3TO ecTh U3BECTHOE TeserpadHoe ypaBHEHHE.

TeM caMbIM IOCTpOEHUE 3aKOHOB COXPAHEHUS I YPaBHEHUN IUIACTUYHO-
CTH CBEJIOCh K PEIICHHIO JIMHEWHBIX YpPAaBHEHUH, NI KOTOPBIX pa3zpadoTaHO
OYEHb MHOI'O XOpPOLIMX METOJOB PEIICHHUs, KaK YPAaBHEHUM, TaK U KpPAECBBIX
3a1ad4.

10. Yopyro-mjiactu4yeckasi [(paHNIa B CKPY4YUBaeMOM
NPAMOJIMHEHHOM CTepKHe

PaccmoTpuM  ynpyro-miacTu4eckoe Kpy4yeHHe MpPsMOTO CTEpIKHs, IOIIe-
peYHOE CEYeHUE KOTOPOro OTPAaHUUYEHO BBIITYKIIBIM KOHTYpOM I

[Tpu nocTtaToyHO OOJBIIOM 3HAYEHUU KPYTALIETO MOMEHTa B CTEp)KHE 00-
pasyercs 1uiactudeckas obnacte P. OHa HaunHaeT 0Opa30BHIBATHCS HA BHEIII-
HeM KoHtype ['. [Ipeanonoxxum, 4to miaacTudeckas 00J1acTh MOJTHOCThIO OXBa-
TUIa KOHTYp. Torjga B MonepeyHoM CEYEHUU BO3HUKAIOT JIBE 00JacTH — IUIACTH-
yeckas P u ynpyras F, L — rpanuna pasnena o6iactei.
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Pemiennto 3amauum 0 HampsiKEHHOM COCTOSIHUM YIPYTO- IUIACTHYECKOTO
CTEP>KHS MOCBSIIEHO MHOTO paboT, HO OOJBIIMHCTBO U3 HUX OCHOBBIBAIOTCS HA
HEKOTOPBIX MPEANOoNIOKEeHUsIX 0 (popme rpanuilsl L, koTopasi, BooOIe roBops,
3apaHee He u3BecTHA. OpUTHMHAIBHBIA METOJ MO OINPEICICHUIO HEU3BECTHOM
rpaHuilbl peioxkeH b. JI. AuHuHBIM [1]. DTOT MEeTO1 OCHOBAH HAa KOHTAKTHBIX
npeoOpa3oBaHUSIX U TO3BOJISET ONPENETUTh TPAHUILy pasjesia MEXAy YNpyrou
U TJIACTUYECKOW 00JIACTBIO B CTEP)KHSIX OBAJIIBHOTO MonepedyHoro ceueHus. Ilo-
CTaHOBKY 3aJ1ayyl U MOAPOOHBIN 0030p pe3ybTaTOB MOXHO HAlTH B [1] u 1IUTH-
pyeMOM TaMm JuTepaType.

Puc. 4. Ilonepeynoe ceueHue
CKPY4YMBAEMOI'0 CTEPIKHS

B nmpennaraemoii pabote ¢ MOMOIIbIO 3aKOHOB COXPAHEHHUS OMPEENIAeTCs
HaNpPsKEHHOE COCTOSIHUE BO BCEX BHYTPEHHUX TOUKAX CTEPKHS, U IPEIararoT-
cs popMyJbl ISl AHAIMTUYECKUX BBIYMCICHUN ATUX HAIpPSOKEHUM U1 ciydas
KYCOYHO-TJIAJJIKOH OPUEHTHUPOBAHHON T'PaHUIbl MOMEPEYHOr0 CEYEHUS. 3aKOHBI
COXPAHEHHUS Y€ JaBHO U IJIOJOTBOPHO HMCIONb3YHOTCS Ul PELIEHUS MHOTHUX
3a/lay MaTeMaTUKd U MexaHukd. KpaTkuii 0030p pe3ynbTaToOB U PEIICHHBIX 3a-
Ja4 U3 pa3HbIX 00JIacTell MEXaHUKU MOXKHO HalTH B [4—6].

[ToctanoBKa 3agaun

HYCTI) TXZ’TyZ — COAMHCTBCHHBIC HCHYJICBBIC KOMIIOHCHTBI TCH30pa HAIIP:A-
KeHUH. B ynpyroii 30He OHU YJIOBJICTBOPSIOT YPABHCHHIO PAaBHOBECHS
ot ot,,
Tz y 202 (10.1)
ox oy
U YPaBHCHHSIM
T —Ge(a—‘“— ) e (10.2)
Xz Ox Y| yz ay : .

3neck GyHKIUSA G\V(x, y) OnpeieNsAeT JICTUIaHAINIO MONEPEYHOTO CEUCHHUS,

0 — noctosiHHas; G — MOYJb YIPYTOCTH TIPU CIBHTE.
BBenem QyHKIMIO HanpsbKeHUs @ 10 popmyrie

_Op _ _ 09
=% T e (10.3)

TXZ
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TOTJa AJI1 ONIPENENIEHUs (P B YIIPYToi 00JacTH MOJy4YaeM YpaBHEHUE

9, 0 _

a, 10.4
ox? ayz ( )

rae a =—2G0O, — mocTosiHHAs!, HE paBHAS HYIIIO.

B mnactuueckoil 00j1acTH KOMIIOHEHTHI T, T IIOMHMO YpPaBHCHUA PaB-

xz> Vyz
HOBCCHUA YAOBJICTBOPAIOT YCIIOBUIO INIACTUIHOCTH

T T, =1, (10.5)

371€ech, Ul IPOCTOTHI NAJIbHEUIINX BBIYMCICHUH, TOCTOSTHHYIO TIaCTUYHO-
CTH CUMTAEM PABHOM E€IUHUIIE.
BBojis B 9T0 ypaBHEeHHE (DYHKITUIO HATIPSIKEHUS, TIOTydaeM

2 2
(Z_‘Pj {Z_‘Pj _1 (10.6)
X y

['pannunsie ycioBus. [Ipeanonoxum, uto O0OKOBasi HOBEPXHOCTH CBOOOAHA
y 0 =
OT HaNpsHKEHUH. DTO 03HAYAET, YTO a_(zp =0 — na xonrype I'. 3necp /= (l ,lz) —
KacarenpHasd K KOHTypy I'. Otcroaa noityyaem, 4to @ = const BI0JIb KOHTypa I
[Tockonbky I' 0IHOCBSI3HBIN KOHTYP, TO Tosaraem, uto @ =0 Ha I,

OKOHYATEIBHO MOJIyYaeM CIECAYIOUIYIO 3aauy:

B oGnactu orpaHndeHHON KpuBOW L HEOOXOAMMO PEIIUTh YPAaBHEHUE
o’¢ 0’
2.2 (10.7)
ox~ Oy

B obnactu orpanndennoi kpuBbimu L u I (T. €. B 061acTu turactuaHocty P)
GyHKUUS @ YIOBIETBOPSET YPABHEHUIO

2 2
(a—q)j + % =1. (10.8)
ox oy
Ha I nnst pyHKUIMA BBITOIHSIOTCS yCIIOBUS
¢=0 (10.9)
o op, 0@
—=0 wm —[+—1[,=0
ol ox ! oy g (10.10)

Ha rpaHuiie pasziena L GyHKIus HempepbIBHA.
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TpeOyercst HaliTU B ynpyrou M IUIaCTUYECKOW 00JIACTSIX, a Takke HaWTh
rpaHuily pasaena L.
Beenem obosnawenust ¢, =u, ¢,=v. Torga ypasxenus (10.7)—-(10.8)

IPUMYT BUJL
F=u,+v,—a=0. (10.11)

u +v2:1. (1012)

B cuty BBeZieHHBIX 0003HaYeHHI OYyIET BBIONHATHCS PABEHCTBO
Fy=u,—-v, =0. (10.13)

Onpenenenue. HazoBem BekTop (A, B) COXpaHSIOUUMCS TOKOM, JUIsl CUC-
tembl ypaBHenuit (10.11), (10.13), ecau BBIOJIHEHO COOTHOIIEHUE

0,A+0,B=AF +A,F,=0. (10.14)

3nech A,A, HEKOTOpbIE JTUHEHHbIE JU(PepeHIaTbHbIE ONIEPATOPHI.

DT0 o3Hauaer, yTo A QPYyHKUMH A U B cOpaBeyIMB 3aKOH COXpPaHEHUS
Ha Bcex pemieHusax cucremsl (10.11), (10.13)

0,A+0,B=0. (10.15)
3akoH coxpanenus (10.15) B cuny ypaBuenutii (10.9), (10.11) umeer Bua
A +Au, +Av, +B,+Bu,+By, =0
I, YYUTBIBAsSL, 9TO U, =d —V, U U, =V,,
A +A4a+Av,+B,+Byv. +By, =0.

W3 nocnegHero paBeHCTBa clieyeT, uTo GYHKIMH A U B yJOBIETBOPSIOT
ypaBHEHUSIM

A, +A4,a+B,=0, (10.16)
B,—4,=0, 4,+B,=0. (10.17)

(10.16)—~(10.17) — ypaBuenus Komu-Pumana.

PaccmoTrpum obnacte D ¢ rpanuneit ', mpu ycnoBuu, 4To 00JacTh Ijia-
CTUYHOCTH P TIOTHOCTHIO OXBaThIBaeT ymnpyryto 30Hy F . Ilycts I' — rmaakas
OpHEHTHUPOBAHHAs KpHUBas, T. €. HeNMpepwsiBHO AuddepeHmpyemas kpubas 0e3
0COOBIX TOYEK.

N3 3akona coxpanenus (10.15) cnenqyet, uro

| 1I> (0,4+0,B)dxdy=0. (10.18)
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N3 (10.18), ucnionwiys popmyny ['puHa, moinyyaem
$ Ady - Bax =0 (10.19)
r

Hama 3amaya HaiiTu Takyro 00iacTh F IpuHAJISKAIIYI0, BMECTE C €€ Tpa-
Hule L o6mactu D, B KOTOPOU BBIMOJIHSIETCS HEPABEHCTBO u? +1? (1.
[lycts A=ou+Bv, B=av—Pu+7, roraa

A =0 u+pB.v+Ppv, (10.20)
B, =a,v+av, —pu—Pu,+v,. (10.21)

Cornacho 3akony coxpanenus (10.15) nomyyaem paBeHCTBO
A +B, = u+au +Bv+pv +a v+ov, =B u—Pu,+y,=0, (10.21)

U3 KOTOPOTO CINEAYIOT YCIOBUS HA QYHKIMH O[3 U Y.

a, —B, =0,
B, +a,=0, (10.22)
aa+7y, =0.

PaccmoTpum nBa perienust cucteMsl ypaBuenui (10.22).
ITepBoe nmeer BUA

(XI: );_xo P Blz );_yo PR
(x=x0)" +(¥=w) (x=x0)" +(¥=»0)
. -~ (10.23)
1y — )
’ ("_)CO)2 +(y—y0)2
TOT A
v, =—a-arctgT—L. (10.24)
X — X
COOTBeTCTBeHHO BTOpO@ BO3bMEM B BH/IC
Y—=)o X=Xy
o, = s Bz = >
(x_x0)2+(y_y0)2 (x_x0)2+(y_y0)2
(10.25)
Vs, =—a Y=o ,

(x_x0)2 +(y=)
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TOT/AA Y, :—%-ln((x—xo)2 +(y—y0)2).
[lepenumem ypaBuenue (10.19) nis pyukuuit 4 u B:

(J‘DAdy—de:CJS(ocu +Bv)dy—(0w—Bu +y)dx:
r

r

= oa—=+p |vdy—| a B |ludx —Pydx =
oo o[

1

[, op l; op
=P| —a=+p |—dy—| a——B |—dx —Pydx =
C'E( ; Bj@y y ( 2 Bj&x x ??vx (10.26)

:CJS —ocll vdy — ocl—l dx—qudx+€ﬁﬁ£a—(pdy+a—@de=
a L / v r \Oy ox

2

=<j>ocudy—(av+y)dx =0.
T

Pa3zo6sem rpanuny I' Ha wactw, 1. e. I'=1'+1, +I;+1I,, rne I'; — ok-

PYXKHOCTB (x—x0)2 +(y—y0)2 = R*.

Puc. 5
Tornma
CﬁAdy — Bdx = Cﬁocudy —(av+y)dx = Cﬁocudy —(av+y)dx+ Cj)ocudy —
r r Iy I

10.27
—(ocv+y)dx+(j)ocudy—(ow+y)dx+(j>audy—(av+y)dx=O. ( )

F3 r4.
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O4EeBUIHO, YTO (ﬁ audy — (o +7y)dx + (j) audy —(av+7y)dx =0. C yuerom

Fz 1—‘4
sTOrO ycioBus ypaBuenue (10.25) npumer Buj

Cf)audy —(av+v)dx = —CJS audy — (o +7)dx

I's I

Brruncnum nHTErpa Cf), rae I’} — okpyxHOCTB paguyca R.

I
Ilycth

X — X, —
a=o, = 0 =, B=P = Y=o

(x_x0)2+(y_J’0)
Y =W
XX,

Y=Y, =—a-arctg

BBeneM nonspHyto cucreMy KOOpJAWHAT

X—x,=Rcoso,
Y=Y, = Rsine,
TOT1a
dx = Rsinpd o, cos sin
o= (P, B: (P’ ’y:—a(p.
dy = Rcospdo, R R

B pesynbrare Beruncnenui npu R — 0 noiyyum

Cﬁaudy—(av+y)dx = nu(xo,yo).
I

AHAJIOTUYHO NPH L. =0, B=B,, =7,

Cﬁaudy—(av+y)dx = Tcu(xo,yo).
[

B pesynbrate u3 (10.14) umeem

(j)ocludy—(oclv+y1)dx =1 (X9, Yy )
I3

Cﬁazudy —(a2v+ ¥,)dx = nu(xo,yo).
I3
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(10.31)

(10.32)
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3amaauM KpuByto ['; B mapaMeTpuyecKkoM BHIE:
x=f(t), y=o(r), 0<t<T, (10.36)

f '(t), (p'(t) COOTBETCTBEHHO MPOU3BOAHBIC DYHKIIHI [ (t) u (p(t).
Torna ¢ynkuuu u(xo,yo), v(xo,yo), u3 (10.28), (10.34) OynyT BbIUHC-
JSATHCSA N0 CIEAYIOIIMM (popMyam

()= () +(00)
u(xo,yo):%i \/(f(f) ) +(o(1)- yo) dt,
+af'(¢)arctg ((?) i‘;
(10.37)
A CORDN IR
v<x0,yo>:§1 J(f W He-n) |
2 0m((7(0) )+ (0(0)-50))

Jns mosrydeHus ATUX COOTHOIIEHUN HCIojiab3oBaHbl pemieHus (10.34) u
(10.35) cOOTBETCTBEHHO.
Tenepp BEIYUCIISIEM 3HAYEHUE BBIPAKEHUS

u? 417 (10.38)

B TOYKE (xo, yo). Te Touku, B koTopeix (10.38) GonbIie WK paBHO €IUHUIIE

MpUHAJIeKAT IJIACTUYECKON 00JlacTH, a Te B KOTOphIX BbIpaxkeHue (10.38)
MEHbIIIE €IUHUIBI — YIPYTOM.

Ha ocnoe ¢opmyn (10.34), (10.35) co3nanbl mporpaMmbl, KOTOPBIE TIO-
3BOJISIFOT € JIFOOOM TOYHOCTh CTPOUTH TNIACTUYECKHE U yIPYTrUe 001acTu B CKpY-
YHBAEMOM CTEpKHE.

Pemenue TecTOBBIX 3a7ay MOKa3ajo XOPOLIEe COBIAJECHUE C U3BECTHBIMU
pEIICHUSMU.

B kauecTBe mpumepa nmpuBEIEM HEKOTOPbIE YIPYro — IIACTUYECKHUE Tpa-
HUILIBI JIJIS Pa3HBIX KOHTYPOB. DTU pe3yJibTarhl npuHamiexar A. B. Konapuny
¥ aBTOpPaM CTaThHU.

11. Yopyro-mjiacTu4eckasi r(paHUIA B N3rudaeMoil KOHCOJIHM

PaccMOTprUM KOHCOJIb TOCTOSIHHOTO CEYEHUS, OTPAHUYEHHOTO0 KOHTYpoM [
KoHconbp HaxoauTCst O JEHCTBUEM COCPEIOTOYCHHON cribl P Ha cBOOOIHOM
KOHIIE MTapAJIICIIBHO ITIABHBIM OCSM.

121



[IycTp KOMIIOHEHTa TEH30pa HAIPSHKEHUU G, PACIpENENICHAa BIOJb OCH
KOHCOJIM KakK U B CIy4yae YUCTOro u3ruda

p (i - Z) X
o,=—""—".
[
IlycTh KOMIIOHEHTBI TEH30Pa HANPSIKEHUN TAKOBBI
6,=6,=0,,=0.

Torma ocraBmMECS KOMIIOHEHTHI TE€H30pa HAIPSIKEHHUM YIOBIETBOPSIOT

ypaBHEHUSM
ot ot
Ot Tz Ot TN PX (11.1)
0z 0z ox ox /

OO6wrunO ypaBHenus (11.1) 3aMeHsIFOT 1ByMsI YpaBHEHUSIMH COBMECTHOCTHU

V4
At =————, At _=0
Tz l(1+V)’ K

rae A — oneparop Jlamnaca; v — koaddunuent Ilyaccona. Ita cucrtema oObIy-
HO pelaercs noyryooparHsiM metoioMm CeH-Benana.

Puc. 6. Ynupyro miactudeckas rpaHuiia
B CEUYEHUU KOHCOIHN

3anumem cuctemy (11.1) B Tepmunax Bektopa aedopmanuii (u, v; w). dns
MOJTy4YEeHHOM CHCTEeMBI OyJIeT MOCTaBJIeHA KpaeBasl 3aja4a, 1 OHa OyAeT penieHa
C TIOMOIIBIO 3aKOHOB COXPaHEHUSI.

Ucnonszyst popmynbl (1.2) cBs3pIBarolMe KOMIIOHEHTHI TEH30pa Hamps-
KEHUH U TeH30pa aedopmaluii umeem
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ou ov
o, =re+2u—=0, o, =he+2u—=0,
x H@x y Ha

y
ow p(l - Z)
6. =Ae+2l—=—"—"—>=0,
z K Py 7 (11.2)
S P P e o It (PP I
rae A,u — kodddurnuentsr Jlame, e:a—1/t+@+8—w,rl,r2 UCKOMBbIE (YHKIIUU
ox oy Oz
oT X, .
N3 nepBbix Tpex ypaBHeHui (11.2) MbI moityyaem
ou ov ow
—=Axz+ Bx, —=A,xz+ B,x, — = A;xz + B;x, 11.3
o 5 T X =4 3 (11.3)

rZie IOCTOSIHHBIE A;, B, MOTYT OBITb JIETKO BBIPAKEHBI Yepes A, U, p, 1.
N3 ypaBHenutii (11.3) MbI mostygaem
3 3
Az” Byz

+B3xz+oa(x,y),u:——— 5 +(tl/u—0)x)z+U(x,y),
c

A3xz2
W =

v=(r2/p—wy)+V(x,y),

rae o,U,V uckomble GyHKIIUU.
U3 cootHowenns t,, =0 Haxoxum

%+%:(rly/u—mxy)z+Uy+(rzx/p—(oxy)+Vx=0.

CoOTHOIIIEHUS

Z_”:_(arlx /u—(oxx)z+Ux = Axz + Byx,
X

?:(arzy/p—ooyy)z+Uy = A,xz + B,x.

IIOACTABJISIEM B IIPEIBIAYIIEE YPABHEHUE, B PE3YJIBTATE MTOIYy4YaEM

P
u((oxx + Alx) + u((oyy + Azx) = —Tx.

[Ipeamonoxxum, 9To0 OOKOBasi TOBEPXHOCTh Opyca CBOOOJHA OT HAIpsKe-
HUN. DTO O3HAYAET, YTO
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Ty =Ty, = 0, (1 14)

rae (nl,nz) — BHELIHASA HOPMAJIb K KOHTYpY ['. MBI nipeamnonaraem, 4To miacTu-

YECKOe TCUCHHE HAUYMHACTCSI C BHEIIIHEH CTOPOHBI OOKOBOM IMMOBEPXHOCTU Opyca.
YcnoBue m1acTUYHOCTH Mu3eca B 3TOM Cily4ae UMEET BUL

RS 119

r7ie k — mocTosiHHas rmacTuyHocTu. Pemas cuctemy (11.4), (11.5) monyyaem

T =tmk, T, =EImk.

Xz

BriOupas B 3TUX COOTHOIICHUSX BEPXHUW 3HAK, MBI MOJIYyYaeM CIIEIYIO-
nryro 3agady. HeoOxonumo pemuTs ypaBHEHUE

O, + 0, =ax, (11.6)
IIpu cnenyromux ycinoBusix Ha [

Ax*

mk —

T2 (nyk — Ayxy) (11.7)
w. = , O)y = — .
K 3

3ameuanue. B cedenun Opyca ecTh JBE 30HBI IUIACTUYECKAs U YIpyras.
Ecnu B HEKOTOPO TOUYKE BBIIIOJIHEHO YCIOBHUE

2 2
T, + Tyz<1,

OnHa momnajgaer B ymnpyryr 30HY. OCTalbHbIE TOYKH, BKJIIOYAs TPAHHUILY
KOHTYypa I, mpuHamexar miacTu4eCcKou 30He.
CootHouienue B hopme

0,A+0,B=0, (11.8)

HazoseMm 3akoHoMm coxpanenus (11.8) nnsa ypaBuenus (11.6) ecnu ypaBHe-
Hue (11.8) BepHo i Bcex pemieHudt ypaBHenus (11.6). Ilycts coxpanstomuiics
TOK UMEET BUJ

A=a(x,y)o, +B(xy)o, +1(x),
B=0o!(x,y)o, +B' (x,y)0, +7' (x,7).
3 (11.6) u (11.8) MbI nosTydaem
a(a —coyy) +a,0, +Bo,, +B,0,+7, + a’lwxy +

1 1 1 1 (11.9)
+o,0, +fo, +Bo,+7,0.
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Cootnomenue (11.9) BepHo nns Bcex pemieHuid ypasHeHus (11.6), moarto-
My u3 (11.9) Mb1 umeem

o, —B, =0, B,+a,=0, aa+y,+v, =0. (11.10)

X

3akoH coxpanenust (11.8) MoxkeT ObITH 3amucaH ¢ MOMOIIBIO (POPMYIIBI
['puna cienyrommum o0pa3zom

I_(awx +Po, + Y)dy + (—Bcox +ow, + yl)dx =0.

PaccmoTpum nBa pemenust ypapHenut (11.10).
ITepBoe pelieHne BO3bMEM B BUE

ol = X=X, Bl = [
(X—x0)2+(y—y0)2 (X—x0)2+(y—y0)2
v, =0, Oclxa:—yly, y! = —ax-arctg Y~ Yo |
X — X,

Bropoe pemienue myctb 0yneT Takum

1 2
5, ¥y, =0, 0 xa=—y,.

OLI_ Y=o Blz_ X — Xy
2 2° 2
(x=x)" +(y =) (x=%) +(¥=)

Hcnonb3yst 3aKOH COXpaHEHHSI U MIPUMEHSISI €ro K KOHTYpY H300pakeHHO-
My Ha puC. 6, aHAJJOTUYHO MpeAbIaYyIeMy naparpady, Mbl OJIy4aeM

I(occox +Po, +y)dy —(—Bcox +oo, +y1)dx =

=— I (ow)x +Po, +y)dy —(—Bmx +0o, + yl)dx.

(x—xo )2 +(y—y0 )2 =R?

BrrancinyM BTOpOW MHTErpall I IEPBOTO U BTOPOTO PELICHUN YPaBHEHUS
(11.10), B pesynbrate mnomy4uM (OpMyJIBI O HAXOXKICHHA O, (xo, yo),

(Dy (XO » V0 )
Qopmynsl a8 ©, (xo, yo), o, (xo, yo) MO3BOJISIIOT HAWTH HANPsDKCHHOE
COCTOSHHUE B HpOHBBOJ’IBHOﬁ TOYKE (xo,yo). 910 O3Ha4YacT, 4TO MbI MOXEM IJIA

KKJIOM TOYKU 00JIACTH OMPENESIUTh B IJIACTUYECKOW WIIM YIPYTOW 30HE OHA
Haxoautes. M31m0KeHHbIN 3€Ch METOJ MO3BOJISIET MOCTPOUTH TPAHUILY MEKIY
YOPYroi U MJIACTUYECKON 30HaMU C JIF0OOM CTENEHbI0O TOYHOCTH Ha KOMITbIOTE-
pe. [IpenBapuTenbHble BBIYUCICHUS TOATBEPKAAIOT 3TOT BBIBO/IL.
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12. Yopyro-miacTru4eckas rpaHuna
nJis1 00J1acTel 00JBIIUX Pa3MepPOB

B »ToMm maparpade MbI orpaHnunMcs 00JacTSIMH, TPaHUIA KOTOPBIX TIaf-
Kasi BBIIYKJIas KPUBasl.
PaccMmoTpum 001acTh OrpaHMYE€HHYIO KOHTYpOM [’

Puc. 7

[Tycts Ha I' 3amanbl rpanuyHblie ycioBus Buaa (1.5). 3aech oHM 3anumryT-
sl Tak

o l+1,m=X, 1 l+c,m=Y, (12.1)

Kpome Toro npeamnonoxum, yto Harpy3ku (12.1) Ha rpaHune TakoBbl, YTO
BCSI TPaHUIla U OJU3JICKANIINE TOUYKH 00JACTU HAXOASATCS B IIACTHYECKOM CO-
crostHuM. Torma MOXHO BBECTH TIEpEeMEHHBIE G,0 10 cieayomuM Gopmyiam

G, =6 —kcos26, o, =0+ kcos20, rxy:ksin29. (12.2)
B stom ciydae ycnoBus (12.1) 3anumryTcst Tak
(G—kcos29)l + ksin20m :}, ksin20/ + (G+ kcosZG)m =Y.
OTH yCI0BHSI MOKHO 3aIlMCaTh B CISAYIONIEM BUIC
G=X.,0=Y. (12.3)

Tem cambiMm Ha rpanune I' Mbl umeem 3agady Komm B mactudeckoil 00-
nactu. Pemrast oty 3amauy o gopmynam m. 9 Brons [ momyyaem gBa cemericTBa
XapaKTEPUCTHK.




JI71st 3TUX XapaKTepUCTUK CTPOUM OTrHOaroilyo L (JUHUIO BO3BpaTa). JTa
orubaromas (JIMHUS BO3BpaTa) U Oy/leT UCKOMOM YIpYro-IulacTUYecKO IpaHu-
neil. Terneps HOCTaTOYHO PELINTh YNPYTyH 3aJady BHYTpU OOJacTH OrpaHu-
YEHHOW KpUBOW L W ynpyro-IuiacTudeckas 3ajada OyaeT MOJHOCThIO pelIeHa.

Tenepp MOxHO nocTaBuUTh 3anadyy Komm Juisi cHCTEMBI IUIACTUYHOCTH
(9.1)-9.2).

[Iycts Ha yactu rpaHuyHOi JuHUM ', KOTOpYyr0 0003HauuM SP 3a1aHbl
HayvaJbHbIC JaHHBIE!

ol.,=0,, 0., =6, (12.4)

sp sp

10

€0

Y

Puc. 9. 3amaua Komm

Beiyctum xapakrtepucTuky PR :m, =const U3 TOYKH P U XapaKTepUCTH-
Ky RS:§,=const u3 HekoTopoil Touku S . Toraa pemenue 3anaun Kommn orm-

pezesieHo B KpUBOJIUHENHHOM Tpeyroiabauke ASPR (puc. 9).
Takum 00pazoM, HEOOXOIMMO ONPEJENIUTh KOOPAUHATHI TOUYKH R mepece-
YEHUS! XapaKTePUCTUK. 3Hasi KOOPIUHATHI TOUKH R(xR, yR) M 3HadyeHus &, n,

OTIpeIeNIUM B Hell 3HaueHue QyHKIUN G,0 .

3anumeM HHTErpail Mo 3aMKHYTOMY KOHTYpy SPR. Hcnoib3ysi cOOTHO-
menue (9.3) B Teopeme CTokca JJisl TIIOCKOCTH [3], 3aKir04aeM, 4TO 3TOT UHTE-
rpaJl paBeH HYJIIO:

IDdx—Cdy:I + I + I =0.

SPR SP PRm=n RS:E=E
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1. JIns KOOpAMHATEL X, UMEEM:

| Ddx—Cdy = j(D cdyjd

SPR SPR dx
HTerpansl I u I GepyTCs MO YaCTAM:
PRM=g  RSEZ
J.(D—Cd—yjd = I D + Cctgb)dx = dex xw‘x_xR I
PR dx PR a

_[ (D—CQJd = _[ (D —Cctgd)dx = I Qdx :x(pijfe — J x—(Pdn.
dx RS RS

[Tonaras ¢ =1, y =0,n01y4uM rpaHUYHBIC yCIOBHUsS Mg cuctemsl (9.10)
BUJIA:
(p‘RS =1, )y, =0 (12.5)

HpI/I TAKUX T'PAaHUYHBIX YCJIOBHAX, OKOHYATCIBHOC BBIPAKCHUC JIA KOOP-
AUHAThl Xp IIPUHUMACT BU:

I Ddx — Cdy = J (Ddx — Cdy) + xw‘j:iR + X j:;cs =0,
SPR SP g :

= j (Ddx — Cdy) + Xy .
SP

(12.6)

2. AHAJIOTUYHO, ISl KOOPJAUHATEL ), UMEEM:

[ Dax-cay= | [Dd—y—c]dy

SPR SPR
WuTerpaisl I u '[ OepyTcs MO YacTsIM:
PRM=ng  RSE=E,
(oG-
pr\ X
dy Y=Yr
D+ Cctgb 0
[ | P =2 +fya—(%Jd@
. Ctg pr—Ct8 ctgd _,,  pr g\ ctg

(D__cjd jD Ctged [0 g 20|
s 180 tgo

g ) J 6n(tg9j
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[Tomaras @ =tgb, y =0, moIyYnM TpaHUYHBIC YCIOBUS JJII CHUCTEMBI
(9.10) Buma

!

_ n_(t:O 0
(P‘RS_tg y W‘PR_O' (12.7)

HpI/I TAaKUX I'PAHUYHBIX YCJIOBHAX, OKOHYATCIBHOC BBIPAKCHUC TJIA KOOP-
AUHAaThl yp IIPUHUMACT BUJ

Y=y Yy=rs

R
L)

_ b d
_[ Ddx — Cdy = I(Ddx—Cdy)+— 20

SPR SP Ctg 0

y=yp Y=YR (12.8)
Yp = J (Ddx— Cdy) +yS'.
SP

Ocraetcst Tonbko pemutsh 3aaaun (9.10), (12.5) u (9.10), (12.7). O1u 3ana-
YM ISl CACTEMBI MOKHO CBECTH K CIIEIYIOLIUM 3a/a4aM JJIsl OJHOTO ypaBHEHUS
(9.11). A umeHHO, yYHUTBIBas, YTO O, CBS3aHbI C PYHKIMEH p TaK:

o=—P __2. 09 (12.9)

cosO V= sineﬁ_i ’

MOJIyYUM 3aJa4H:

o*p Py
otom 4
, (12.10)
p| :cosn_io % =0
&80 2 ok
n=ng
u
o°p Py
otom 4
. (12.11)
p| _sinN=% Pl _
&=&o 2 7 oE
n=no

OOmumM pemenreM nepsoit 3anauu (12.11) (Juist KOOpAMHATEL X ) SIBIAETCS
byHKIUSA

p=p, (&)= 1o (E=E)) (11, Joos =2 -
. : (12.12)

- J I, (\/(ﬁ —&y)(n- r))sin%dr )

Mo
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IpUYEM

0 1 — _
e ) [

_%Tll(\/(g_io)(n_r))\/g:;z Sint_zgo dt

Mo

(12.13)

Pemennem Bropoit 3agauu (12.11) (Juist KoOpAUHATBL ) ) ABIIETCS QyHK-

s
p=pa (&)= (E- 50 (n—ny) Jsin =2 4
0 L (12.14)
+%ﬁ|;10(\/(i—§o)(n —t))cos%dr ,
pu4eM
%:lsinno—_go[ (\/(Z‘,—ﬁ )(n_n )) nN—"Ny +
S
(12.15)

n

v | 1(JE=E)m-7) 1 cosT=50 41

Mo

Bo Bcex pemenusax pynkuus /[, sBisgercsa GpyHkuueit beccens nepsoro tu-

11a MHMMOTI'O apryMeHTa, [ (O) =1, 1, (O) =0.
OyHKIUU @,y BOCCTaHaBiIMBalTCs 1o (popmynam (4.16). 3 cooTHOLIE-
Huii (9.11) onpenenum KOMIIOHEHTHI 3aKOHOB COXPaHECHUSL:

D= ytgl + ectgO
tg0 + ctgb

__ V-0
tgo + ctgd

= ysin’ 0+ @cos’ 6,
(12.16)
=(y —@)sinBcosb.

[ToncraBnss Hatinenusie C u D B (12.6) u B (12.7), onpeaenum KOOpau-
HaThl TOuku R. Takum oOpaszom, 3amaya Komm ajisi cucteMbl MIACTUYHOCTH
(9.1), (9.26) ¢ nayanbHbIMU JaHHBIMU (12.4) TOJHOCTHIO U KOHCTPYKTHUBHO pe-
HICHA.
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13. IlocTpoeHue ynpyro-mjiacCTH4ecCKoOi rpaHuubl
JJISl CTePsKHEH NMPOKATHBIX NpoduJien

D -
E Yl -/

Puc. 10. Yopyro-muiactuueckue rpaHuIbl
JUTSL CTEPIKHS TIPSIMOYTOJIBHOTO
MIOTIEPEYHOTO CEUCHHS:

1) a=1.6; 2)a=1.8; 3) a=2

A

Y
H G
F E
é p
A B

Puc. 12. Ynpyro-nnactuueckre rpaHuLibl
JUISL CTEPIKHS CEUeHMSI TUTIA TaBp:
1) a=1; 2)a=1.3

Puc. 11. Yopyro-miactuueckue rpaHUIIbI
JUTSL CTEPIKHS KPeCTOOOpa3HOTro
MOTIEPEYHOI0 CEUEHUS:

1) a=0.6; 2)a=0.7

Puc. 13. Ynpyro-mnactuueckue rpaHuiibl
JUISL CTEPIKHS CEYeHMsI TUTIA IIBeJUIep:
1) a=0.5; 2)a=0.7
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WNuctutyT matemaTuku u Mmexanuku umenn H. U. JloGaueBckoro
Kazanckoro peaepanbHOr0 yHUBEpCUTETA,
Poccuiickas @enepanus, 420008, Kazans, yiu. Kpemnesckas, 1. 35
E-mail: Vladimir.Chugunov(@ksu.ru

MHnozcue sadxcuvie guzuueckue npoyeccsyl, C6A3aHHblE C OBUNCEHUEM CIIIOUL-
HOU Cpeobl U XapaKmepusynujuecs Maiocmvpio OMHOWEHUS XapaAKmepHo20 ep-
MUKATILHO20 Macuimaba K XapakmepHoMy pazmepy no 20pU30HmMAaIu Mooeu-
PYIOMCA YpasHeHUaMUu «menxou 600wy (MB).. Hanpumep, makue aenenusi Kax
CX00 JIA8UH, OBUMCEHUE MOHKUX CI0€8 2PAHYIUPOBAHHLIX MAMeEpPUaio8 OnUcCyl-
saromcs, uawe 6cezo, mooenvio Xymmepa-Casaodoca. Cucmema ypagHeHul,
Jlexcawias 8 0CHoge Mol MoOenu, npeocmasinem MoOUuPUKayuro ypasHeHull
MB. Jlpyeum 6adsxCcHulM NPUPOOHBIM sGNIeHUeM, C MOYKU 3peHusl obecnedeHus
HCU3HEOeAMENbHOCMU HACENIeHHBIX NYHKIMOS, PACHON0NCEHHbIX 6 NPUOPEHCHBIX
30HAX, A61Aemcsi pACHPOCMPAHEHUEe N0 NOBEPXHOCMU 8000eMO8 ONUHHOBOIHO-
8bIX BOJIH. [leticmeumenbHo cpeou CIMUXULUHbIX 6€0CmEuULl 00HO U3 Nepeblx Mecm
8 Mupe 3aHuUMarom HagooHenus. Mopckue HagoOHeHUs 6bl3bl8AIOMC pPA3IUY-
HOIMU NPUYUHAMU. NPOXOHCOEHUEeM 2N1YOOKUX YUKIOHO8, NOOBOOHLIMU 3eMile-
MPACEHUAMU, U3BEPHCEHUAMU NOOBOOHLIX 8YAKaHO8. llocneOHue, na nosepxHo-
CMu OKeano8 u Mopelti, 8bi3b18a0Mm 00pa308anue 01H, OIUHA KOMOPLIX HAMHO20
Oonbute 21YOUHbL COOMBEMCMEYIOWUX 8000eM08. Taxue 8onHblI NOLYYULU HA36A-
Hue «Llynamuy, om SANOHCKUX CN08 Yy — 2A6AHb U HAMU — 80HA. Amnaumyoa
6011 «L[ynamu» 6 omxpvimom oxeane neseauxa om I mempa oo 20-30 mempos,
a ux OauHa docmueaem COMHU KULOMEMPO8 U 3HAYUMEIbHO npesbluiaem 2nyou-
HY OKeaHa, kKomopas umeem nopsaook 4 km. Ilpu nooxode makoti 801Hbl K bepe2y
CKOPOCHb ee 08UdCEeHUs naoaem, a amniumyoa pe3ko 8o3pacmaent, Ymo 6 Ko-
HEYHOM Umoze NPUuBOOUM K paspyueHuio pasiuiHo2o pood coopydiceHuli 8 bepe-
2060U 30He U K ee 3amonnenuro. Cre0o8amenbHo, ¢ MOYKU 3PEHUs. HOPMATbHOU
JHCU3HEOeAMENbHOCMbIO NPUMOPCKUX 20p0008, NOPMOE U Oe30MKA3HOU padonul
2UOPOMEXHUYECKUX COOPYHCEHULL BANHCHO YMEMb NPOSHO3UPOBAMb CHeNneHb 803-
Oeucmsusi 8onH «Llynamuy na npubpedxcnyro 30mny. Takot npocHo3 modcem
ObLIMb OCYWecmeieH Memooamu MamemamuiecKko2o Mooeruposanus nPpoyeccos
pacnpocmpanenus u Hakama 801H «L{ynamuy na bepee. Bviuwe onucanmvie oco-
OeHHOCMU OAHHO20 ABIEHUS NPUBOOSIM K MOMY, YUMO 8 Kauecmeae mamemamuye-
CKOU MoOenu UCNONb3YIomcs ypasHeHus MB.
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Cnedyem ommemums, umo ypaguenus MB omuocamca Kk knaccy HenuHeu-
HbIX YPAGHEHUL 6 YAaCHMHbIX NPOU3BOOHLIX U UX peuieHue 8 oOweMm uoe 803-
MOJICHO UMb HA OCHOBE YUCIEHHbIX Memo0o8. OOHaKo unmepec K anaiumude-
CKUM Memooam He ocllabesaem. Mo CA3AHO C meM, Ymo aHaIumuiecKue me-
MOoObl NO36OJIAAIOM OYEHUMb KAYeCmEeHHOe NOGeoeHuUe U3yiaemo2o obveKma,
BCKPbIMb €20 OCHOBHblIE 0CODEHHOCMU, He npube2as K MHO20UUCTIEHHbIM 8bIUlUC-
nenusam. Kpome moeo, ananumuueckue peuwieHusi 4acmo cryiHcam eOUuHCmeEeH-
HbIM 000CHOB8AHUEM NPUMEHUMOCIU MO20 UIU UHO20 YUCTIEHHO20 Al20pUmMA.

OcHosHOUl yenvlo Hacmosweu pabomvl 5615emcsi NOJyYeHUue MOUHbIX
U NpUOIUNCEHHO-AHATUMUYECKUX peuleHull ypaeHeHuti MB npumenumenvho
K 8bILUEONUCAHHBIM NPUPOOHBIM SABTEHUSIM.

Knrouesvle cnosa: ypasnenusimu menxot 600vl, MOYHbIX U NPUOTUNCEHHO-
ananumuyecKue peueHus, puzuieckas unmepnpemayus peueHull.

EXACT AND APPROXIMATE SOLUTIONS OF ONE-DIMENSIONAL
EQUATION OF THE “SHALLOW WATER” AND THEIR PHYSICAL
INTERPRETATION

V. A. Chugunov

Institute of Mathematics and Mechanics named after N. I. Lobachevsky
Kazan Federal University,
35, Kremlin str., Kazan, 420008, Russian Federation.
E-mail: Vladimir.Chugunov(@ksu.ru

Many important physical processes associated with the motion of a
continuous medium, and characterized by the smallness of the ratio of the
characteristic vertical scale to the characteristic size of the horizontal modeling
equations "shallow water” (CF). For example, phenomena such as avalanches,
the movement of thin layers of granular materials are described, often modeled
Hutter-Savage. The system of equations underlying the model, a modification of
the equations of CF. Another important natural phenomenon from the
perspective of the life support of the settlements located in coastal areas, is
spread over the surface waters of long-wavelength waves. Indeed of natural
disasters is one of the first places in the world occupy the flood. Sea floods
caused by various factors: the passage of deep cyclones, underwater
earthquakes, eruptions of underwater volcanoes. The latter, on the surface of
oceans and seas, cause the formation of waves whose length is much greater
than the depth of the water body. Such waves are called “Tsunami”, from the
Japanese words tsu — harbor and us — wave. The amplitude of the waves
“Tsunami” in the open ocean is small from I meter up to 20-30 meters, and
their length is hundreds of kilometers and significantly greater than the depth of
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the ocean, which is of the order of 4 km. With the approach of such a wave to
the shore its velocity decreases and the amplitude increases dramatically, which
ultimately leads to the destruction of various types of structures in the coastal
zone and its flooding. Therefore, from the point of view of normal life activity of
coastal cities, ports, and reliable operation of hydraulic structures it is
important to be able to predict the impact of the waves “Tsunami” on the
coastal zone. This forecast can be done by means of mathematical modeling of
the propagation of waves rolling and “Tsunami” on the shore. The above
described features of this phenomenon leads to the fact that as a mathematical
model equations are used CF.

It should be noted that the equation MV belong to a class of nonlinear
partial differential equations and their solution in the general form is possible
only on the basis of numerical methods. However, interest in analytical methods
unabated. This is due to the fact that analytical methods allow us to estimate the
qualitative behavior of the object under study, to reveal its main features
without resorting to numerous calculations. In addition, analytical solutions are
often the only justification for the applicability of a numerical algorithm.

The main purpose of this paper is to provide exact and approximate
analytical solutions of CF in relation to the above natural events.

Keywords: shallow water equations, exact and approximate analytical
solutions, physical interpretation of the solutions.

1. Cummerpuu ogHOMEpHBIX ypaBHennid MB

PaccmoTpum onmHOMEpHYIO cucTemMy ypaBHeHUMH MB, 3anncaHHyro B cie-
IYIOIEM BUJE

@+ G(uﬁh) _o;

o ox (1)
ou _ou oh

—+tu—++ B—A =0.

ot ox ox

Kak npaBuito, 4 — TOJIIMHA JBUKYIIETOCS CIIOS; 1 — CPEIHSS TI0 CEUCHUIO
CJIOSl CKOPOCTb; ¢ — BpeMsl; X — MPOCTPAHCTBEHHAsI KOOPIMHATA.

MeTonamu Ki1accCHuecKoro rpymroBoro ananusa [7; 8] 0b110 10Ka3aHo cre-
NyIOIIee YTBEPKACHUE.

Teopema 1. Cucrema nuddepeHumnansHeix ypaBHenuii (1) gomyckaet 6ec-
KOHEYHOMEepHYyI0 anreOpy JIu mHUHHTE3UMaIbHBIX ONEPATOPOB, COOTBETCT-
BYIOIIIMX TpyIIaM peoOpa3oBaHuid, CTPYKTypa KOTOpOU omnpeensercs Gopmy-
noit Ly ® L, rae anrebpa Ly 3amaeTcsa 6a3ucom

0 0 o _0

X

Xl =
ot
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0 0 .0 0 0

ox oh ou ox ou
a anrebpa L, ompenensercsa OAHUM 0a3UCHBIM OIEepaTOpoOM BUA
0 0
X =Zu,h)—+T(u,h)—. 4
w =2Z(u,h) P (u,h) Py 4)

3neck bynkuuu Z(u,h), T(u,h) onpenensroTcst TMHEHHBIMUA yPaBHEHUSIMU:

OTMeTHM, YTO HEMOJHAs CUCTeMa 0a3MCHBIX OMEPATOPOB ISl YpaBHEHUU
(1) 6p11a panee mpuBeaeHa B padote [9].

B pa6orax [10; 11] 6pu11 moapoOHO MCCAE0BAHBI PAa3IMUHbIC THUITHI HHBA-
PUAHTHBIX pelieHui cucteMsl (1), ¢ MOMOIIBbIO KOTOPBIX PElieH P pu3nuecku
WHTEpECHBbIX 3a1a4. Tak, Hanpumep, nokazaHo [10], pemenue 3amauu o pacnazae
paspeiBa ajsi cuctemsbl (1) omucbiBaeTcss YaCTUYHO MHBAPUAHTHBIM PEIICHUEM
OTHOCHTEJILHO oneparopa X, U UMeeT BUJ

h:L(zﬂ_f—sz
9B Oy )7

X <X <Xy, (5)

i =2B(hy —h),

h=hy,u=0, Xx<Xx,

rac ho,f — Ha4daJIbHasd TOJIIHNHA CJI0A, HAYAJIbHOC ITOJIOKCHUC pa3pbiBa COOTBCT-
CTBCHHO, d ITOABH)KHBIC I'PAHUIIBI )?*,)?0 OIIPCACIIAOTCA PABCHCTBAMU

Xe={—(Bhyt, (6)
Xo=L+2Bhyt. (7)

[TonyueHHOE pellIeHre MOXKHO TPAKTOBaTh KaK pacChIMaHUE CIIOSl TpaHyJIH-
pOBaHHOTO MaTepuana Oe3 yuera TpeHus. Ha mpakTuke, mpu HCCIIEIOBAHUHU
npoliecca JBUKEHHUS ChIITyuYUX MaTepHalIoB (CX0/a JIJaBUH B TOM YHUCJIE) HATU4YHe
TPEHUS UTPAET CYIIECTBEHHYIO POJb U HEOOXOAUMO B MOJICNIM YUUTHIBATH ATOT
addext, uTo U gemaer mouenb Xyrrepa—Casamxka [2]. Kak yxe oTmedanocsh,
npu omnpenesneHHbix yciaoBusix [10; 11], ata Moaenb, myTeM HEBBIPOKICHHOM
3aMeHBI TIEpEeMEHHbIX, cBoAUTCS K cucteMe (1). Eciu k pemenuto (5)—(7) mpu-
MEHUTh 00paTHOE MpeoOpa3oBaHKUE, TO CBOMCTBO OBITh PEIICHHMEM COOTBETCT-
BYIOIIIEW CUCTEMBbI YpaBHEHUM COXPAHSIETCS, a YCIOBUE HA TPAHUIE X. Hapylla-
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eTcsl, TO ecTh mpeoOpazoBanHoe pemieHue (5)—(7) nepecraer ObIThH pelICHUEM
3aJlauM 0 pacrnaje pa3pbiBa g Mojaenu Xyrrepa—Capajxa.

JlJis TOCTpOCHHST PEIICHHUs 3a]aud BBIIICYKAa3aHHON 3a7]a49i BOCIIOIb3YEeM-
csi TeM (haKToM, BBITEKAIOIIUM U3 Teopembl 1, uto cucrema (1) momyckaer Oec-
KOHEYHOMEpHYI0 anredpy Jlu, 3a cyer oneparopa X, a cJIeI0BaTEIbHO, MOXKET

ObITh TUHEapu3oBaHa. OYeBUIHO, 3TO OYJIET CIPaBEUIMBO U IS BBIICYTIOMSI-
HyTOM Mozenu. CienyeT OTMETUTh, YTO MPOLIECC HATEKaHUs JJIMHHOBOJHOBOM
BOJIHBI Ha Oeper BojoeMa MOJECIUPYETCS CUCTEMOW ypaBHEHH, KOTOpasl mpH
oTpe/ielICHHBIX YCIOBUAX Mmogo0Ha monenu Xyrrepa—CaBajxka, a ciel0BaTelb-
HO, MOKET OBITh JIUHEAPHU30BaHA.

[TocTpoeHuto perieHus: 3aja4yu O pacnaje pa3pbiBa ¢ yUeTOM TPEHUs IO-
CBAILIEH BTOpOI maparpad, a pelieHus, ONUCHIBAIOIINE MPOLecC HaKaTa JJINH-
HOBOJIHOBBIX BOJIH Ha Oeper BoJ0eMa, pacCMaTPUBAIOTCA B TpeTheM maparpade
JTaHHOW PaOOTHI.

2. 3ajgaua o pacnajae pa3pbiBa mojaeau Xyrrepa—CaBaaxa

BriBon ypaBHenmit Xytrepa—CaBamka MOXXHO HalWTtu B pabotax [2; 3].
B onHomepHOM (110 MPOCTPAHCTBY) ClAydae ATH YpaBHEHUsSI MPUOOPETAIOT cJie-
JYFOIIIAN BU]T
Oh O(uh) . Ou  Ou u

Oh
—+ 0; —+u—+KcosCg—=cosl| tanl —A— |g, 8
o o o o e ] S

riae A =tand, g — yckopenune cBoboaHoro manenus; K = K(0,¢) — koadduru-
€HT, 3aBUCSIIHNN OT BHYTPEHHETO TPEHUSI CPEbl U OT TPEHUS O MOACTUIIAIOIILYIO
MOBEPXHOCTh, O,(0,C — YroJ CyXOro TPEeHHs, YroJl BHYTPEHHEro TPEHHS, yToJ
HAKJIOHA MOACTWJIAIOIIEH MOBEPXHOCTU. [[JISI KIIACCHYECKOM 3aJayu O pacraje
paspeiBa C =0. B nanpHelinieM AJisi TPOCTOTHI pacCy X AeHUN OyJeT pacCMOTpEH
MIMEHHO 3TOT CIIyYau.

[lepexons k Oe3pa3MepHBIM BETMYMHAM, BBEJAEM BEPTUKAIbHBIA MapameTp
MacITabupOBaHus /iy, XapaKTepU3YIOUUH HAYaIbHYIO TOJIMIMHY CJIOS, 3aIHUIIEM

_ K 1 |hK

x=——X, t=—_[—7, u=/ghy KU, h=hyH . )
A A\ g

B pesynprare nonydaem

%Hﬁgf):o; 1>0,—00< X <00,
T
(10)
aU+U8U+8H=—£,r>0,—oo<)(<oo.
ot X ox U
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Od4eBUHO, YTO IJIsI pacCMaTpUBAaeMOW 3a7a4yl HAYaJIbHBIMHU YCIOBUSIMH
115t cuctemsl (10) OyayT

H(X,0)=1, X e(-»,0], H(X,0)=0, X (0,00],

(11)
U(X,0)=0, X e (—oo,oo).

3amMeTuM, 4TO Ka4eCTBEHHOE MOBEJICHUE PEIICHUs pacCMaTpUBaeMoil 3a1a-
4y, 0COOCHHO B HaYaJlbHbIE MOMEHTBHI BPEMEHH, AOJKHO COBIIQJaTh C aHAJIO-
TUYHOM 3a/aue 0e3 yuera TpeHUsl U pacCMOTPEHHOU B iepBom naparpade. [lo-
ATOMY MOXHO TpeAroJiaratb, 4TO U B ATOM CJIydae BO3HHMKAIOT JBa (poHTa:
NpaBblil (PPOHT HYJIEBOM TOJILMHBEI — X, U JIEBBIM ()POHT HYJIEBOM CKOPOCTH —

X . SIcHO, 4TO ISl pelleHHs] TOCTABICHHOW 3aJa4yd JIOCTaTOYHO HAaWTH (PyHK-
unu H n U B untepBasie X € [X*,X 0], a Taroke BenuuuHel X« u X, . U3 Qpusn-

Yyeckux coobOpaxeHuit acHo, yto U > 0. CrnenoBaTenbHO, MpaBasi 4aCTh BTOPOTO
ypaBHeHus cucteMsl (10) Oynet paBHa —1. B 3ToM ciydae, kak yxe 0TMeuYaaoch
B IIepBOM maparpade, 3aMeHa U=U+1t, X=X-057 npuBoauT cucremy (10)
K ypaBHeHUsM (1). Takum oOpa3oM, CTAHOBUTCSI OYEBUIHBIM BO3MOXKHOCTb HUC-
M0JIb30BaHUSl PE3yJIbTATOB MEPBOro maparpada U AJs JIMHEApU3aAlUU CUCTEMBI
(10) MOKHO BOCTIOJIB30BAThCS MPEOOPA30BAHUEM, KOTOPOE MPUBEACHO B padboTe
[10] u cmenyer u3 Teopemsbl 1. OgHAKO B 3TOM Cilly4yae, B HOBBIX IEPEMEHHBIX,
JIOBOJIBHO TPYAHO CPOPMYJIUPOBATH YCIOBHSI, B KOTOpbIE NEpEeHIyT HauaIbHbIE
nanubie (11). C aToil Touku 3peHust 6oaee 3(p(PEKTUBHBIMU OKa3bIBAKOTCS Ipe-
o0OpasoBanusi, MpeJIoKeHHbIe B pabore [12] ayist TuHeapu3anuu ypaBHEHUM, CO-
CTaBJSIOIIMX MAaTEMaTUYECKYyI0 MOJENb IpOllecca HakKaTa JJIMHHOBOJHOBBIX
BOJIH Ha Oeper Bojgoema. Utak, B paccMmarpuBaemoil cucteme ypaBHeHuid (10)
IIPOU3BEIEM 3aMEHY

H=-X+n.(12)

IIpu sTom cucrema (10) mpuBOIUTCS K BHIY, B KOTOPOM IpaBble YacTH
o0oux ypaBHeHul paBHbI 0:

i, aWM-X) _,
ot oX

oU +U8U N on _
ot oX oX

T>0,—0< X <o,

(13)

0, >0,—0< X <oo.

I[EUILHCI\/’IHII/IC HpGO6p330BaHI/I}I MMPOBOIATCA IIPpU ITOMOIIH BBCACHUS HOBBIX
KOOpI[I/IHaT BHAA4:
f=t+U,g=n-X. (14)
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[anee npousseneM 3aMeHy
\y=n+0,5U2, Gz\/g. (15)

Cnenyer 3ametuth, uto ¢ ydyetom (12), (14) u (15) moxHO 3amu-
catb 6> = H . Hanee, nockonbky H >0, G sBJISIETCS BEIIECTBEHHBIM MapameT-
pom u u3 ycnoBuit (11) BeiTekaet, uto0 < ¢ <1. OueBnaHo, uT0 6 =0 COOTBET-
CTBYyeT npaBoMy (PppoHTy, a G =1 — neBomy pponry. [IpeodbpazoBanus (14), (15)
MPUBOJSAT K CUCTEME

~U; + ‘V%G =0, —(c’U),+20y; =0.

Uckmouenne U U3 3TOW CHCTEMBI MO3BOJSAET CHOPMYITUPOBATH CIIETYFO-
1iee ypaBHEHUE

4y-c—(oy, ), =0, >0, 0<o<l.

Hanee MmoxxHo 3anucath [12]:
2
y=n+0507 =g, U=Te, nch,—ng:z. (16)

[IyreM mnpocTOil MOJCTAaHOBKM HETPYAHO YOEIHUTHCS, 4YTO (PYHKUUA O
YIOBJIETBOPSIET TOMY € YPaBHEHHIO, YTO U QYHKIUS

49p-6—(09,), =0, >0, 0<o<l. (17)

VYpasuenue (17) npeacrasiser co00il ypaBHEHHE B YACTHBIX MTPOU3BOAHBIX
BTOPOTO TOPSAKA, U JUIsI HAXOXKICHHUS €IWHCTBEHHOTO PEHICHUS HEOOXOIUMO
BBECTH HadalbHbIe YCI0BUS npH [ =0 W rpaHuuHble ycuoBus npu =0 u

c =1. C yuetom (16), HauanbHBIC YCIOBUS MOXKHO 3aMMCaTh TaK:

¢(c,0) = P(0), ¢;(c,0)=F (o), (18)
Tac

P(c) = TZG’U(G’,O)dG', F(o)=1(0,0)+0,5U%(c,0). (19)
0

PaBenctBa (16) u ycinoBus Ha rpaHuniax X. U X, O3BOJISIIOT 3aIIKCaTh:
p<xo, 0<o<l, (20)
¢, =0, o=L (21)

Taxum o6pazom, perenne 3agaun (10)—(11) cBoaMTCS K pelIEHUIO ypaBHe-
Hus (17) ¢ navanbabiMu yciaoBusiMu (18) u rpanuunbiMu yenoBusmu (20), (21).
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3ameTuM, 4TO paccMaTprBaeMas 3ajilauya XapaKTepU3yeTcsl OTCYyTCTBUEM JIBHKe-
HUS MaTepHalia B Ha4YaJlbHbIA MOMEHT BpeMeHUu — ycioBus (11), u, nanee, yuu-
ThIBasi (popMy cliosl B BUJE «CTYNEHBKN», paBeHcTBaM (19) MokHO npuaath clie-

JIYIOIIUN BU:
P(c)=0, F(o)=0c". (22)

Hns pemenus 3amauu (17), (18), (20)—~(22) npuMeHUM UHTETpajbHOE TIpe-
obpazoBanue Oypre—beccens:

1
o(p.1) = [ oy (po)p(c,)do. (23)
0
I[Ipu 5ToM pyrKkMs @(c,7 ) BoccTaHaBIMBaeTcs (GOPMyYIIOL

o(0,1) = 22 "’("(k’ (010), (24)
k

3necy Jy(x) — ¢yskuus beccens mepBoro poaa HyJIEBOro IMOPSIKA,
a p, YAOBJIETBOPSET YPaBHEHUIO

Ji(pp) =0, (25)

rae J,(x) — ynkuus beccens nepBoro poaa nepBoro nopsika.
ITocne HECTIOKHBIX TPEOOPa30BAHUN HAXOAUM

4J,(p;) . Pk?
3 sin )

é(pka?): 2

P

[ToncraBiss 3T0 BeIpaxkeHHE B opMyiry (24), moirydaeM UCKOMBIN ITOTEH-
uuan ¢(c,t):

Jo(p G) [Pk?)
=—48 0k . 26
o) =+ ;ka 0o L2 (20

Taxkum oOpazom, pemenue 3amaun (17), (18), (20)+(22), k koTopoit Obuia
cBenieHa ucxoHas 3aaada (10)—(11), naiineno. Janee, ucnonnsys (14), (16), (26),
HETPYJHO MOCTPOUTH OKOHYATEIhHOE pelleHne noctaBieHHou 3agaun (10), (11).
B nuteparype sra 3amaua monyunna Ha3BaHue «Dam Break with Coulomb
Friction». Utak, Tounoe pemenue 3aaayu (10), (11) 3apaercs hopmynamu:

X=-c"+¢; -0/ (80%), t=1-¢,/(20), c=~H, (27)

rne ¢(o,t) ompenensercs paBeHcTBOM (26). @opmyisl (27) onpenensoT 3aK0H

JBIKEHUSI CEUEHUS CJI0SI PACCHINAIOIIETOCs MaTepualia, B KOTOPOM 3ajiaHa ToJ-
muHa H, B mapaMeTpu4ecKoM BUJIE.

142



Ha puc. 1 npencraBiensl pe3ysibTaThl pacueToB 1o (popmynam (26), (27),
KOTOpPBIE MMOKa3bIBAIOT U3MEHEHUS CBOOOTHOM MOBEPXHOCTH CJIOS pacChINarolie-
rocsi MaTepuaia B 3aBUCUMOCTH OT BpEMEHMU f. PacueTsl Takke MOKa3bIBaIOT, YTO
JeBbId GPOHT OcTaHaBiIMBaeTcs npu ¢ = 1,529 Ha pacCcTOSHUU OT Hadajga Koop-
muHaT X.= —0,7216, a npaBblii PPOHT MPUXOAUT B CTAI[MOHAPHOE COCTOSTHUE

npu t = 2 B Touke X,= 2. [Ipu 3TOM 3aKOH IBM>KEHHs MPaBOro (ppoHTa Haxo-
JUTCS U3 TIEpBOTO BhIpaykeHus (27) u dhopmyiisl (26), ecinu mosioxkuTh ¢ =0:

~ 2
— c0s(0,5p,7) _ — sin(0,5p,t)

X,=0,5+4> — ;
i PrJo(Py) i Prdo(Py) (28)
P74 22 sin(0,5p, ¢ ).
i PrJo(Py)
1
— 2
— 3
azl
_i a _-:qu a0 o LG 13 :'-:l

Puc. 1. Peaynbratel pacueroB no ¢popmynam (26), (27),
WUTIOCTPUPYIOIIUE JUHAMHUKY PacChIIaHHs CIOS
IpaHyJIMPOBaHHOTO MaTepHuaa:
1-t=0,1;2-t=0,53—-¢t=1;4—-¢t=2

VnTepBan M3MEHEHUs mmapamerpa { I0J0MpaeTcs Tak, YTOObI BpeMs ¢ Me-
Hsu10ch OT 0 10 2. Takum oOpa3om, 3aBUCUMOCTb X () ompezensieTcs: paBeHCT-

BaMu (28) B mapameTpuyeckoM Buje. Pe3ynbTaThl BBIYMCIUTEIBHBIX YKCIEPH-
MEHTOB IOKa3bIBAIOT, YTO MOCTPOEHHAs 3aBUCHUMOCTH SIBJIAECTCS MapameTpuye-
cKkoif 3ammchio GyHKIEE —2f + 0,5 — XapaKTepHCTHKOH pPacCMaTPHBACMBIX
ypaBHEHUI, Ha KoTopoi H = 0, U, CIeq0BaTEIbHO, BHIPAKAIOIIECH 3aKOH JBHXKE-
HUS TpaBoro (gpoHTa. DTOT (HaKT MOATBEPKIAET MPABIIBHOCTH HAWIACHHOTO
peleHus.
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AHaJIOTMYHO HAXOJUTCS U JIEBbII PPOHT, HO MpU G =1:

Xo=—4> I COS(S’Spkt), TaK Kak { =1 . (29)
k=1 Pk

Ota QyHKIUS YK€ HE COBIAJACT C XapaKTEPUCTHKOM paccMaTpuBaeMBbIX
ypaBHEHHUH, KaK 3TO ObUIO B ciyyae OTCYTCTBHUSI TpeHMs (CM. MEpBbIM mapa-
rpad). CymiecTBEeHHbIM OTJIMYMEM MOJYUYEHHOI'O PELIEHUsl OT PEleHUs B Iep-
BOM Maparpade 3aKiI04aercs B TOM, YTO HaJU4KUe TPEHUS MPUBOAUT K CYIIECT-
BOBAaHHIO CTallMOHApHOro pemeHus. Ha puc. 1 cranmoHapHOMY peleHuIo CoOT-
BETCTBYET KpUBas O] HOMEPOM 4.

3. 3agaya o Ha0eraHuM JJMHHOBOJHOBOM BOJIHbI HA Oeper BogoemMa

BeImuiem cucteMy ypaBHEHHMA MEIKOW BOJBI MPUMEHHUTEIBHO K OITHCa-
HUIO HaKaTa BOJIHBI Ha Oeper [4; 5; 12]:

=0, (30)

8_1’]+u,5([1’]'+(P'(X')]M')
Ot ox'

= 0. 31)

3neck M’ — BO3BBIIICHUE BOJIHBI HAJl PABHOBECHBIM IMOJIOKECHHEM TTOBEPX-
HOCTH OKeaHa (CMEIIEHUE YPOBHS BOJbI); #' — CPEIHSs MO IyOWHE CKOPOCTh
BOJIHOBOTO TIOTOKA; ' — BpeMsi; g — YCKOpPEHHE CBOOOIHOTO MajeHus; X, (1) —

II0JI0’KEHUE T'PAaHUIIBI BOJA-CYILA;
M () =n"(=x,(1),1); (32)

z=—¢'(x") — byHKIMS, ONKCHIBaIOIIAs peibed JHA, HAMpUMeEp (TUITUYHBIA CITy-
Jaii sl KCcCIIeI0BaHUs HaKaTa BOJIH Ha Oeper)
h(x"), x<lI
’ ’ 2 b
P'(x) = (33)
hy, x>1,
rae A'(x")=a'x’, o' — xapakrepu3yeT HaKJIOH IOBEPXHOCTH JHA K PABHOBECHOIM

MOBEPXHOCTH OKE€aHa; /| — MOJIOKEHUE T'PAHMIIBI PE3KOro M3MEHEHHs pelibeda
JTHA.
N3 (32) u (33) cienyer, 4To

N, (1) = a'x (7). (34)

Cuctema ypaBuenuii (30), (31) nomkHa ObITH pelieHa MPU CIEIYIONIUX Ha-
YaJIbHBIX U TPAHUYHBIX YCIIOBUSX:
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' ' ' eI .

=0, 1, (x,0)= f'(x'); (35)

u'(x',0)=0. (36)

VYenosus (35), (36) MmoaenupyoT Ha4aIbHYIO BOJIHY BIQJIM OT OEpEeroBoi

JIMHUY, BO3HUKIITYIO, HAIPUMEP, B PE3yJIbTaTe MOIBOIHOTO 3eMIICTPSCCHUS WITH
W3BEPIKCHMSI BYJIKAHA.

OmHUM U3 TPAaHUYHBIX YCIOBUU SBISIETCS yCIIOBUE TIpu x — oo . [Ipeamnona-

rasi, 4TO BJAJU OT HAa4aJIbHOW BOJIHBI IMOBEPXHOCTh OKE€AaHA OCTAETCS HEBO3MY-
IICHHOM, MO>KHO 3aITHiCaTh

X —> 0, lim n'(x",#'0) =0, (37)
lim '(x','0) = 0. (38)

VcioBre Ha TIOABHKHOW TPaHKIIE, OYEBHIHO, OyIET HMETH BUJT
X' =—x(6), M'(=x((0),1) = =¢'(=x;). (39)

BBenem xapakrepHble MacmITaObl Ipolecca: /4, — XapakTepHas IIyOHHa
OK€aHa; Y, — XapaKTepHas CKOPOCTb JBM)KEHUS KHUIKOCTH; ¢, — XapaKTepHas

CKOPOCTB JIBHDKCHUSI BOJIHBIL, f, =— — XapaKTepHOe BpeMs Iporecca; 1, — Xa-
Co
paKTepHas aMIUIMTY1a BOJIHEIL.
Vcrnonb3yst BBeIECHHBIC MacIITaObl, epeiaeM K Oe3pa3MepHBIM IepEMEH-
HBIM:

! !

u X
ci=bsu=t xe e g =2 )
u ! Mo ho
OueBuAHO, UTO BEJIUYUHBI /1y, 1), [ U3BECTHBI U3 yci0BUil 3ana4u. CKopo-

CTHBIE MacmTaObl OMPEENIIOTCS W3 aHaIM3a pa3MepHocTeil ypaBHeHuit (30)—
(31). B pe3ynbrare nomydaem

cy =+/8gh ,uo—no\/hg. (41)
0

VYuuteiBas (40)—(41), cucrema (30), (31) B 6e3pa3zMepHOM BHU/IE 3aTTUIIETCS
TakK:

a—I’t+si,¢8—u+a—n:0, (42)
ot ox Ox
on O
—+—|u(p(x)+en) (=0, 43
py éw[ (p(x) +en)] (43)
rae €= Mo \ramsit rmapaMeTp, IMOCKOJBKY paccMaTpHuBaeTcs cliydaid, Koraa

0
aMILIUTyAa BOJIHBI 3HAYUTCIIbHO MCHBIIIC FHY6I/IHBI OKCaHa.
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HavanbHoe ycioBH€ B HOBBIX EPEMEHHBIX TPUHUMAET CIICTYIONTYI0 popmy:
t=0, n(x,0)=71(x), (44)
u(x,0)=0, (45)
d 'PaHUYHBIC YCIIOBUS 3alIMITYTCA B BU/IC
x=-x,(1), &en(=x,,1)=-0(-x,), (46)
x— oo, limn(x,?)=Ilimu(x,t)=0. (47)

Hanuune manoro mapamerpa aeT BO3MOXKHOCTb HNPUOIMKEHHO JIMHEApH-
30BaTh MOCTABJICHHYIO 3aj1auy. JlJig moJSydeHHus paBHOMEPHO MPUTOJAHOIO pas-
JoxeHust mo € npu € — 0 B ypaBHeHuUsx (42) u (43), cienaeM CIeAYIONIYIO 3a-
MEHY POCTPAHCTBEHHOU IEPEMEHHOM:

X=y-—ex,, (48)

rae x, =X, /€, nockoinbKy x, =0(¢). HeusBecTHble BennuuHbl OylIeM HCKAaTh
B BHJIE PSJIOB 10 CTENEHSM € :
2
u=u;, +eu +0(e%),

n=mn, +en, +0(e?), (49)

x, = x +ex; + O(e?).

[locie HecnoXHBIX MPeoOpa30BAHMI HAXOAHMM, YTO IJIABHBIE WIEHBI pa3-
J0xeHni (49) NOMKHBI yIOBIETBOPSTH CIECIYIOUIUM YPaBHEHUSIM

ou, 0O ou; O
TSl =0 L (ue() =0,

X = ém(O,t),
rae o =¢'(0).

Takum oOpa3om, 1S TOTyUYEHUs TIIaBHBIX WICHOB pasioxeHuit (49) HeoO-
XoauMo pemuth cucremy (50) B ¢dukcupoBanHor o6mactu 0,00 . IIpu 3TOM

B Touke y =0, ¢(y)=0, TOo ecTb BO BTOpOM ypaBHeHUH cucTeMbl (50) mmeercs
BBIPOXKTAONHIACS KOA(DGUIMEHT. ITOT (PaKT MPUBOIUT K TOMY, 4TO mpu )y —> 0
CIIEyeT HATOXKUTh Ha HCKOMBIE (DYHKLUH U, 1);, YCIOBHE X OTPaHUUEHHOCTH.

Ot ypaBHenuit (50) MOXKHO TEpEedTH K MCCIETOBAHUIO OJHOTO YpaBHEHUS
OTHOCHUTEJIBHO T1);, KOTOPOE IOJIy4aeTCs U3 MOCIENHUX IBYX YPAaBHEHUU CHCTeE-

Mbl (50) uckmoueHrneM QyHKIUH U

52111 0 on,
LU “1L1=0, 0<y<ow. 51
pw ay(cp(y) & y (51)
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HavanbabiMu ycnoBusiMu a1 ypaBHeHus (51) Oyayt:

0
£=0, m,=f(») %:o, (52)

KOTOpBIE JIETKO HaxonsaTcs u3 (45), (46) ¢ yuerom toro, uto x,(0)=x,(0)=0.

['paHnYHBIMH YCIOBUSMU JJISI paccMaTpuBaeMoro ypaBHeHus (51), oueBugHO,
SABIISIFOTCS
x—0, m,;<oo, (53)

x—>o, mn;,—>0. (54)

3anaua (51)—(54) KOPpPEKTHO MOCTaBIIEHA U UMEET €AMHCTBEHHOE PElICHUE.
PemmnB 5Ty 3amady, JIETKO HaXOAWTCS 3aKOH ABWKECHHSI PaHULbl CylIa—BoJa

(ypes):
xm<t>=én,(o,t>. (55)

3aMeHsAs )y Ha X + &X;, connacHo (49), moayyaeM paBHOMEPHO IPUTOJHOE
IUI BCEX X = —EX; PEIEHUE NCXOAHOM 3a1a4l ¢ TOYHOCTBIO O(€).

3agauy (51)—(54) 6ynem pemiaTh, UCTOIB3Ys OOIIYIO0 TEOPUIO MHTErPaIb-
HbIX TpeoOpaszoBanuii [13]. Ctporo roBops, paccMarpruBaemas 3ajgada TpeOyeT
NOCTPOEHUE HMHTETrpajIbHOr0 MNpeoOpa3oBaHUsl B MOJYOECKOHEYHOW O0OJacTH.
OpnHako, MpUMEHEHHUE MHTErpajbHOro mnpeodpasoBaHus Jlamnaca mo nepemeH-
HOM ¢ MPUBOIUT K 3HAYUTEIBHBIM TPYAHOCTSAM M TPOMO3JIKHM BBIPAKECHUSIM
Py MOCTPOCHUM OpPUTHHANIA, a MPUMEHEHHWE HMHTErPAIbHOTO MpeoOpa3oBaHMUs
1o epeMeHHo y B oOmactu ]0,00[ COMPSIKEHO C BHIYUCICHUEM CIEKTPATBHOM

GyHKIIUHA, 9TO TAKXKE MPEICTABISET U3 Ce0s TPYMOEMKYIO 3amady, 0COOCHHO
B TeX ciyyasx, koraa GyHkmus ¢(y) uMmeeT clokHbli BuA. [lo 3Toi mpuunHe

paccMoTpuM orpaHudeHHyr obnacte ]0,L[. I'pannunoe ycioBue Ha L BbIOe-
peM, JJIsl IPOCTOTHI PACCYKJICHUM, B BUJIE

y=L, n;=0. (56)

Tak kak ypaBHenue (51) runepOOIMYECKOro THUMA U HOCUTENh (DYHKIIHH
f(») cocpenoroueH B MHTEpBaE [y;,V, ], To ycnosue (56) HaUMHAET BIAMSITH Ha

pelleHue 3a1a4n, KOrjaa BO3MYIICHUs, BI3BAHHbBIE HAYaIbHBIMU JaHHBIMU, 10C-
TUTHYT TOUYKU y = L. Tak Kak XapakTepucTuku ypaBHeHus (51) uMeroT Bua

yi:it C, C-const 57
‘([\/M) +C, const, (57)

TO JIETKO HAWTH BpEMs, 32 KOTOPOE BO3MYIIEHHUE AOUAET N0 L. [[elCTBUTENBHO,
u3 (57) nonydyaem
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5 NO(©)

*
rae t — uckomoe Bpems. Takum 00pa3zom, eciiy mpoIiecc U3y4aeTcsl B MHTEpBa-
ne Bpemenu [0,7], To BenuuuHy L creayeT BHIOpaTh U3 YCIOBUS

L
j % _.r (58)
2 Jo®)

B GonpmmHCTBE CilydaeB BAAIM OT OSpEeroBOi JMHUU MOXHO TOJIOXHUTH
¢(E)=1 u ycnosue (59) npurumaer npocryto dopmy: L>T +y,. Cnenosa-

TenbHO, B 3amaue (51)—(54) rpanuunoe ycioBue (54) MOXKHO 3aMEHHUTH YCIIO-
BHeM (56).

BBeneM B paccMOTpeHHE MHTETpallbHOE MPeoOpa3oBaHue MO MPOCTPAHCT-
BEHHOM NIEPEMEHHOM ) ¢ TPOU3BOJIBHBIM A71poM K (L, y):

L
n = Jm(y,t)K (W, y)dy (59)
0

r7ie |\ — mapaMeTp HHTETPAIBHOTO IPeoOpa3oBaHusl.
[Tpumensia sTo npeodbpazoBanue k 3amaue (51)—(53), (56) nomydaem ypas-
HeHue s saapa K (W, y) ¥ a1 u300pakeHUs] HCKOMOM (PyHKIIUH.

d dK 5
= == 4’k =0, 60
dy( (») dy) Ul (60)
y=0, K<on, (61)
y=L, K=0, (62)
d*n,  ,—
-|— :0, 63
dt2 Hom; ( )
t=0, m,=/f(w), n,=0. (64)

3anaua (60)—(62) sBsercs sanadeit ltypma-Jlnysumns. [13]. Tlyers {p, |
T0CJIEI0BATENBLHOCTE COOCTBEHHBIX "ncel, a K(W,,)) — cucTeMa HOPMHPOBAH-

HBIX COOCTBEHHBIX (PyHKIMH. Torma mcnosib3ysi CBOMCTBA MOJHOTHI U OPTOTO-
HaJIbHOCTHU COOCTBEHHBIX (PYHKIMN, MOKHO 3anucaTh (popmyity oOpamieHuit aiis
MHTETpaabHOTO MpeodpazoBanus (60) B ciaeAyroneM BUe

=Y M (DK (1 0). (65)
k=1
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N3 cucremsl (63), (64) HaxoauM n_l(uk,t).

() = /(g ) oSy (66)
[Toncrasmsst (66) B (65), monyuaeM pernenue 3aaaun (51)—(53), (56):
o L
(o8 = 2 [ LK (g ) AVK (., y) cOs 2. (67)
k=1

13 nepBoro ypaBHeHHs cucTeMsl (50) JIErko HaXOOUTCSI CKOPOCTD U

0 K’ , L .
U = —ZMH (DK (W, V)AyK (W, y)sin p,t. (68)

[Toncrasisst (67) B (55) HaxoauM 3aKOH JABUKEHUSI TPAHUIIBI BOJIa-CyIIIa.

o L
50 =— [ FOK (188 - K (1. 0)cos gt (69)

OLkzl()

BosBpamasice B BbipaxeHusx (67), (68) kK mepeMeHHO X, TO €CTh, MOJ-
CTaBJISIL BMECTO ¥ X + &X;(¢), MOIy4aeM PaBHOMEPHO IPUTOAHOE PELICHUE I0-

CTaBJICHHOM 3a/1a4yl Ha BCEM JUana3oHe U3MEeHeHul x € [—ex;(¢),L].

PaccMOTpuM KOHKPETHBIM MPUMEP KCIOIB30BAHUS MOJTYYEHHBIX PE3YJib-
taToB. [lycTh penbed mHA Bogoema onuchiBaeTcs GyHKIHEH (()) CASAYIONMIETO

BHU/IA:
—p(y)=ay wo<y<o, (70)

DTOT cily4yail UHTEpECEeH TeM, 4To, ypaBHeHus (42), (43) nomyckarT TOU-
HYIO JIMHEApU3aIMIO C MPOU3BOJIBHBIM €, TOCKOJIBKY OHU CBOJSATCS K CUCTEME,
paccMOTpeHHOM B naparpade 2, a cliefoBaTeNbHO, U K CHCTEME MEPBOro Iapa-
rpada. Kak yxxe ormeuanoch 3ajaua 0 HaKaTe BOJIHBI Ha Oeper mpH YCJIOBHUH
(70) 6buta paccMoTpeHa B padote [12]. Takum 0O6pa3om, MpeaCcTaBIsIeT UHTEPEC
CpaBHEHHME TOYHOTrO peuieHus 3aaauu [12] ¢ pemenuem (67)—(69), nonydeHHbIM
Ha OCHOBE MPUOIMKEHHOHN JIMHEapU3aIliu.

Ecmn @(y) umeer Bua (70), To, kak crnemyer u3 (34), 6e3pa3MepHbIil HAKIIOH

Ol ONpENENsAeTCS BBIPAKEHUEM OL = oc’L. Tak kak B 3TOM cily4yae HET CTPOro
hy

Mmaciurada i TiryOuHBL, TO 3a /i, MOXHO IPUHATH NIyOUHY, KOTOpas JTOCTHUIra-
eTcsl Ha paccTosHHU [ OT ypesa, To ecTb /i, =a'/. [109TOMy MOXHO CUWTaTh
o=1.

Pemwenne 3amaun Iltypma-JInyBunsa (60)—(62) B paccmaTpuBaeMoOM MpH-
Mepe Jierko HaxoauTes. [loacTaBmsis 3To pemienue B hopmyisl (67)—(69), momy-
yaeMm
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Sy x +Ex, (7)) .L
M) = s Dy ! { f@©JQue)de, (D)

- J12pyA/x +ex,(2)) : r
= . d
u; (x,1) k§=oL'J12(2Mk ’_L)\/x+ ) sin ¢ -([f(‘i)Jo(ZMk\/i) & (72)

o0 L
- CSML [ £(8)Jy o) 73
0= T !f(&) 021y E)dE, (73)

rae W, saBJSIIOTCA KOPHAMHA YPABHCHUA

J,2u,AL)=0. (74)

Kak u panee J,(z), J,(z) — pynkuuu beccenst nepsoro posna HyJneBoro u

NEPBOr0 MOPSAIKOB, COOTBETCTBEHHO.

®opmynst (71)—~(73) onuchiBalOT AMHAMUKY TpOGUIs BOJHBI, CKOPOCTHU
TEUYEHHUs U TPaHULIbl pa3zelia Boa-Cylia.

Crnenys pabote [12] npeodpazyem ypaBHeHus (42), (43) npu ycnosuu (70),
UCIIOJIb3YS ClIeAYIoIre IpeoOpa3oBaHus IEPEMEHHBIX.

- 1 oo
g)=—— ", 75
u(o,t) Y (75)
-~ O0p ¢ 1 8(p2
g)=——2 — 2|, 76
n@D=% 2(25 axj (76)
x(c,1) =0 —en(o,1), (77)
t(c,t)=t +eu(o,t), (78)

r7ie MOTEHIUAN (¢ YIOBJIETBOPSAET JTUHEHHOMY THIIEPOOTUYECKOMY YPaBHEHUIO
BHJIA:
49-6—(069,), =0, £ >0, 0<o<w. (79)

VYpasuenue (79) pemaercs npu yCI0BUU
{=0, ¢=0, 8—‘f:f(csz). (80)
ot
3ameTum, yTo BTOpOoe ycioue (80) mpu nepexoje Kk pu3ndeckum Koopu-

HAaTaM X, ¢ JacT HadajibHoe YycioBue (44) TONBKO B cClyyae Korjaa
max| f '(X)"8<<1. DTO yclnoBHe, KaK IMPaBWIO, BHIOTHSAETCS. B mpoTHBHOM

Cly4ae MPOUCXOAUT OBICTpoe oOpylieHne BONHBI U 3amada (42)—(45) Ttepser
CMBICIL.
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Pemenue 3amaun (79), (80) B padote [12] HaXOaUTCS TOYHO M MMEET Clie-
TYFOLIAN BUL:

¢(o,1)= 2Tf(b2)G(b,G, t)db, (81)
0

rne  G(b,o,t) — ynkuusa 'puna, onpenenseMas GopMyJIoit

0, ltA<‘c7—b,
2
_ 1 (1 —4(c-b)’ 1-
G(b,0,1) = K| e | \s-b\<§t>\o+b,
e (0}
(0}
. _ ! K| = 160b = | l1?>\c5+b,
n i —4(c-b> \I°—4c-b)’) 2
3
rae K(z)= v

'([\/l—zzsinv '
3nas norteHuuan ¢(c,?), nmo dopmynam (75), (76) Haxomarcs (QyHKIUH

u(o,t), n(o,t), a popmynsr (77), (78) n03BONAIOT HAWTH 3HAYEHHS] CKOPOCTH H

npoduiib BOJIHBI B (PU3NYECKOH TIIOCKOCTH (£, X). DTO BO3MOXHO TOJILKO TOT/a,
Kor1a sitkoouan npeodpazoanuii (77), (78) ornuder ot Hyis. MOKHO TTOKa3aTh,
Y10 paBeHCTBO ( sikoOMaHa JOCTUraercs B TeX TOUYKaX, € KPYTHU3HA BOJIHBI

1% .
(—n CTAHOBUTBLCSI OECKOHEUHO O0ablIOoiN. PHU3HMYECKH 3TO O3HAYAET, YTO

ox
B JAHHOM Cjy4ae MPOMCXOJUT OOpYIICHHE BOJHBI M IOJIYYCHHOE DPELICHHUE
CHPAaBEJIIMBO JIMIIb JO TOYKH OOpyIIeHHs. SICHO, YTO €CJIM BOJHA HE OOpYIIH-
BaeTCs Ha ype3e, TO OHA He oOpymuBaeTcs U pu 6 > (0, Tak KaK TpaHHUIla pa3-
Jelia BoAa—Cyllla HauOoJsiee yaajieHa OT HA4YalbHOTO IOJIOYKECHHUS BOJIHBI. BbI-
YUCIIUTENBHBIC KCIICPUMEHTBI MMOKA3bIBAIOT, YTO CYIICCTBYIOT TaKHE 3HAUCHUS
napaMerpa €, IpH KOTOPBIX OOpYIICHHE BOJIHBI HE MPOUCXOIUT. B Kaxmaom
KOHKPETHOM Clly4yae CYIIECTBYEeT CBOE 3HaUCHHE €, TaKkoe, 4To npu & < g, 00-

pylleHre BOJHBI He HaOmonaeTcs. s cpaBHEHUs ABYX pelleHUil paccMaTpu-
BAJINCh CUTyalluH, yAOBIETBOPSIOIINE 3TOMY ycioBuO. Kpome Toro, Hayamnb-
HBIIA TPO(UITH BOJTHBI IPUHUMAJICS B BUIE

()= 0707 o<y, (82)

a mapametp L = 25. Ilpu 3TOM nuama3oH W3MEHECHUS BPEMEHH ¢ TOJDKCH OBITh,
cormacHo (58), caenyrommit fe€ [0,8], y,=1, k=4. Ha puc. 2 noka3assl
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pe3yJIbTaThl PacueTOB, BHIMOHEHHBIE IO hopmyram (71)—(74) — crutoniHbie THHUN
u 1o TouHbM popmynam (75)—(78), (81) — nynkrupHsle auHMKH. Ciy4ail a coOT-

BeTcTBYyeT 3HaueHuto € =0,03, a coyyait 6 — € =0,01. 3ameTum, 4TO KpUTHUEC-
KO€ 3HAYCHHE IIapaMeTpa € Ui JaHHOIO nmpumMepa cocrasiger €, =0,033. U3 pu-
CyYHKa BUJIHO (ClIy4ail 0)), 4TO eClIi mapameTp € < g, , TO NPUONMKEHHOE PELICHUE
JOCTATOYHO TOYHO OTPAXAET IMHAMUKY ype3a IpY HaKaTe BOJIHBI Ha Oeper

n

2—t=18
\ 3—t=245

1
e — ———
e
T Ty
—

x/e
/ 10 15 20 25
\ =
=]
II|II A:),
_" III{/

2-1=18

3—1=245
\

o

Puc. 2. [loBeieHne mMoBEepXHOCTH OKEaHA B OKPECTHOCTH OEperoBoil TMHUN
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Ecnu napamerp € uMeet nopsnok €, (ciydail a)), TO pacXxoxkAeHus OyayT
3aMETHBIMU. JTO 00YCIIOBJIEHO TEM, UTO B Cllydyae, KOrja € UMeeT HOPSJIOoK €,

B OIIPEJCIICHHBIE MOMEHT KpPYTH3HA BOJHBI CTAHOBUTCS OECKOHEUHO OOJBIION,
TaK Kak sikoOuaH craHoBUTCS O6Ju3kuM K 0. O1HAKO, KaK TOKa3bIBAIOT MHOTOYHC-
JICHHbIE BBIYMCIUTEIbHBIE YKCIEPUMEHTHI, IPUOIMKEHHBIE (OPMYJIBI ONUCHIBA-
10T HCCIIEAYEMBIN IIPOLIECC BIIOJIHE yIOBIETBOPUTEIBHO AT TOOBIX € < € .

Taxum 00pazoM, OCHOBHBIMU pe3yJIbTaTaMU JaHHOW pabOThI CIENYET CUM-
TaTh TO, YTO B HEW Ha OCHOBE IPYNIIOBOr0 aHAJIM3a MOATBEPKIEHA BO3MOXK-
HOCTb JIMHEapu3aluu ypaBHeHUI MB. DTOT (akT mo3BOJINI MOITYYUTh TOUHBIE
pEILICHHs 3a/1a4d O paclajie pa3pbiBa C y4eTOM M 0€3 yuera TpeHus. JTU perie-
HUSL MOTYT CIIYXHTb AJI1 MOJEJIMPOBAHUS MPOLIECCOB, CBSI3aHHBIX C JIBUKEHUE
CBIIIYYUX MATEpUAJIOB, B YACTHOCTH, CXO/1a JIABUH.

Kpome Toro, nmokasaHo, 4To MareMaTudeckasi MoJle/lb HakaTa BOJH Ha Oe-
per BoJoemMa MpH ONPENEIECHHBIX YCIOBHIX CBOJUTCS K CHCTEME, ISl KOTOPOM
[I0Ka3aHa BO3MOYKHOCTh TOYHOH JmHeapuzauuu. FIMEHHO 3TO 00CTOSTENBCTBO
no3Bonmio Carrier, George F [12] moiayuuTs TouHOE pelieHHe 3aJaun O HaKaTe
BOJIHBI Ha Oeper NoCcTOSSTHHOTO HakjoHa. OHAaKO MPOU3BOJIbHASI KOH(UTYpaIus
JTHAa BOJOEMA JIeJIaeT HEBO3MOKHBIM IPUMEHEHUE 3Toro merona. Hammuue ma-
JIOro mapaMeTpa MO3BOJISET NMPEATIOKUTh MPUOIMKEHHYIO IPOLEAYPY JIMHEapU-
3allMM, KOTOpas MO3BOJISET aHAIUTHUUYECKH PelllaTh 3aJa4d C pa3IMYHbIMU KOH-
dburypanusamu npoduis qHa Bogoema. Ha npumepe, paccmorpennom B [12], mo-
Ka3aHa IPUMEHUMOCTb MPEIIaraéMoro NpuoIMKEHHOTO METO1a.
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