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GRAVITATIONAL WAVE SEARCH USING CONVOLUTIONAL
NEURAL NETWORKS

Aldo Alvarez-Gutiérrez', Javier M. Antelis?, Claudia Moreno'"
'University of Guadalajara
1421, Blvd. Marcelino Garcia Barragan, Guadalajara, Jalisco, 44430, Mexico
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Gravitational Wave detections provide crucial information for
understanding the behavior of different astrophysical phenomena in the
Universe. This article has the goal of building a Gravitational Wave signal
classifier using Convolutional Neural Networks. The final model was tested to
measure its accuracy with different GW signal templates from Supernovae
events.

Keywords: gravitational wave, neural networks.

Introduction. According to the theory of General Relativity (GR),
Gravitational Waves (GW) can be considered as fluctuations in space-time that
can be caused by violent cosmological events. GW were first predicted by
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Albert Einstein as a consequence of his linearized theory of GR in 1916 [1], but
it was until 2015 that the existence of this phenomenon was proved by a
confirmed detection of these astrophysical signals. Many other detections have
been registered since then, allowing researchers to keep giving experimental
proof of GR theory and, at the same time, retrieve new information about the
behavior of various celestial bodies that form the Universe. The majority of GW
signals registered so far correspond to binary systems of black holes and neutron
stars, and the results obtained from these detections are consistent with GR
theory. For example, the detection of these GW helped to confirm the energy
losses in binary systems due to GW radiation [2].

All matter can produce GW by interacting with the gravitational field.
However, the detection equipment available nowadays has a very reduced
measuring range. GW are weak perturbations, and they are so small that only
extremely energetic events produce waves that can be measured from Earth with
sufficient certitude. Detectable GW come from four main sources: binary
systems of stars, spinning neutron stars, gravitational collapse, and waves
produced during the Big Bang [3].

Currently, a great majority of the GW detection data in the world come from
the LIGO-VIRGO interferometers [4]. The detection is performed by
implementing a Michelson interferometer modified with Fabry-Perot cavities in
each arm to help increase the power of the light beam from the laser integrated
in the arrangement.

This research project focuses on the search of GW signals generated by
gravitational collapse events, specifically from Supernovae (SN) explosions. This
type of waves is produced when the gravitational field interacts with a massive
body in space, causing the matter contained in it to collapse towards the nucleus
of the star. This results in the liberation of an enormous amount of energy, which
produces perturbations in the form of waves in space-time. Up to this day, there
are no confirmed registrations of GW signals from SN explosions, thus the
importance of developing new techniques to help detect them.

Gravitational Waves. To mathematically describe GW it is necessary to
develop a linearized version of Einstein equations. In GR, the Einstein equations
relate the space-time curvature to the mass distribution contained in it [1]. These

equations are represented with the Einstein tensor G, (where p,
ve0,1,2,3=ct,x,y,z and c is the speed of light in vacuum), which can be
defined as:

1 8nG
Gpv = va _EgpvR :C—4Tpv’

where R, is the Riemann tensor, R is the Ricci scalar, and g, is the space-

time metric, 7, is the mass-energy tensor [3], G is the gravitational constant

and ¢ 1s the velocity of the light.



According to perturbation theory, to deduce the linearized version of the
Einstein equations that can describe GW it is needed to assume that the metric
, that represents the gravitational field has the same form as the Minkowski

metric accompanied by a slight perturbation [5], that is to say:
guv = nuv+ € huv
where n,, is the Minkowski metric in flat space, 4, is the perturbation

(1

second (or higher) order wvalues. These assumptions can be made by
implementing the boundary condition that describes space-time to be
asymptotically flat. Under this approximation, the Einstein tensor will only have
linear components in 7,

), and € is a small dimensionless parameter which will be ignored for

— a o of
G _Ef[a O + 8,0, ~Uhy, = 0,0, =0, 0,0+, 0h |,

vZa'u ua’tv
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where [J :n“vauavza“aa_a——v is the D’Alambertian operator, and
1

h En“BhaB =h; . This result indicates that GW are transverse waves and they
can have two degrees of freedom of radiation (polarization states) [6]. Also, to

simplify the expression it can be defined Zuv:huf"%nuvh and applying the

Lorentz gauge, the linearized form of Einstein equations can be written as:

— l6nG
D huv :—C—4THV.

The above equation can be solved in vacuum, that is 7, =0 obtaining the

2
[ia—thw 0,
c? or

wave equation:

where A = (ai,ai,aﬁ ) The solution to this equation is:

hy =4, cos(kax“),
where AHV 1s the amplitude of the wave, k, = (w, k), w 1is the frequency, and
k is the wave number. This solution describes a wave front. With further
development of the calculations and with the application of a Transverse-

Traceless gauge, the expression of the wave propagating in the z direction takes
the following form:

0 0 0 0
o LI P M
v :
0 hy, ~h, O
00 0 0




Using the polarizations, the GW strain can be defined by
h(t)=F.h, +Fh +Fh +Fh, +Fh + Fh,

where F,, F, are the explicit forms of the antenna pattern functions [3].

Convolutional Neural Network. One of the most challenging parts of the
GW detection is the preparation of the raw data from measurements so it can be
properly interpreted. The data registered during the detection run is filled with
noise, making it impossible to directly observe a GW signal in a graph with
unprocessed data. Most of the noise is too big compared to the GW signals and
it usually comes from Earth’s seismic activity, vibrations produced by
laboratory equipment, thermal noise, electrical perturbations, and many other
different sources.

The LIGO detectors can register signals in a frequency range of 10 Hz —
7000 Hz [4]. A GW signal will usually be found in the order of 10' — 10* Hz, so
a lot of information in each detection needs to be filtered for the signal to be
visible. Besides that, LIGO generates data in the form of time series that contain
frequencies from thousands of seconds of observations. Therefore, considering
that a GW event will last a fraction of a second, the search for GW signals
becomes a big challenge.

For this reason, there are entire groups of researchers dedicated to the
development and implementation of mathematical algorithms and statistical
techniques that can help retrieve the data from GW signals that is buried under
all the noise in the detection. This preparation of the data consists in applying
techniques such as noise spectral density (NSD) analysis, data whitening, band
pass filtering and matched filtering, to name a few [7].

CNN are a tool that has been successfully implemented in tasks that require
image recognition. In the case of this project, it is needed an algorithm capable
of analyzing images from LIGO detections, and then tell apart the images
corresponding to noise from the images corresponding to GW signals. With this
in mind, it can be deduced that training a CNN with LIGO data can be an
appropriate way of creating a GW classifier. A CNN is divided into different
building blocks called layers. Each layer performs a specific method on the data
that the CNN receives as input, making it possible for the algorithm to learn
patterns within the data set [8]. The fundamental layers needed to build a CNN
are: Convolutional layers, Pooling layers, Flattening layers, Dense layers [9].

Implementation. The first part of the implementation consisted in building a
data set for training a CNN. Such data set needs to contain example images of
GW and the noise commonly found in LIGO’s detection data. The data from
real detections is actually very limited, so it would be impossible to build a data
set that 1s large enough to train a CNN just from the detection repository.
Therefore, simulated GW signals and noise are generated with mathematical
models that mimic the data from LIGO detections, and these are called GW
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templates. With this technique, as many signals as needed can be created to train
the CNN.

The GW templates (numerical simulations) used for this project were
obtained from the repository created by Scheideger et. al. [10]. These templates
contain data representing GW signals from SN events overlapped with noise.
The data 1s divided by the different distances of measurement that the templates
are simulating, for distance can change the amount of noise surrounding the GW
signal in the detection.

The data from each distance is divided into 4 Sets, tagged in order from Set2
to Set5. Each Set of data is a time series that contains 61 GW signals evenly
distributed over 1,200 seconds of detection data. In this case, the data selected
for this research project corresponds to the distances shown in table 1.

Table 1
GW Templates

Distance (Kpc) 10.00 | 5.62 [3.16 | 1.78 | 1.00 |0.58 [032 [0.18 |0.10
Factor 1.00 | 1.78 [3.16 | 5.62 | 10.00 | 17.78 | 31.62 | 56.23 | 100.00

*Distances of the GW templates selected to build a data set to train the CNN.
The Factor is related to the distance according to: factor = 10Kpc/Distance.

Data set. Before the data from the templates can be used, it needs to be
prepared so it is consistent with the methodology recommended by LIGO to
analyze GW detection data. The data from the template went through some
preprocessing using tools from LIGO tutorials [11]; first the data was whitened
and a band pass filter was applied to it, then a Q-transform was performed to
have the time series data represented in the frequency domain. The result is an
image of the data over time, represented in frequency and its corresponding
frequency density. There are two LIGO interferometers, H1 and L1, so there
will be one image for each detector. These images were gathered in a data set
that will then be used to train the CNN.

Fig. 1 Example of an image of a GW signal detection
in the LIGO interferometers H1 and L1



In order to save some storage, the resolution of the images was reduced,
always making sure that the image was clear enough for the CNN to make a
classification.

Each image included in the data set is an array of 48X48 pixels representing
0.5 seconds of detection data. For each GW template injection, three images of
the signal were generated: one image from the center of the signal, one image
from the right corner, and one from the left corner. For every three images from
one GW signal, there were also three images of random noise added to the data
set, so that the GW to noise ratio was even in the training and testing data. The
images that correspond to Noise data are tagged with ’GW injection = 0’, and
the images that correspond to a GW signal are tagged with *"GW injection = 1.

The final data set includes the images represented as pixel arrays, and each
entry is accompanied by some information about the signal: the tag of the GW
template that was used to create the signal, the distance of the signal, the time
location within the time series from which it was extracted, and an identifier of
whether the image represents detection Noise or a GW signal. Even though all
those columns hold important information, to train the CNN it would only be
needed the information held by the HI and L1 pixels columns and by the 'GW
injection’ tag column (where 0 means Noise and 1 means a GW signal).
A different data set was created for each distance factor from table 1, and each
data set was divided into four different subsets. This subdivision in smaller Sets
was made to have more control over the training and testing data. Each Set has 61
GW template injections, so its corresponding data set will have 366 entries: 183
GW signal entries and 183 random noise entries. Each factor contains four Sets,
which means there are 1,464 data entries to use for training and testing the CNN.

Results. The CNN had similar accuracy results for the cases where it was
only given the images from one single detector. When the pixels from both
detectors were used, the accuracy only increased around 1 to 4 percent
compared to the previous cases. The change in results was not quite relevant, but
the CNN was consistently more accurate when both H1 and L1 detectors were
used together to train the algorithm.

After training the CNN, the model is tested with new data to check how
accurate it is. The results are divided into five categories: Accuracy (Acc), True
Positives (TP), False Positives (FP), True Negatives (TN), and False Negatives
(FN). What these categories represent is: a) Accuracy: general performance of
the CNN predicting the data, b) TN: percentage of GW predicted as GW, c) FP:
percentage of GW predicted as Noise, d) TP: percentage of Noise predicted as
Noise, €) FN: percentage of Noise predicted as GW.

Table 2 shows the accuracy results of the predictions from the three-layer
CNN after being trained with data from detectors H1, L1, and H1 + L1. It is
important to note that these results correspond to the average performance of the

CNN using the data from the nine different distances considered for this study
(Table 1).
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Table 2

Summary
Layers Input Acc% TN% FP% TP% FN%
HI+L1 86.38 81.93 8.46 90.87 18.77
3 L1 84.54 81.05 11.23 88.08 19.70
HI 84.17 81.06 11.95 87.36 19.70

*Average performance of the CNN over all the different distances. Acc% shows that
results with H1+L1 as input have higher accuracy, and generally, the model is more prone to
miss-classify Noise as GW (%FN).

The performance can also be observed separately for each individual
distance. Figure 2 shows how the accuracy of the CNN changes on average for
each GW template distance.

3-Layer CNN: L1 data 3-Layer CNN: H1+L1 data

—— ACC 100
—e— TNR (GW)
LLLLLL

- AC
—e— THR (GW)
—e— TPR (noise}

- ACC
—e— TNR (GW)
—e— TPR (noise}

010 018 032 058 100 178 316 562 1000 010 018 032 058 100 178 316 562 1000 010 018 032 058 100 178 316 562 1000
Distance (kPc) Distance (kPc) Distance (kPc)

Fig. 2 Accuracy of the CNN according to GW template distances. TPR shows
the percentage of Noise predicted as Noise, and TNR is the percentage of GW predicted
as GW. The graphs indicate at the top the input data used for training the CNN

Conclusions. The results obtained from the CNN show a notorious change
in accuracy according to the distance at which the data is simulated. The
predictions for data at 10.00 Kpc have the lowest general accuracy being around
70 %. The accuracy percentage increases gradually until it gets above 99 % for
the shortest distances like 0.18 Kpc and 0.10 Kpc. These results show that the
CNN is considerably better at classifying GW signals for shorter distances
around 0.58 Kpc or less. This might be because the amount of noise in the
detections increases with the distance, hiding the GW signals and making it
much more difficult to tell them apart from the surrounding noise.

Another important remark, especially with longer distances, is that the TP%
1s consistently higher than the TN% in all cases. This means that the CNN is
much better at accurately classifying Noise than GW signals. Also, it is good to
see that the FP% is always smaller than the FN%, since this indicates that the
CNN can often classify Noise as a GW signal, but it will be less common that it
classifies GW signals as Noise. This is important because, if the algorithm tags
GW as Noise, these signals will go unnoticed by the researchers relying on the
results of the CNN.

This CNN model gives satisfactory results. Nonetheless, there are parts that
can still be improved; for example, by expanding the data set with more images
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to train the algorithm, or by continuing to optimize the architecture of the CNN
for better results. There will be further development for this GW classifier,
knowing that this could be a powerful tool for the automation of GW detections
in the future.
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MooenupogaHue, ynpy2o0cmo, NIACMUYHOCHb, MEMOO KOHEUHbIX JJIeMEHMO8.

MODELING EXPANSION OF THE PIPE MIDDLE PART
IN CAE-SYSTEM AND CALCULATION OF THE STAMP SHAPE

K. S. Bormotin'", D. A. Potianikhin', A. A. Sinelshchikov', Min Ko Hlaing1

'Komsomolsk-na-Amure State University
27, Lenin prospect, Komsomolsk-on-Amur,
Khabarovsk territory, 681013, Russian Federation
*E-mail: cvmi@knastu.ru

When creating aviation and rocket-space technology, special attention is
paid to the manufacture of pipeline systems. To calculate the stamp shape used

in the distribution of a tubular billet, the authors solved an inverse problem in
the CAE system.

Keywords: inverse problem, iterative method, pipe expansion, modeling,
elasticity, plasticity, finite element method.

BBenenue. TUNOBBIMUA U3JICNIHSMH PAKETHO-KOCMUYECKON W ABHUALMOHHOU
IIPOMBINIJICHHOCTH SIBJISIOTCS KOPITYCHBIE OOOJIOYKH W3 JIMCTOBBIX 3aroTOBOK.
K HUM npeabsaBisStOTCS BBICOKHE KOHCTPYKTOPCKHE TPEOOBAHUS, ONPEIEIISIFOIIIE

" PaGoTa BBINONHEHA npu ¢puHAHCOBOM moanepxke Poccuiickoro Haydnoro (onma (rpant
Ne 21-11-00165).
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TEXHOJIOTUYECKYI0 BO3MOKHOCTb M3TOTOBJICHUSI JIETANIA: T€OMETPUYECKAsT TOY-
HOCTb, KaY€CTBO MTOBEPXHOCTH, MEXaHUYECKHUE CBOICTBA, PAaBHOMEpPHAs TOJIIU-
Ha, HaJCKHOCTh B JKCILUTyaTalud. B 4acTHOCTH, 0cO00€ BHUMAaHHE YJIEIsETCS
M3rOTOBJIEHUIO TPYOOIIPOBOIHBIX cucTeM [ 1-3].

B nannoit pabore paccmatpupaetcsi mojnenupoBanue B CAE-cucreme Tex-
HOJIOTUU (OpMOOOPa30BaHUSI TOHKOCTEHHON TPyOUaToOl 3aroTOBKH U3 THUTAHO-
BOI'O CIUIaBa pazgadeil B mramme. CorjiacHO TEXHOJOTUM pa3flauu, BO3AECHCTBHE
Ha fehopMHUpYyEMYIO JIeTalb Niepenaércs yepes pabouee TeI0 NOCPEACTBOM AaB-
JieHUs Ha Hero myaHcoHoM (puc. 1). Ha uepTexe npuBeAeHO OCEBOE CEUCHHE.
JleBasi 4acTh COOTBETCTBYET PACIOJIOKEHHUIO 3arOTOBKUA U OCHACTKU 110 nedop-
MHUPOBaHMUsI, MPaBasi 4aCTb COOTBETCTBYET MAaKCUMaJbHOMY MEPEMEIICHUIO TTy-
ancoHa mpecca. Ha ocnHoBanme | ycrtanaBnuBaercsi pa3OopHas maTpula, co-
cTosIasl U3 HUKHEW 4acTH 2 U BepxHel yacTu 3. BHyTpu MaTpuiibl HOMeNIaeT-
cs TpyOuaras 3arotoBka 4 u snactuuHoe pabouee Teno 5. [lyaHncon 6, nepeme-
IasiCh BCJIEJCTBUE yCHIIUS mpecca P, co3/aeT JaBjieHue yepe3 pabouee Teno Ha
BHYTPEHHEH CTeHKe TpyOdaToi 3aroToBkd. B pesynpTaTe mpoucxoauT pasgaya
ee cpenHei yactu. [locne 3TOro nmyaHcoH MOJHHUMAIOT BBEpX, pa3OMparOT mat-
pUIly ¥ BBIHUMAIOT TOTOBYIO JIeTallb ¢ pabounmM TenoM. Takum oOpazom, HE0O-
XoauMas octato4yHas opma TpyOuaTod 3aroTOBKH MOCJE OCBOOOXKICHUS W3
mTamna u pasrpy3ku 3amaérces Gopmoit xEctroit MaTpuisl. s obecneueHus
BBICOKOW TOYHOCTH, KayecTBa JIE€TAJIel U COKPAILIECHHS BPEMEHH IMOCTAHOBKH
IPOU3BOJICTBA HEeoOXxoanma (HOpMYJIMPOBKAa M pelIeHHe OOpaTHOM 3aJadyu o
onpeneneHuto Gopmsl mramna. MoaenupoBaHue mpoiecca pazaadd TpyOuyaToit
3arOTOBKM B KECTKOW MAaTpHII€ BBIMOJHAETCA JABYMEPHBIMU KOHEYHBIMU 3Jie-
MEHTaMHM JIJI1 OCECUMMETPUYHBIX 3a/1a4d B cucteme MSC.Marc. Huciennele pe-

3yJAbTaThl CPAaBHHUBAIOTCS C OKCIEPUMEH-

p TaJbHBIMU JTAHHBIMHU.
5 6 .
N MeTtox pemieHust oOpaTHO#W 3ajgaum
4 \ 4 a3naum TpyoOuatoii 3aroroBku. [[ns on-
N
- i;;:{iég QV , peaenenus Gpopmel mramna (GopmyJaupyer-
[+ \: 7
3 ‘%%.“tg’:zﬁﬁ/// 3 csi oOpaTHast 3aja4da: HEOOXOJIUMO Ofpese-
N /%gigi;i?i%% / JUTh TMEPEMEIICHUS TOBEPXHOCTH LITaMIIA,
1A
‘{ SR KOTOpBIE OOECHEUMBAIOT 3aJaHHYI0 OCTa-
N\ E§§§g§§§§$ TOYHYI0 (pOpMy J€Talu IOCIe pasjadyu pa-
2__ BSSES \ |2 00YMM TEJNOM CpPEJIHEH YacTH TPyOUaToil 3a-
\ ?????iﬁﬁ \ TOTOBKM M Pa3rpy3Kku (U3BJIEUEHUS J1E€TaIU
[+ b
i | | A U3 IITaMIIa).
B cnyuae nBymepHON NMOCTaHOBKH 3a]1a-
1 gy, 0003HAYMM  Yepes u=(u,u,),
Puc. 1. Cxema pasiauu TpyGuatoii u = (u,U,) BEKTOPbI OCTATOYHBIX IEpeMe-
3arOTOBKH C HCIIOJIb30BAHHEM meHud JaepopMupyeMoro Tena, MOJTy4YeH-
BHYTPCHHCTO HAIIOJHATCIIS HBIX TIOCJe Je(OpMUPOBAHUS U Pa3TPy3KH,
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U BEKTOpP MEPEMEICHUI KOHTAKTHOIO Tejia. AHAJIOTUYHO MOCTPOCHUIO METO/Aa
pemeHuss B [4—6] Ha OCHOBE BapHAIMOHHOTO HEPABEHCTBA NSl (DyHKIIMOHAJA
HaXOJUTCS UTEPAIIMOHHBIN METOJI pelleHus o0paTHBIX 3a1a4 GhopmooOpa3oBa-

HUA:

—k+l _ —k | k~*  ~k
ut =u; +a (U, —u;), (1)

]

e 0<of < 2,k=0,1,2,...,i=12, iil* — 3aJJaHHBIE OCTATOYHBIC MEPEMEILIE-
Hud. [lepemenieHuss KOHTAaKTHOTO TeJa OMPENEISIOTCS Ha BHYTPEHHEN MOBEpX-
HOCTH IIITamIla, a OCTAaTOYHbIE NepeMelleHu aepopMmupyeMoro Tteima — Ha
BHEIIHEW CTOPOHE 3arOTOBKHU.

C yué€rom nHMCKpeTM3aluuy BapUALMOHHBIX YPaBHEHUW MEXaHHMKU CTPOSITCS
CTaHJAPTHbIE KOHEYHO-3JIEMEHTHbIC YpPAaBHEHUS I PEIICHUS KOHTAKTHOU
3amauu AeopMHUPOBAHUS U pa3rpy3ku [7-8]:

KU =R, KU=R(U),

rae K, K — cuvmeTpuunble MaTpUIbl KacaTeIbHOW )KECTKOCTH, ONIPEACIEHHBIE

B MOMEHT #; R — BEKTOp CKOPOCTH BHYTPEHHHMX M BHEIIHHX CHII; R - BEKTOP
CKOPOCTH CHJI, OOYCJIOBJICHHBIX HauaJlbHBIMU JehOpMalusMU U HadaJlbHBIMU
HanpsbKkeHusIMU. B pesynbrare perieHus nepBoil 3ajaun HaxoIuTcst JeopMu-
pOBaHHAs MOJENb C paclpeneieHHeM HanpspkeHui u aedopmaruii. Pemenne
BTOPOI1 3a/1a4y Ha OCHOBE JAHHBIX O HaYaJIbHBIX HANPSKEHUSIX U J1ehopMalusix
ONpeNeNseT NEPEMEINECHUs pa3rpy3ku. OCTaTOYHBIE Y3JIOBBIE IIEPEMEILECHHUS
BBIYHCIIIFOTCS 110 Y3JIOBBIM IEPEMELIEHUSIM 3ar0TOBKH IOCie Ae(hOpMUPOBAHUS

¥ pasrpysku o popmyie U=U + U.

YucieHHbIE pe3yJbTaThl pelieHUsl 00paTHoOi 3aaa4yu. Peannzanus meto-
Ja pelieHus oOpaTHOM 3amauyu BbimosiHeHa B cucteme MSC.Marc. B nannom
cllyyae MOJEIUpPOBaHUE Ne(HOPMUPOBAHMS 3arOTOBKU BBIMOJIHEHO TUIOCKHUMHU
YEeTBIPEXY3JIOBBIMU DJIEMEHTAMHM JUJII OCECHMMETPUYHBIX 3anady. KoHeudHo-
AJIEMEHTHAsl MOJENb NIpejacTaBieHa Ha puc. 2 (1 — 3aroTtoBka, 2 — mItami,
3 — pabGouee Teno). BHyTpeHHee naBieHre Ha TPyOUaTyIO 3arOTOBKY ONpEes-
eTCsl IeCTBUEM pabOyYero Tejia Mpy CKATHH.

Pasmepsl 3arotoBku: qiuHa TpyObl 65.5 mm, TommmHa 1 mm. TutaHoBas
3aroTOBKa HMMEET CIEAYIOIIMe XapakTEepUCTUKUW MaTepuaia: Moayiab FOHra
E = 11217 xI'/'mm’, xo3p¢umment Ilyaccona v=0,33, mpemen TeKydecTH
o6, =59,5 K['/MM’, MOJTYJTb JTHHEHHOTO YIPOUHEHHS E; =109,8 xI' /mMm’. B kade-

CTBE paboyero Tejaa pacCMaTPUBACTCS PE3MHOBBIM CTEPIKEHb, MEXaHHUUECKHUE CBOM-
CTBa KOTOPOTr'0 OMUCKIBAIOTCS MOJIETbI0 MyHH — PuBnuHa ¢ noreHuuanom [7]:

W =Co (1, =3)+Coi (1, =3)+ Cy (1, =3) (1o =3) + Coo (1, =3)* + Gy (1, -3,

rie koucrantel C, = 0,147 xI'/mm”, Cy, = 0,056 xI/mm®, C,;=0,017 KkI'/vm’,
Cyo =0 KI[/MM°, Cyy =0 kI/Mm, I, I, — TiepBEIii U BTOPOH MHBAPHAHTHI Jie-
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BuaTopa aedopmaiuii. XapakTepuCTUKH MaTepUAIOB OMNPECNICHbl Ha OCHOBE

IKCIEPUMEHTaIbHBIX UccienoBanuil. [Ipu nedopmupoBannu pabouero Tena He-

00X0IMMO Y4YHUTHIBaTh OoJiblIue aedopmainuu, No3ToMy B Marc npu pelieHuu
3aJ1a4 UCIoJib3yeTcs Tekymas Jlarpanxkesa GopMyIHpOBKa.

B 3anmaue nedopmupoBanus Tpybuaroil 3a-

fxE TOTOBKM HAJIOXEHbl CIIEAYIOUIME TpaHUYHBIE

X, YCIIOBUSI: B y3JaX OCHOBaHHMM pabouero tena u

4 3arOTOBKM 33JIaHbl HYJIEBBIE IMEPEMEIIEHUS I10

BEPTUKAJIH, B Y3JIaX HA OCH CUMMETPHUH paboye-

ro Teja — HyJIEBBIE PaJAUAJIbHbIC NIEPEMEILICHMS,

1 B BEPXHHX Y3JIax paboyero Tena — CKUMAOIIHe

nepemenieHust 17,5 mm; y3nbl mrammna 3aduk-

CUpOBaHbBl IO BceM IepeMenieHusM. Illtamm

NPEICTaBIIAET COOOM KECTKOE KOHTAKTHOE TEJIO.

Ha noBepxHOCTSIX KOHTakTa pabodero tena, 3a-

TOTOBKM U IIITaMIIa 33JaHO TpeHHe ¢ Kodpdu-

mueraToMm 0.1.

B 3agade pasrpy3ku paccMaTpuBaeTCsl TOJIb-

KO AedopmupoBaHue TpyOUyaTON 3arOTOBKH O[T

JICUCTBUEM HAYAJIbHBIX HAIPSHKEHUN IIPU yCIO-

Puc. 2. KoHEUHO-3TeMeHTHAS BUSIX: JUIS Y3JIOB HMJKHEIO TOpPLIA 3arOTOBKM 3a-

MOJIeNb Paboyero Tena, JlaHbl HYJIEBBIE IIEPEMEILECHNUS 110 BEPTUKAIIH, IS

Tpy04aToil 3ar0TOBKY M MITaMIIa  KPAaWHEro y3J1a BEPXHEr0 U HWKHETO TOpLA 3aro-

TOBKH — HYJIEBBIE PaJUAJIbHBIE IEPEMEILICHHU.
IIpu pacuére HeoOX0aMMOM (OPMBI OCHACTKH B 3aJa4e pa3jiayu TpyObl Me-

toaoMm (1) mpu af =1 OylyT paccMaTpUBAThCS TOJBKO pajuajibHbIE MepeMelie-
HUS TI0 OCH X, (puC. 2). 3alaHHbIE OCTaTOYHBIC OTKJIOHEHMSI OINPEACIIAIOTCS Tie-

%

pEeMELIeHUIMHU U, , MAKCUMAaJIbHOE 3HaYeHHe KOTOpBIX paBHO 4,9 MM. B ucxon-

HOM MOJIEJIM BHYTPEHHSIsI ITIOBEPXHOCTH LITaMIla IEpEeEMEIICHa Ha 3aJaHHbIE OC-
—0 ~* o

TAaTOYHBIC OTKJIOHEHUS 3arOTOBKH, T. €. U, =U, (B KOHEYHO-IJIIEMEHTHOU MO-

JIeNM JJAaHHbIE COOTHOLUEHUS ONpENeNeHbl I ONMKAWIIMX KpallHUX y3J10B
HmITaMna M 3aroToBkU mocie aegopmupoBanus). llepemernienus, Bxoasiue
B MeToj (1), onpenensitoTcsi HA OCHOBE PEIlICHUs CASAYIOIMIMX 3a]1ay:

1. 3anaya nehopmupoBanus TpyOBI IO JEHCTBUEM JIaBICHUS uyepe3 padouee
Teno. B pesynbTrare 3arotoBka JoJKHA OBITH MpHXKAaTa K AJIEMEHTaM IlTaMIia
(puc. 3).

2. Yupyras pasrpy3ka 3aroTOBKH.

3. B pe3yabTaTe mosydeHHBIX OCTATOUYHBIX MEPEMEIICHHUIN 3arOTOBKHU MO Me-
toay (1) onmpenenstorcs nepeMenieHus y3JI0B IITamIa, 0 KOTOPhIM U3MEHSETCS
¢dopma mtammna.

JlanHble 3a/auM BBIYMCIAIOTCS Ha KaXaoW utepauuu. Pesynbrar perieHus
oOpaTHOM 3a/1auu UTEPALMOHHBIM MeToJIoM (1) Ha 3 m1are mpencTaBieH Ha puc. 4.
CXOIMMOCTh MTEPALlMOHHOTO METOAA OLICHUBAETCS I10 CPEIHEKBAJPATUUHOU
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L2\/2
Hopme (e* =&F /§1’ gk =(Zs(ﬁ§ — 1, ) j , S — o0JacTh y3J0B C BHEIIHEH

CTOPOHBI 3aroToBKH, k — HOMep mrepammn). Ipn o =1 rpadux cxomumocTy
IIPEACTABIICH HA pUC 5.

"

X

X3
2

X

442
Puc. 3. Kondurypanus pabodero Puc. 4. Konduryparnus 3aroToBKH 1Mocie
TeJa ¥ TpyO4aTol 3arOTOBKH pasrpy3Ku B CpaBHEHUH ¢ (HOpMOIi mITammna
nocie a1eGopMUpPOBaHUS ¥ MaKCHMaJIbHbBIC OCTaTOYHBIE TIEpeMeIe-

HUS B y3JI€ Ha Kparo TpyOuaTol 3aroTOBKU

0.8~ =

04 ]

021 =

Puc. 5. I'padux cxomumocTu Puc. 6. Jlerans nocie
dhopMooOpazoBaHUs

3akimouenue. Takum o0pa3om, ornpezaensercs Gopma MOBEPXHOCTH IITaMIa
JUIA CpefHel yacTu TpyO4aToil 3aroToBKU MpH pazgade. MakcuMaibHble OTKIIO-
HEHUS BBIUMCIEHHON MTOBEPXHOCTHU LITAMIA OT UCXOJHOTO MOJIOXKEHHS 3ar0TOB-
KU OyAyT maxu, =5 MM.
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JI71s1 SKCIEpUMEHTAJIBHOTO UCCIIEIOBAHMS UCTIOIb30Balach MaTpUIla C BBICO-
Tol H = 65,5 mm u BHYTpeHHUM paanycoM R; = 16 mMm. Paanyc kpuBoinHen-
HOTO yudacTka oOpasyronieit matpuisl R = 21 mm. Takum 006pa3zom, Makcumaib-
HbIe IEPEMEILEHUS B 3arOTOBKE J0O IMOBEPXHOCTU MATPHULBI Maxu, =5 MM.

B pesynbrare BBIIOMHEHUS HATYPHOTO JKCIEpPUMEHTa Mo (opMooOpa3oBaHUIO
noJiyyeHa jetaib (puc. 6), MaKCUMaJIbHbIe OTKJIOHEHHUSI KOTOPOH OT MCXOIHOM
3aroToBKH paBHbI 4,9 MM. CoTJIacCHO JTaHHBIM YHMCJIEHHOTO penieHus (puc. 4) pe-
3yJIbTAaThl MOAEIMPOBAHUS U SKCIIEPUMEHTA IPAKTUYECKU COBIAJAIOT.

bubauorpaduueckne CCbIIKH

1. Xeitn Bun 3o0. [loBbimenne 3(h(PeKTUBHOCTH TEXHOJIOTHYECKUX IMPOIIEC-
coB (popMOOOpa3OBaHMs TPYOHBIX 3aTOTOBOK IPH U3TOTOBJICHHUM JI€Tajleil jeTa-
TEIbHBIX amlnapaTroB :@ JIWC. ... J-pa TexH. HayK. Mocka : ®I'bOY BIIO
«MATHN», 2015.

2. Xeitn Bun 30. AHaiu3 mpoieccoB U MHTEHCU(UKAIUS U3TOTOBJICHUS Je-
TaJIel JIeTaTeNbHBIX allapaToB METOAOM O0KHMMa U pa3fayl TPYyOHBIX 3aTOTOBOK
// Yuénble 3amuckun KomMcoMonbCcKoro-Ha-AMype TOCYJapCTBEHHOTO TEXHHUYE-
ckoro yHusepcutera. Hayku o npupoje u rexuuke. 2015. Ne I1-1 (22). C. 13-19.

3. UccnenoBanue mpoliecca pa3zfauyd CpeiHed 4yacTH TPyOHOM 3aroTOBKHU
¢ moamopom / C. b. Mapsun, I'. A. llep6atiok, B. . Kupwuun, M. U. Tlak //
Yuénble 3anucku KoMcoMOIbCKOro-Ha-AMype rocyJapCTBEHHOIO TEXHUYECKO-
ro yausepcuteta. Hayku o nmpupone u texnuke. 2021. Ne VII (55). C. 73-78.

4. bopmorun K. C. HUrepaTuBHBIM METOJ pEUIEHUS T'€OMETPUYECKH HENH-
HEMHBIX 00paTHBIX 3a1a4 (popmMooOpa30BaHUS IJIEMEHTOB KOHCTPYKIMM B pe-
xKuMme noisydecty // XKypHasl BBIYUCIUTEIbHON MaTEMaTUKH M MAaTEMaTHYECKOM
¢uzukm. 2013. T. 53. Ne 12. C. 145-153.

5. bopmotun K. C., Bun Aynr Meroa pemenust 00OpaTHOM 3a1a4u B ITPOLIEC-
ce oO0TshKkM maHenu // BectHuk YyBalICKOro rocyJapCTBEHHOTO Meaaroruye-
ckoro ynuepcutrera uM. M. f. Sxosnesa. Cepust: MexaHuka peaenbHOro co-
crosaus. 2018. Ne 3 (37). C. 47-57.

6. Inverse problem of calculating the stamp shape for pipe middle part
expansion / K. S. Bormotin, D. A. Potianikhin, Min Ko Hlaing // Smart Innovation,
Systems and Technologies. 2022. Vol. 272. P. 401-408.

7. Marc 2021, Vol A: Theory and User Information, MSC.Software
Corporation http://www.mscsoftware.com/product/marc.

8. Wriggers P. Computational contact mechanics. Heidelberg: Springer,
2006.

References

1. Hein Win Zaw. Povyshenie effektivnosti tekhnologicheskikh protsessov
formoobrazovaniya trubnykh zagotovok pri izgotovlenii detaley letatel'nykh
apparatov. Dis. dok. tehn. Nauk, [Increasing the efficiency of technological

18



processes for forming pipe billets in the manufacture of aircraft parts. Dr. techn.
sci. diss]. Moscow: FGBOU VPO “MATI”, 2015.

2. Hein Win Zaw. Analiz protsessov i intensifikatsiya izgotovleniya detaley
letatel'nykh apparatov metodom obzhima i razdachi trubnykh zagotovok
[Process analysis and temperature&power enhancement of aircraft parts
manufacturing by the methods of crimping and round billet expanding].
Uchenye zapiski Komsomol'skogo-na-Amure gosudarstvennogo tekhnicheskogo
universiteta. Nauki o prirode i tekhnike. 2015, no. II-1 (22), p. 13—-19. (In Russ.)

3. Maryin S. B., Shcherbatyuk G. A., Kirillin V. D., Pak M. L. Issledovanie
protsessa razdachi sredney chasti trubnoy zagotovki s podporom [Investigation
of distribution process of the middle part of the pipe billet with backup].
Uchenye zapiski Komsomol'skogo-na-Amure gosudarstvennogo tekhnicheskogo
universiteta. Nauki o prirode i tekhnike. 2021, no. VII (55), p. 73-78. (In Russ.)

4. Bormotin K. S. Iterative Method for Solving Geometrically Nonlinear
Inverse Problems of Structural Element Shaping // Computational mathematics
and mathematical physics. 2013, vol. 53, no. 12, p. 1908-1915.

5. Bormotin K. S., Win Aung. Metod resheniya obratnoy zadachi v
protsesse obtyazhki paneli [Method for solving the inverse problem in the
process of wrapping the panel] // Vestnik Chuvashskogo gosudarstvennogo
pedagogicheskogo universiteta im. 1. Ya. Yakovleva. Seriya: Mekhanika
predel'nogo sostoyaniya. 2018, no 3 (37), p. 47-57.

6. Inverse problem of calculating the stamp shape for pipe middle part
expansion / K. S. Bormotin, D. A. Potianikhin, Min Ko Hlaing // Smart
Innovation, Systems and Technologies. 2022, v. 272, p. 401-408.

7. Marc 2021, Vol A: Theory and User Information, MSC.Software
Corporation http://www.mscsoftware.com/product/marc.

8. Wriggers P. Computational contact mechanics. Heidelberg: Springer,
2006.

© bopmotuH K. C., [TorssHuxun /1. A.,
CunensmukoB A. A., Mun Ko Ximaitar, 2022



VJIK 539.374

Ob UCIIBITAHUAX HA OTPbIB HUJIMHAPUYECKHUX JETAJIENA,
IHOJYYEHHBIX I'OPAYEU ITOCAIKOHU

A. A. Bypernt', A. B. Trauea'

'XaGapoBckuii (hemepanbHbIi HCCIICI0BATEIBCKHI ICHTD.
Nuctutyt MmammHoBeaenus u metautypruu J[BO PAH
Poccuiickas ®enepanns, 681005, XabapoBckuii Kpaif,

r. Komcomibck-Ha-Amype, yi. Metamtypros, 1
*E-mail: 4nansi4@mail.ru

Coepemennoe mawunocmpoenue u asuacmpoerue 8 YacmHoCmuy 8Ka4aAm
8 cebs yuruHopuueckue 0emau, U3eomosieHuble NOCAOKOU C HAMsI2OM CNOCO-
bom ecopsdeli nocaoku. B ooknade npeonacaemcs ycmanosums npoyHocms no-
000HBIX COOPOK NO CpedCcmeam paciemos COeOUHEeHUl UCNbIMAHUAMU HA Om-
pois. OmpoigHble 68030elicmEus CO30A0Mcsl 3a cuyem YeHMPOOEeHCHbIX VCUTUU
npu 8paweHul U320mMosieHHbIX cO0poK 8okpye ux ocu. Cyumaemcs, 4mo uoe-
ANbHBIU YNPY2ONIACUYECKUL MAmepuan 21emMeHmos coopku cnocoben obecne-
yumos e€ YHKYUOHUPOBAHUE 8 YCIOBUAX IKCHIYAMAYUU HECMOMPs HA NAOEHUs]
Hamsiea 8 coeOuneHuu. Paccuumvigaemes 3navenue cKopocmu 8pawjeHus, npe-
oeibHble 0718 PYHKYUOHATLHBIX C8OLICME NOOOOHBIX Oemaiell.

Knrouesvie cnosa: ynpyeocms, niacmuuHocms, cOOpKa ¢ HAMALOM, 20pAYAs
nOCAOKA, HANPANCEHUsT BPAULCHUSL.

ABOUT PULL-OFF TESTS OF CYLINDRICAL PARTS
OBTAINED BY HOT FIT
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Institute of Mechanical Engineering and Metallurgy FEB RAS
1, Metallurgists str., Komsomlsk-on-Amur,
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Modern mechanical engineering and aircraft construction, in particular,
include cylindrical parts made by an interference fit by a shrink fit method.
During the tests, signs of assembly are found by means of calculating the
connections for separation. Separation effects of infection due to centrifugal
attacks during the rotation of manufactured assemblies around their axis. It is
believed that a perfectly elastoplastic material shows up under operating

" PaGora BbIIOJIHEHA npu nojaepkke rpanta Poccmiickoro donma dyHIaMeHTaIbHBIX
uccaenosanuit Ne 20-01-00147.
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conditions, despite the drop on the thrust assembly. The value of rotation speed
is calculated, limiting for the functional properties of parts.

Keywords: elasticity, plasticity, interference assembly, shrink fit, rotation of
composite cylindrical parts.

BBenenne. HecoMHEeHHYI0 BaXKHOCTh U3YYEHUsI HEOOpATUMOTO AehOopMUPO-
BaHUS MaTEPUAJIOB BPAIIAIOUIUXCS JAUCKOB U IUIMHIPOB, BXOJSAIIUX B KOHCT-
PYKIIMM MEXaHU3MOB M MalllMH, Heu3MeHHO noadepkuBan 0. H. PaGotHos [1].
bricTpo Bpamaromuecss Bajibl U JUCKUA BXOJAT B KOHCTPYKIIMU JBUTATENEH U
MPUBOJSIIMX CUCTEM JIeTaTeIbHBIX amnmnaparoB. [IpouHocTHbIe U (YHKIIMOHAb-
HbIE CBOMCTBA COCIMHEHUHN MX MOCAJI0K B YCIOBUSX MOBBIIIEHHBIX TEMIIEPATYP
NPEABSABISAIOT MOBBIIMICHHBIE TPEOOBAHUSI K CBOMCTBAM MaTepHaIOB COOPOK.
Pacuersl npodHOCTH cOeMHEHUN C HEOOXOUMOCTBIO TPEOYIOT yueTa He TOJb-
KO 00paTUMBbIX (YIIPYTUX), HO U HEOOPATUMBIX (IIOJI3Yy4ECTH, MIACTUYECKOTO Te-
yeHus) aedopmanuii maTepuanoB uzaenui [2; 3.

[IpouHoCTh coearHEHUH TPU COOpPKE IMUIMHAPUYECKUX JIETalel ¢ HATATOM
M3y4aJloch HEONHOKpaTHO [4-9]. Tak, B [4; 5] paccunThIBajia TPOYHOCThH COEIU-
HEHUsI B cOOpKe MpU MOBOPOTE €€ OXBATHIBAIOIICH JieTalu, B [6; 7] B yCIOBUSIX
KpydeHusi cOOpKH B 1iejoM, B [8] mpu mukiandeckux, a B [9] mpu oceBbIX Ha-
rpy3kax. Ho Hanbosnee onacHbIMU AJi MOJOOHBIX COCIMHEHUN C HATSITOM SIB-
JISIFOTCSL YCUITUS OTPBIBA. 371€Ch PACCMOTPUM MMEHHO MOCJEAHIO 3a/1ady, Korjaa
OTPBIBHBIE YCWJIMS BBI3BIBAIOTCS KaK pa3 IEHTPOOSKHBIMU CUJIAMU WHEPIIUH
pu OBICTPOM BpAIIEHUH COCTABHBIX U3JCITHH.

ITocTtanoBka 3agaun cOOpKM W pe3yJbTarTbl pacueroB. [lomaraem, 4dto
cOopka HWIMHAPUYECKUX JETalel OCYIIECTBISAETCS MOCPEICTBOM OIEpaluu
ropsidei Mocaj Ky, KOTjla OXBaThIBAIOIIAs JIeTallb (TpyOa, AUCK) HAarpeBaeTcs 10
HEKOTOPOUW Ha3HAYCHHOU TeMmnepaTypbl I’ =7, U HaCA)KUBAECTCA HAa OXBAaThIBac-
My10. 37€Ch JUIsl TPOCTOTHI MOCTAHOBKH CUMTAEM, YTO JETalld COOPKH MMEIOT
OJIMHAKOBYIO JUIMHY M TOPLbI UX KECTKO 3aKperuieHbl (YCIOBUSI TUIOCKUX Je-
(bOpPMUPYEMBIX COCTOSIHHM), JUOO OJMHAKOBYIO TOJIIUHY IUCKOB (YCJIOBHE
MJIOCKUX HANPSHKEHHBIX COCTOSIHMM). [l paguanbHBIX pa3MepoB MPUHUMAEM
Ry, <r <R, nusa oxBareiBaeMoil fnetanu u R, <r < R, nus oxsarbiBatomiei. Ilpe-
HeOperas TEIIoM, MopoKAaeMbIM Ae(hOPMUPOBAHUEM, IO CPABHEHHUIO C TEILIOM,
MOJIy4yaeMbIM MPU HArpeBe OXBATHIBAIONIEH JeTanu COOPKHU, MOJydaeM HECBSI3-
HYIO 33J]Ja4yy TEOpUH TEMIEPATypPHBIX HaNpshDKeHUU. Pacnipenenenue temnepary-
pBI B TAKOM CJIy4dae CJIEAYET U3 PEIICHUS 3aJjaud JIJI1 YPABHEHUS TEIJIONPOBOJ-
HOCTH B UWJIUHAPUYECKON CUCTEME KOOPJAUHAT

0,=a(6, +r'0,)-Bo, 0=7,"(T-T,), (1)

rae a — Ko3QPUIUEeHT TEIIONPOBOAHOCTH; [3 —const — KO3 GUIIMEHT TETIOOT-
Jlauu B OKpYXKarollyto cpeny; I, — TeMieparypa cBOOOAHOIO COCTOSHUS MaTe-
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puana uzaenus (koMHatHas temneparypa). HadaneHble ycinoBus i (1) umMeroT
BUJ
O(R,<r<R;,0)=0, 6(R,<r<R,0)=6., (2)

IrpaHUYHbIE TPUHUMAIO (HOpMY

0,(Ry,1)=0, 0,(R,,t)=PO(R,,1),
07 (R,1)=0"(R,t), &0, (R,t)=E0,(R,,1). 3)

B (1)—(3) He3aBUCHMOIl ITEpEMEHHON TMOCHE 3alsATOM YKa3bIBAETCS YaCTHOE
auddepeHpoBaHre Mo 3TON NMepeMeHHoH; &, &, — K03(uLUUeHTs! Terio-

IPOBOJHOCTH JJIs MaTEPUAJIOB OXBAaThIBAEMOM M OXBATHIBAIOLICH aeTaseit coop-
KA COOTBETCTBEHHO; uepe3 0 (r,t) u 0 (r,t) 0003HAaYEHBI paclpeieeHus TeEM-

nepaTypsl 10 OXBaThIBa€MOU U oxBaTbiBatonuM jerainsiM. CootHomenus (1)—(3)
3amucaHbl I Jucka. B ciydae muimMHApa clieayeT BHECTH B HMX HEKOTOPBIE
HENPUHLIUITHAIbHBIE U3MEHEHUS, HalpUMep, UCTOYHUK B (2.1) ynoOHee nepeHe-
CTHU B KPaeBbI€ YCIIOBUH.

Temneparypnas 3aa4a (1)—(3) MOKeT ObITh pelieHa TOYHO; UMEIOTCS arpo-
OMpOBaHHbIE YHCJIEHHBIE PEIICHHS B paMKax paclpoCTpaHEHHBIX MOJIb30Ba-
TEIbCKUX MAKETOB mporpaMm. [ panpHeWIero BaXKHO, YTO UMeeTcs (Haie-
HO) pacrpeeseHle TeMIepaTypbl B JIF000i MOMEHT Mpoliecca MOCaKH.

Cuuras npuoOperaembie nepopManu ¢ MajlbIMH, 3aIUIIEM JIOKAJIbHbIC
CJIEICTBUSl 3aKOHOB COXpAaHEHHs B (opMe ypaBHEHMs IBHKEHUS U OanaHca
BHYTPEHHEWN SHEPTUH

Vo =pw, 4)
ﬂ+div =6 (5)
pdt q )
d:e+p=l(Vu+VTu), £=ﬁ:@+@=se+s”,
2 dt dt dt
du dv
=const, v=—, w=—o1, y=A(d,s).
P dr a0 VM)

31ech 6, €, p, €, €, € — TEH30PbI HANPSDKCHUH, YIIPYTHX U IIACTUYECKHX
nedopmariiuii, ckopocteit nedopMaruii Jitiepa v ero COCTaBISIIONINX; U, V, W, ( —
BEKTOPBI MEPEMEILICHUN, CKOPOCTH U YCKOPEHUSI U BEKTOP TEIJIOBOTO MOTOKA; 7,

S — TUIOTHOCTh W pacmpeeNieH!s] BHYTPEHHEH dHEprun W 3HTponuu. Eciu 3akoH
TEIUIONPOBOJHOCTH BbIOpaTh B popme JuHerHoro 3akoHa dypoe (q =-EVO), To

ciencTBreM (5) MOXKHO TTOJTyYUTh COOTHOIIIEHUs 3akoHa J[roamens — Helimana [2]:
6 =(Atre—3aTHK0)I+2pe. (6)

N ypaBuenue TernonpoBoaHocty (1). [lpu atom crienyer uMeTb BBUAY, UTO
TEIJIONPOBOIHON CIIOCOOHOCTHIO I€(POPMUPOBAHUS PEHEOPETACTCS TAKXKE, KaK
B (4) MacCOBBIMU U HHEPTHOCTHBIMU CHJIaMU (Vo =0).
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Poct nedopmanuii mmacTuueckoro Te4eHUs: BO3MOXKEH TOJIBKO MPHU JTOCTH-
KEHUU HANPSDKCHHUSIMU TIOBEPXHOCTH HArpy>KeHUs [ (G,k) =0 B mpocTpaHCTBE

HanpspkeHuil [10]. B npuHMMaemMbIX yCIIOBHSAX NPUHIMIA MAaKCUMyMa IOTEH-
[[MaJa co CJIEeICTBUEM aCCOLIMMPOBAHHOIO 3aKOHA

of (c,k)
5
0o
Jlanee B pacuerax B KaueCTBE IMOBEPXHOCTH HArpYy>KE€HUs NMPUHUMAETCS 00-

KOBasi IIOBEPXHOCTb HAKJIOHHOW Ipu3Mbl VBieBa B IpOCTpaHCTBE IVIABHBIX Ha-
IIPSDKEHUN

dp =d¢ dg>0. (7)

max‘cj—cs‘zgk, G:%(GI+GZ+G3). (8)

KycouHo-nuHeiiHoe yclIoBHE MIACTUYECKOr0 TeueHHUs (8) sBIISIETCS KJIACCH-
YECKUM YCJIOBHUEM TEOPHUH IUIACTUYHOCTH [10] 1 Ha3pIBaeTCA yCIOBUEM ILIACTHU-
YECKOr0 TEYEHUS] MAKCUMAJIbHBIX MPUBEAECHHBIX HanpsskeHuil unu [11] ycnosu-
eM mactTuyHocT Munumucekoro — MBneBa. g 3aBucMMOCTH mpeaesna TeKyde-

CTH k = k(@) MPUHUMAEM TPOCTEUITYIO JIMHEHHYIO 3aBUCUMOCTD

k(0)=4k(6,-6)6,". )
3nech kO =const — Ipeaen TeKy4eCTu MaTepualia B OIbITax Ha CABUT B yC-

JIOBHUAX KOMHATHOM TeMieparypsl T, (9 = O).

MexaHnueckasl 4acTb TEOPUH TEMIIEPATYPHBIX HAIIPSIKEHUM CBA3aHHA TAKUM
o0pa3oM ¢ MHTErpUPOBAHMEM YpaBHEHMs paBHOBecUs VG =0, mepenucaHHoro
B WIMHAPUYECKUX KOOPAMHATAX ¥, @, Z C Y4YETOM COOTBETCTBYIOLIMUX Kpae-

BBIX YCJIIOBUU
-1 _
G,,+r (G,,—G(P)—O,

u,(Ry,t)=0; o, (Ryt)=0, [u,(R,1)]=0, [o,(R.t)]=0.  (10)

Puc. 1. Ceuennie moBEpXHOCTH HArpyKEeHUs
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KBanpatabimu ckobkamu o6o3HaueH B (10) pa3pbIB BeIMYUHBI HAa TOBEPXHO-
CTU 7 = R;. B KaxIblil pacCYUTHIBAEMBI MOMEHT BPEMEHU ¢, 3aBUCUMOCTb Ha-

npsDKeHU OT aedopMaivii M1 TeMIlepaTyphl 33/1a€TCs COOTHOIICHUSAMH 3aKOHA
Mroamens — Heiimana (6). [lepBoHayaibHO 32 MOMEHTOM TOCaaku JaedopMupo-
BaHHE OKa3bIBACTCS YIPYTHM, HO B HEKOTOPBIN TOCIEAYIOIINI MOMEHT BPEMEHH
Ha TpaHMIIE KOHTaKTa 7 = R, BBINOJHSIETCS YCIOBHE IUIACTUYHOCTH B (hopme

26,—0, =4k. Ha puc. | moka3aHo cedeHHe MOBEPXHOCTH HATPYKEHUs (IpU3-

Mbl MBnieBa) miockoctsio o, = 0.

a)
oopam. rJN oopam. oeg.
R, R, ) R,
0)
oopam. oeqp. 1, =4k m
Rﬁ R; n!(!) R.‘
—>
B)
R, R, n(t  ny(1 R,
_—b L
r)
obpam. oeqp. f =4k\f, = 4k/f = 4k\/ 06p. oeep
R, R, ny(t)  ny(1) n,(t) R,
pp— 2
1) >
@ oopam. deg. fi=4k 00p. Oeqh
RH !74(3) R‘, n((f) R»
T —p i
€) e
. =4k\/ f, =4k\/ oopam. oegp. 5 :4N 00p. Oegh.
Rn niﬁ)_._ nﬁ'_(_'f)_b R,r m——— l?;(f) R:
K) 7
T, = AR\ 7. = AR\ adpam. oep\ foip. o =4k \V/oap. de
R, ny(t) n,(1) R, ny(t) n,(1) R,
—
3) —
@ 'f, = 4k, = 4K/ oop. oeqh) 00p. oeqh.
R, n@  n() n() R, R,
K) —=
f,=4k Mﬁp. oeqp.
R, R K
o) i M) ! _
m 1. =4k M}dp. oeqp.
Rri ny(t) n,(t) R; R
M)
oopam. oegp. oopam. oegp.
Rrr R; R:
fi=20,-0,. f,=06,-20,. f,=0,-20,.- f,=20,-0,

Puc. 2. Cxema aedopmMupoBaHus MaTepraia COOPKH
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Pucynkom (puc. 2) wuirocTpupyrotcs obpatumoe (a)) nedopMUpOBaHHE,
MOMEHT BO3HMKHOBEHUs TeueHus (0)), a Takke Mocleayroliee BO3HUKHOBEHHUE
¥ MCUYE3HOBEHHUE TUIACTUYECKUX 00JIacTel, BKIIIOYasl MPOABIKEHUE YIPYTOTLia-
CTUYECKHX IPAHUI (YKa3aHBI CTPEIIKAMH) F =1, (t) (j=1..7) no nomHoro oc-

ThIBaHUSI COOpPKU. BakHO 3aMeTUTh, UTO YNPYTOIIACTHUECKOE COCTOSIHHE B CO-
CTaBHOM JIMCKE B KaXKIblii MOMEHT BPEMEHU BO3MOKHO PacCUUTATh aHAIUTHYE-
CKH TIPH HAJIMYUU Pa3HBIX 007acTeH MIACTUYSCKOTO TEUCHHUS, COMpsras KOHEU-
HBI€ COOTHOINEHUS Ha T'paHMIAX 00JIACTEeW W BBITIOJIHSS TPAHUYHBIC YCIOBHSL.
[Tpouiecc MOJOOHBIX PACYETOB MOXKHO MPOCIEAUTh B HAIIKUX MyOJIMKalMsIX, Ha-
npuMmep B [12]. 3mech npeaAMETOM HAIIUX UHTEPECOB SIBISIETCS paclpe/iesiCHHe
o cOOpKe OCTaTOYHBIX HampsykeHui (puc. 3) u copmupoBaBIIHiics B cOOpKe
HATST, SBILIFONTUECS HAYaIBbHBIMU YCIIOBHSIMHU TIOCTIEAYIOIINX PAacUeTOB.

HcnbiTanusi npoyHocTH coeuHeHusi. CuuTaeM, YTO COCTaBHOW JTUCK Te-
nepb YCKOPEHHO BpalllaeTcs BOKPYT OCU COOpKH. YpaBHEHUE JBUKEHUSA (IIEpBOE

pasercTBo B (10)) Temeps ciIeayeT JOMONHATD CIAraeMbIM — Pre)° B IPABOIi €ro
yacTu (YIJOBbIM YCKOPEHHEM IpeHeOperaercs). YriaoBas CKOPOCTh oo(t) BO3-
pacTaeT 10 ero MPeAeIbHOTO COCTOSIHUS () = ®« MPU KOTOPOM HATAT OOHYJISAET-
cs. B pacuerax (puc. 3) npuHsTO: a = 0,944-107°, o =111- 10_6, Tp =1400 °C,
ky =360 MIla, monynb FOnra E =210 I'Tla, ko3¢ ¢punuent Ilyaccona v=0,27.
HauanpHast TemmepaTypa HarpeBa oxBaThiBatomied geranmu 7. =700 °C; reo-

METpUSl U3JIENNs CBS3BIBAETCSA C COOTHOLIEHMSAMM R, —R,=R, - R, (puc. 3).

TN 3 -1
Pacyersr B TakoMm cimy4ae mokaszaid, UYTO (O« :529,2-10 C 1500041

. =5,95-10% 06/mum.

c/k,4
2.0
e GF. //‘a,.__‘
1.0{===T = R

02 Oﬁ/l/fo /R,
S | B

Puc. 3. Pacnpenenenne ocTaTOYHBIX HANpsHKEHUH B MaTepuaie cOOpKH

CrnenoBatenbHO, COOpKa COCTaBHOTO JAMCKA, MPEJIOKEHA B KauecTBE IMpH-
Mepa, Ha KECTKOM Baiy OyJET BBITIOJNHATH CBOE (DYHKIIMOHAIBHOE 3HAYCHHE
TOJIBKO MPU O < ®«. VIHBIE TepMOMEXaHUUECKHE CBOICTBA MaTepUaoB COOPKHU
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U e€ UHas reoMeTpusi TPEOYIOT MepepacueTa 3TOr0 YCIOBHS COTJIaCHO CIOco0y,
HaAIMpUMED, MPEAJIOKEHHOMY B HACTOSIIIEM JIOKIIAJIE.
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DEFORMATION OF AN ELASTOVISCOPLASTIC CYLINDRICAL
LAYER UNDER ITS HEATING DUE TO FRICTION

L. V. Kovtanyuk , G. L. Panchenko
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The paper presents the solution of a coupled problem of the theory of large
strains on deformation and heating of an elastoviscoplastic material located
between two coaxial cylinders. The outer cylinder moves at a variable speed.
Deformation and heating of the material occur due to sliding friction on the
boundary rough surface.

Keywords: thermoelasticity, viscoplastic flow, large strains, deformational
heat production, thermal conductivity.

BBenenune. B omiimune oT ABMXKEHHM JKECTKOBS3KOIUIACTUYECKUX CpEll TIPU
OTKa3e OT MOJOXKEHUS O HenepopMuUpyeMOoCTH maTepuana 3aCTOMHBIX 30H U
MIPOJIBUTAIOIIUXCS SIIEp BO3HUKACT HEOOXOAMMOCTh IMOCTAHOBOK 3a7a4 B paMm-
Kax TEOpHH OOJBIINX YNPYTOBA3KOIIacTHIecKuX aAedopmanuii [1; 2]. B obnac-
TSAX BSI3KOILIACTUYECKOTO TEUCHUS ACPOPMAIMH TTOJIOKHUTH MAJTBIMH HEBO3MOXK-
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HO, a B 00JIacTAX ynpyroro AeOpMHPOBAHUS OHU CYIIECTBEHHO 3aBUCSAT OT Ta-
pamMeTpoB mpoTekatomero tedeHusi. CoOBpeMeHHBIN dTan pa3Butus (GpyHaameH-
TaJbHOW MEXaHUKU TpeOyeT OJHOBPEMEHHOI'O YuUeTa CIIOKHBIX PEOJOTHUUECKUX
CBOMCTB MaTepHajoB B yCIOBUSX CBSI3aHHOCTH MPOIECCOB MeHOPMUPOBAHUS U
TETUJIOBBIJICICHUS M TEIUIONEpeiadyu. ITOro ke TpeOyeT U COBpEeMEHHasi TEXHO-
Joruyeckas mpakTuka oOpabOTKU MaTepUaioB JaBJICHHUEM B aBUAIMOHHOM, ad-
POKOCMHUYECKOMU, SJHEPreTUUECKON IIPOMBIILIEHHOCTH.

VY4eT TenjaoTBOpHOI CIOCOOHOCTH HEoOpaTuMoro AehopMHUpOBaHUS (CBS-
3aHHOCTHU 3aJlad TEOpuU OOoNbImuX aedopMmarinii) yCIoKHIET MaTeMaTHIECKOE
MOJIETTUPOBaHUE Tpoliecca AePopMUPOBaHUS, TOCTAHOBKA U METOJIbI PEIICHUS
COOTBETCTBYIOIIMX KpaeBbix 3a7a4d [3—5]. [IpousBoicTBO Temia 3a c4eT HeoOpa-
TAUMOTO J1e()OPMHUPOBAHMS M 3a CUET TPEHHUS MaTepuaja O IIePOXOBATHIC IO-
BEPXHOCTH, €r0 OrpaHUYMBAIOLIME, B MIPIMOJIUHEUHBIX JBUKECHUSAX YHPYrOBs3-
KOIUIACTUYECKUX CPEJl pacCMaTpuBAIOCh B [6—8]. 34eCh paccMOTpUM CBsi3aH-
HYIO 33/7la4y O MNPSIMOJIMHEHHOM JABMXKEHHUH YIPYTOBSI3KOIIACTUYECKOTO MaTe-
puana, 3a)KaToro B 3a30p€ MEXIy KOAKCHUAJIbHBIMU LIWJIMHAPUYECKUMHU MTOBEPX-
HOCTSIMM, TIPU 3aJJaHHOM MEPEMEHHOM JIBUKEHUM BHEIIHEH U3 HUX C UCMOJIb30-
BaHMEM MaTEMAaTHYECKOW MOJEIH, KOTJia oOpatumbie M HeoOpaTumbie nedop-
Malluu onpenenstores nudpepeHinalbHbIMU ypaBHEHUSIMU WX TiepeHoca [2; 9].

OcHoBHBbIe 3aBUCUMOCTH Mojaenu. [(uddepennmnanbubie ypaBHEHHUS U3Me-
HeHHUsl (TepeHoca) TEH30POB 00PAaTUMBIX (TEPMOYIIPYTHX) M U HEOOPATUMBIX P
nedopmaruii 3anumiem [2] B Bume

e Ym0
%:%‘q"wpm:#’—p-sp—sp-p, (2)

m = e+ a7,0l,

¢=0+z(s,m),
e=(Vv+Viv)/2

( )2
m:(VV—VTV)/Z,

0=(T-1y)T; .

3neck v — BekTop ckopocTH; Ty, T — Temmneparypa HeeOpMUPOBAHHOTO CO-
CTOSIHUA U TeKyllas TeMIlepaTrypa; e — TeH30p, 3aJaroluil ynpyrue aedpopma-
uuu; I — equHUYHBINA TeH30p; Z(€, M) — HEIMHENWHAas 4acTh T€H30pa BpallCHUIl
¢ (9 =— @), B [2] OHa BBINHCAHA TIOJNHOCTHIO; € — CKOPOCTh H3MEHEHHS HE00-
paTuMbIxX aedopmariuii, o — K03PUIUEHT TUHEHHOTO paCITUPEHHUS.

CooTHoleHneM (2) BBOJUTCS OOBbEKTUBHAS MPOU3BOJHAS MO BPEMEHH, KO-
TOopasi 3aJaeT B3aUMOJCHUCTBHE OOpaTUMBIX U HEOOpaTUMBIX JedopManuit
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B mporuecce aedopmupoBaHus, 0OECIEUNBAIONIEE TE€OMETPUUECKYIO KOPPEKT-
HOCTb B TOCTpoeHusIx kuHeMaTuku. Korma € = 0, TeH30p HeoOpaTUMBIX fedop-
Maliii HEM3MEHEH M COTJIacHO (2) M3MEHSIOTCS TONBKO €ro KOMITOHEHTBI, UTO
XapaKTepHO Ui Mpoliecca pa3rpy3Ku.

Jlns Ten3opa nonHbIx Aedopmanuii Anbmancu d u3 (1) u (2) cnenyer

d=m+p-m-m/2-m-p—-p-m+m-p-m. 3)

TeHnzop m sBiseTCA TJIABHOW JMHEHHOW 4YacThiO TEH30pa OOpATHMBIX Jie-
dopmanuii ¢ = m — 0,5m'm. Jlasiee npuHUMaeM TUNOTE3y O HE3aBUCUMOCTHU
IUIOTHOCTH pacrpeesienus BHyTpeHHer sneprun V(m, 0) oT HeoOpaTumbIx Je-
dbopmanuii p, 4TO MO3BOJISIET Pa3JEIUTh Mpoliecc 1eHOPMUPOBAHMS Ha KOHCEP-
BaTUBHYIO W JUCCUNIATUBHYIO cocTaBisitomue. Cunrtaem, 9To AehOpMHUPYEMBIA
W30TPOIHBINA MaTepral MEXaHUYECKH HEC)KMMAaeM; BCEe M3MEHEHHUE ero oobema
CBOJIMTCSI K TEIUIOBOMY pacIIUpeHUIo. M3 3aK0Ha COXpaHEHUsI YIHEPTUU MOKHO
[2] momy4uTh

—RI+(1+ 30(]“06)_188—21 -(I-2d), p=0,

G =
—P21+(1+3aToe)‘“2—Z.(I—m), p =0,

W =W(J,,J,,0)=—-2uJ; — W, + bJ} +(b—w)J\J, — % J7 +

Lk: p:0’
Jy = L=trd, L,=d-d,
Ika piO,
Iy =tre, I,=c-c, )
a(épts) =—divl-T7°q-VT+T '6- €. )

B (4) u (5) 6 — Tenzop nHanpsukenuit; W = po¥(m, 0) — ynpyruit noreHuan;
po — IJIOTHOCTh MaTepuaia B CBOOOJHOM COCTOSIHUM; P, U P, — HEU3BECTHbBIC
byHKIIMHA 106aBOYHOTO THAPOCTATUIECKOTO AABJICHUS; |l — MOIYJb CABUTA, b, Y,
Vi, (m =1, 2, ..., 6) — UHbIE TEPMOMEXAHUYECKUE TTOCTOSHHBIE; § — MJIOTHOCTh
SHTPONUH; ( — MOTOK Teria; J = pvs +  — moTok 3HTponuu. [IpuHuMas 3aKkoH
terionpoBoaHoctd Dypre, u3 (4), (5) momyyaeM ypaBHEHUS TEIUIONPOBOJIHO-
CTH:

B o0ylacTax obpatuMoro nehopMHUpPOBAHMS, MPEIIISCCTBYIONIETO BI3KOILIA-
CTUYECKOMY T€UEHHIO

(1+B,0+B, trd)% +B5g--d =gAb,

v, (1-3a7,)—3v VvV, +V
Blz 2( 0) 69 B2:__a B3:_Q; (6)

\P) \P) \P)




B 00JIACTU TEYEHUA

(1+B16+Bztrc)@+B3(8—8p)--c:gA9—Lo--ep. (7)
ot 2v,

B oOnacTsx pasrpy3ku clipaBeUIMBO ypaBHEHHE (&) ¢ TeH30poM ¢ BMecTo d.
B (6), (7) g — ko3 duireHT TeMepaTyponpoOBOIHOCTH.

B kaudecTBe miacTuyeckoro noreHuuana (ypaBHEHUS MOBEPXHOCTH Harpy-
eHust) nanee npuHuMaetcs [10] o000IIeHHOEe YCIIOBHUE IIACTUYECKOTO Teve-
Hus Tpecka — Cen-Benana

F(c,sp) =k,

9

F(G,Sp) :%max‘ci —Gj‘—nmax‘e,f

k=k(1-6/0,)", 0, =(T, - T,)/T;, (8)
CO CICAOBAHNCM ACCOIMMHUPOBAHHOI'O 3aKOHA INTACTHYCCKOT'O TCUCHUA [10]
&=L, (>0 ©)
06

B (8) u (9) o;, € — riaBHBIC 3HAYCHUS TEH30POB HAMPSKEHUH U CKOPOCTEit

IUTACTHYECKUX AePOpMaLMii; kK — Ipesiea TEKYyYeCTH; 1 — BSI3KOCTh, 1, — TeMIe-
paTypa IUIaBJICHHUS MaTepHaa.

ITocranoBka 3amauyu. OO0parumoe aedopmupoBanme. Paccmorpum He-
CKMMAEMBbIIl yIIPYTOBSA3KOIUIACTHUECKUI MaTepual, pacloJOXKEHHBIN B 3a30pe
MEXAY JBYMs JKECTKMMHU KOAKCHAJIbHBIMHU LWJIMHIpPAMHU C paguycamH 7y U R
(r0< R). BHyTpeHHUI UUIUHAP >KECTKO 3aKPEIUICH, a BHEIIHUI UUIUHAD JIBU-
XKeTcs paBHOYckopeHHO. [lomaraeM u = u,(r, t), v = v,(r, {) B IWIMHAPUYECKOMN
CUCTEME KOOPJUHAT 7, ¢, z. ' paHUUHbIE YCIOBUS 3aUCHIBAIOTCA B (hopMe

+ +
=0, v

v

=u =vp =ayt,

r=R

r=n r=n

+
u

o =0 (10)

rr

=up =alz‘2/2, o)

r=R

B ycnoBusix (10) 3Hakom «+» 0003HaY€HbI CKOPOCTU U MEPEMEIECHUs Tpa-
HUYHBIX ITUWIUHIPOB, @y U d; — 3aJlaHHbIE TOCTOSIHHBIE, G, — paJvalibHas KOM-
MOHEHTa TeH30pa HanpspkeHul. [locneanee ycinosue (10) 3amaer HanpsHKEHHOE
COCTOSIHUE, BhI3BAHHOE HaYaJIbHBIM IOJ[KATUEM.

Cuutaem, 4yTO MaTepuan HauyuHAET Ae(POPMHUPOBATHCS U3 CBOOOIHOTO CO-
CTOSIHUS ¥ TIEpBOHaYaIbHO 00paTtumMo. [loka BeINONMHSAETCS YCIOBHE

‘Grz‘_f‘crr‘<o’ (11)

MaTepuall Ha TpaHuLAx » = 1y, ¥ = R yIepKUBaeTCA 3a CYET CyXOro TPEHMs C KO-
sdpdunuentom f. Pemienue ynpyroil 3amayu mojiydyaeM, HCHOJIB3YS (OpMyiy
Mypnarana (4), ypaBHEHHs] paBHOBECHS
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0o 0o G~ Oy 0o 0o o]

rr + rz + :O’ rz + 4 + rz :0 (12)
or 0z ¥ or oz r
U rpaHudHbIe yciaoBus (10):
C CZ -1 R
G,, ==, 0, =04 =0y, O, =0dy+—, c=c(t)=pupln" —,
r wr %
u :Elnl, % :Elnl, e, =L, e, = —Eefz, e, :lerzz,
nor (VR 2ur 2 2
dwz—luﬂ,dmzlﬂngzgﬁ. (13)
2 2 or

YBenuyeHue co BpEMEHEM CKOPOCTHU JIBMXKEHHSI BHEIIHErO IWJIMHApA TMpH-
BOJUT K oOpareHuio HepaBeHcTBa (11) B paBEeHCTBO Ha BHYTPEHHEH TpaHMUIIC
¥ = ¥p B HEKOTOPbIA MOMEHT BPEMEHH ¢ = {|, C KOTOPOT0 HAYNHAETCS MPOCKAIb-
3bIBAHKME MaTepuaja 1 ero pa3orpeB BCICACTBUE TPEHUS O )KECTKUN BHYTPEHHUI
muHAp. [lonmoxkuMm nmst ompeneneHHOCTH @y < k/f. Torma mpockanb3piBaHUE
MaTepuralna B OKPECTHOCTH BHYTPEHHETO IUJIMH/pa HAYHETCS paHblle, YeM Iuia-
CTUYECKOE TeueHHe. B TakoMm cilyyae mpuHUMAaeM yCJIOBUS

G(r,tl) =0, 0(ry,t)=yu(r,t), O(R,t)=0,

:o,z>q:/3£@ﬁmﬁn (14)
r=n Ha, R

31ech Y, — MOCTOSIHHAS TEIUIONPOU3BOJICTBA 32 CUET TpeHus; & — Koddhuuu-
eHT Bsi3koro Tpenus. [lomaraem, uto Temmeparypa 0 npu nedhopMupoBaHHH HE
JIOCTUTHET TeMIIepaTyphl TUIaBieHus. JIJis KOMIIOHEHT TeH30pa HampsHKEHU, 00-
paTuMbIX nedopMalnii U rpaJneHTa nepeMenieHuit cornacHo (3), (4) nomrydaem
2
,

(o] = /o |- &)

G¢¢ =—P1> Op =—D +b9(u') Gz =7h + u(u,)z > O = (“_le)u,’

Cc _ 3 2

[=v,+v:+3 al,, m,=——— m, rz»
IR 2(n—10)r 2

1 2 C
m, =—m-., u'=———. 15
zz 2 rz (M _ le) 7 ( )
KoMmoHeHThl BEKTOpPOB mepeMenieHuil u ckopoctu ¢ ydyetoM (14) u (15)
IPUHUMAIOT BH/]T

© o dr 1 fa
u:c;‘(‘)m—ku(lfo), u(ro)za—}b;[cdt—k?o(t—tl),
v:éj(‘i—r)r+lcj(u_efg)zr+§io+fgo+h2(r,t), o (r,£)=0.  (16)
)
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N3 ypaBHEHUN pAaBHOBECHS CIEIYET, UYTO G, YAOBJIETBOPSET MEPBOM 3aBH-
cumoctu (13) u ypaBHeHuUE 17151 ONIpeeTICHIUS] HEU3BECTHON QYHKIUH Py

o, 0 2000 d 1(ry)c?

p1=lczj(9 ——+ ZG) rz o+ (0) 75~ % (17)
n ron=0)(n-10)"r (H_Ze(’”o)) 0
VYpaBHeHUe TEIIONPOBOAHOCTH (6) TpUHUMAET GOopMy
2 .

1+B19+ B3lc 3 5 9"‘ B3ccz ) Zg(e”+le'j, (18)

Z(u—ZG) r Z(M—ZG) r r

rae
o dr 1 fa, 0
dt + —>(t—t,) = up.

[ty g e ) = (19)

0] i

Cucrema ypasaenuit (18), (19) npu ycnosusix (14) u ycinoBuu HempepbIBHO-
CTU (YHKIIMHU ¢ B MOMEHT BPEMEHHU { = {; pelIaeTcs YUCICHHO ¢ UCIOJIb30BaHU-
€M KOHEYHO-Pa3HOCTHOTO METO/Ia.

[Ipn yBenMYEHHH CKOPOCTH BHEUIHErO LMJIMHAPA B HEKOTOPBII MOMEHT
BPEMEHHU ¢ = f,, BBIUUCIAEMBIN U3 ypaBHeHUs c(t,) = —fRc,(R, t,), HEpaBEHCTBO
(11) mepecraet BBIMIOIHITHCS U HA TPAHMIIE 7 = R, T.€. HAUMHAECTCS MPOCKANIb3bI-
BaHHUE M Pa30rpeB MaTepuala B OKPECTHOCTU BHEIIHETO IWIMHApA. YCIOBHE
(12) mpu » = R u BTOpOE ycioBue (14) 3aMeHsieM clneayomuMu

(ol /1o, |- E[V])| _, =0,

[v] =v —v, O(R,f) :yl[u]‘r:R, [u] =u’ —u. (20)

Pemenue cucremnr ypaBHenuit (17)—(19) ¢ uaMeHuBIIEHCS COTJIACHO YCJIO-
BusM (20) dynkuuei ¢ ¢ yuerom (14) u HenpepslBHOCTH 0, p1 U ¢ TIpu ¢ = ¢, Ha-
XOAUTCS YUCIEeHHO. HaliieHHoe pelieHne ynpyroi HeM30TEpMHUYECKOU 3a7auu
IIPU pacTyIIeil CKOPOCTH BHENTHETO NUJIUHIpPA CIPaBEAJIUBO O MOMEHTa Bpe-
MEHH = f3, JJIsl HAXOXKJICHUSI KOTOPOTO MCIOJIb3yEeTCsl YpaBHeHUE c(t3) = k(t3)ro,
KOT/Ia Ha BHYTPEHHEH TPAHUIIC 7 = ¥ BIIEPBHIC BBHITTOJIHATCS yCIOBUE TUIACTHYC-
ckoro TedeHus (9) B BUIE G,.|,— o= k(13).

Bsizkomiiactu4yeckoe Te4yeHUe NMPH BO3pacTamouleil U MOCTOAHHON CKO-
pocTH BHemHero muwiannapa. C MoMeHTa BpEeMEHH ¢ = t; B MaTepuale pacTeT
00J71aCTh BSI3KOIIACTUYECKOTO TeueHus ry < r < r((t). 3aech r = ri(f) — IBUXKY-
Iasicsl TpaHuIla, OTACISIIoNIas 00JacTh TeueHus ot obnactu r(f) < r < R, B Ko-
TOPOM MaTepHall MPOI0JDKAET AehOPMHUPOBATHCS 00PATUMO.

N3 dhopmyn (4) B oOmacTu BA3KOIUTACTHYECKOTO TEUYCHUS JUISl HAMIPSKEHUN
oJTy9aem

o, =—p +2(n—10)m,, +(3u+19)mr22, Gyp = P15
o, =—-p +2(n-10)m, +(3u+16)mrzz, 6, =2(n-10)m,,. (21)
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CornacHo ypaBHeHusiM paBHOBecus (12) ananoruuno (17) B obnactu mia-
CTUYECKOTO TeueHus ry < r < r|(f) MOJIy4YuM YypaBHEHHUE /JII MN3MEHUBIICHUCS
byHKIUU p;. s KOMIOHEHTHI HANPSHKEHUH G,. MPOJOJKAET BBIMOJIHATHCS
nepBoe cootHoienue (13).

Cornacno 3aBucuMocTsM (1)—(2) kuHeMaTUKa TEYEHHS 3aaeTCsl COOTHOIIIE-
HUSMHA

ddi’z adrz 1 i 28,,2 (1 — mZZ)
drz :mrz+przs - = ==V, I, =-1, = ,
dt ot 2 m,,. +m. -2
dp
e =21 2p (r., +€?),
rr dt prz( zr rz
4 1 om,. 0,
el = D +2p, (r,+€l), e_==Vv=¢_+¢ =&+&
at 2 or ot
p _
85, = _852 = & _m”r m,, ) (22)
2 m

rz

Crnenyst acCOUMMPOBAHHOMY 3aKOHY TeueHHUs (9) U yCIOBHIO MJIACTUYHOCTH
(8) B popme ©,. =k -+mnel ¢ ydyeToM HENPEPHIBHOCTH HANPSOKCHUIT HA TPaHUIIC
r = ri(f), 171 KOMIOHEHT TEH30pOB CKOPOCTEW IIacTHYECKUX aedopmaruili u
IIaCTHYECKUX aedopmaliuii mojrydaem

t
Pl —|eP —
el =n"(c/r-k), p, —Igrzdt, c=nk(n). (23)
]

B o0nactu BA3KOIIACTUYECKOTO T€UEHUS ¥o<r<r(f) C y4eTOM JaHHbIX 3aBU-
CUMOCTEH, MOJyYUM YpaBHEHHUE TEIJIONPOBOJAHOCTH M KOMIIOHEHTY BEKTOpa
CKOPOCTH.

JI1s KOMIIOHEHT TEH30pPOB 00paTUMBIX Aedopmanuii m,,, m,, 1 HeOOpaTH-
MBIX AedopManuii p,,, p.. B odnactu ro<r<ri(t) n3 coornomenui (13) u (22) no-
JYyYUM CUCTEMY YpaBHEHH

e 4 2
ap p 4(8rz +8rz)prz m
zZZ _ &P zZ 1z
a—_srz m,, — + P 1+pzz - _2mrzprz >
t m,, 2+m,,
2
_ 2 _ rz _ 2
prr - _pzz - 2prz’ mzz - _pzz + + zmrzprz’ mrr - _mzz - mrz' (24)

B ob6mactu obpatumoro nedopmupoBanus ri(f) < r< R ypaBHEHHE TEILIO-
npoBogHOCTH uMeeT BuJl (18), a u3 (21) ¢ yueToM HENPEephIBHOCTH HANIPSHKEHUI
Ha YIPYTroIJIaCTUYECKOM rpaHmIIe CIeyeT ypaBHEHHE Ui (PYHKLIUU p;.

[Tomy4yeHHbie ypaBHEHUS JJIs1 HEU3BECTHBIX MYHKIMM 0, p1, 11, C, My, Moz Doy
U p.. PEIIalOTCsl OJHOBPEMEHHO C MCIOJb30BaHUEM BTOpOro ycioBus (14) u yc-
nosuit (20). Taxke mpemonaraeTcs HEMPEPHIBHOCTh PYHKIUH 0, p; 1 ¢ B MO-
MEHT BPEMEHHU ! = 3 U HENPEPHIBHOCTh TEMIIEPATyphl U TEIJIOBOrO MOTOKA Ha
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YOPYTOILIACTUYECKOM rpanutie » = ri(¢). Jlusa pemenns 3Toil cuctemsl pa3pado-
TaHa KOHEYHO-PA3HOCTHAsI CXeMa MepBOro Mopsijika o BpEMEHU U BTOPOTO — 110
POCTPAHCTBY, YUUTHIBAIOMIAS JBUKYITYIOCS YNPYTOIIACTHYECKYIO TPAHUILY U
U3MEHSIOIIMECS 001acTH HEOOPaTUMOTO M 00paTUMOTo J1e(hOPMUPOBAHHSL.

Ecinu ¢ MoMeHTa BpeMEHHU ¢ = #4 CKOPOCTh BHEIIHEr0 LIUIMHAPA MOJOKUTh
MIOCTOSTHHOMU, T. €. Vg = djl4, TO KaUYECTBEHHOE M3MEHEHHE AePOpMaIlOHHOTO
npoluecca He MPOUCXOIUT.

Teuenne npu yObIBawIeil CKOPOCTH BHelNIHero HWwiuHApa. Pa3rpyska
cpeabl M OXJiaxKJAeHUue. B HEKOTOpbIA MOMEHT BPEMEHU f = {5 HAYHEM CHUXKATh
CKOPOCTb BHEIIHETO HWJIMHJPA M0 3aKOHY Vg = a1t — ax(t — t5). O0nacTh TeUeHUs
IIPA 3TOM NPOJOJDKAET YBEJIWYMUBATHCS, HO CKOPOCTh MPOJBHKEHHUS IO MaTe-
puany ynpyromiacTH4ecKOM IpaHulbl » = r((f) MalaeT U B HEKOTOPBIM pacuer-
HbIi MOMEHT BPEMEHH ! = f; CTAHOBUTCS PABHOU HYIIIO.

C MOMeHTa BpeMEHHU ¢ = t; TpaHuLa » = r|(f) HAYMHAET IBUTaThCsl K BHYTPEH-
HEMY LWIUHAPY 7 = ry. B MaTepuae nospisieTcst HoBast 00s1acThb 71(¢) < r < ri(ty),

B KOTOPOil KOMIIOHEHTa TEH30pa CKOPOCTEHl Iuracthdeckux nedopmarmii &’

paBHa HYJIIO, H, CJIEI0BATEIHLHO, KOMIIOHEHTAa TEH30pa IUIACTUYECKuX nedopma-
Uk p,. He u3MeHsercsa. B cyxaromeiics obnactu ry < » < r(f) mpoaoKaercs
BSI3KOIIACTHYECKOE TeUeHue, B oonactu r(fs) < r < R nedhopmupoBanue odpa-
THUMO.

B HEKOTOPBIT MOMEHT BPEMEHHU ¢ = {7 HA BHEIIHEW TPAHUYHOM MTOBEPXHOCTH
¥ = R BBINOJHUTCS PAaBEHCTBO (]c,z —flo., LR =0 H, CIE€J0BaTEIbHO, BMECTO YC-

J0BUS Mpockaib3biBaHus (19) BHOBH BeinonHseTcs (12). MaTtepuan cHoBa ABU-
KETCS BMECTE C BHEIIHEW I'PaHUYHON MOBEPXHOCTHIO 0€3 MPOCKAIb3bIBAHUS U,
TakuM 00pa3oM, He HarpeBaeTcs 6e3 TpeHus. [loaToMy rpaHu4YHOE YCIOBUE IS
temriepaTypsl (20) 3aMeHUM CIIETYIOLIUM:

(56’ + h0)

=0, (25)

r=
rae O u h — ko3 (PUIHEHTH TETUIONPOBOAHOCTH U TEIJIOOTAAYU MaTepHalia co-
OTBETCTBEHHO.

B pacueTHbIii MOMEHT BpeMEHH ¢ = fg yIpyromiacTuyeckas rpanuua r = r(f)
COBIAJAECT C BHYTPEHHEN MOBEPXHOCTHIO IWIMHIpA » = 7. C 3TOr0 MOMEHTa
BpEMEHU B MaTepualie OCTalOTCsA o00JacTh o0paTuMoro aedopMUPOBAHMS
ri(ts) < r < R u obnacth 1y < r < ri(fs), B KOTOpOH HE M3MEHSETCS KOMIIOHCHTA
TEeH30pa HeoOpaTUMBIX AedopManuii p,.. B 3Tux obnactsax ypaBHEHHE TeErUIO-
npoBOAHOCTH uMeeT Buj (18).

B momenT BpeMenu ¢ =1, = a,a, 1t4 +¢5 BHEIIHMH LIMJIMHJIP OCTaHABIMBACTCH.
Jlanee B MOMEHT BpPEMEHHU = £}y TEHEPb YK€ U HA BHYTPEHHEU TPaHHULIE ¥ = I

- f‘Grr

PYEMOM CJIO€ CTAaHOBUTCSA PaBHOW HyJ0. Marepuan cios HauMHAET OCTHIBATb.
YpaBHEeHUE TEIJIONPOBOIHOCTHA BO BCEM CII0€ MPUHUMAET BUJL

BBITIOJTHUTCSL PaBEHCTBO (‘Grz )‘ =0. CkopocTs BO BceM aedopMu-
r=ny
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2
il G:g(e”+l€)'j.
2(n—10) 1’ r

IlepBoe rpannyHoe ycinoBue U3 (14) 11 3TOro ypaBHEHUs U3BMEHUM Ha yc-
JOBUE

1+B,06+

'\r:ro =0.

Ha rpanutnie » = R Boinonusiercs ycnoBue (25). C TeueHreM BpEMEHU Mate-
pHaJT TIOJIHOCTHIO OCTBHIHET W Jajiee HANpsHKeHUS, edopMaIiui U IepeMeIIeHHs
IepecTaroT U3MEHAThCA. JlasbHenas pa3rpy3ka CBsA3aHa C YMEHBUICHUEM Ha-
MPSKEHUS G, HA TPAHULIE ¥ = ¥ 10 HYJIS.

X1
0.20

i

S AN

0.10
13:0.33 ’L'4=0.46 T5 Te 059 T7 ’[8=0,72

Puc. 1. I'padux ynpyrormmacTHueckoi rpaHHIIbI

PacueTrsl MPOBOAMINCH B Ge3pa3MepHBIX EPEMEHHBIX X = /R U T=1,/a, /R
IIPHU CIICIYIONINX 3HAYCHUAX MOCTOSHHBIX: o/R = 0,1, ag/u = —4,08%107*, ko/ n=

=2,63x107, £= 0,2, B = 0,379, B3 = —0,558, 0,,= 2,18, gR'\Ja['R™' =21,06,

nE o 'R =219,13, un e 'R =525,9, I/n=0,3, v/u=0,5, y;R = 10, ay/a; =2,
hRIS = 12.

o. /K (a) (b)
8x10-3 0

GI"/M

///':/CY(P(P/IVL

4x107 \ -1x10°

I— ',':GZ:/H

0 -2x1073
0.1 0.4 0.7 1.0 0.1 0.4 0.7 1.0
X X

Puc. 2. Pacnipenenenue o ciow OCTaTOYHBIX HAMPSHKEHUN
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Ha puc. 1 mpexacrasien rpaduk u3MeHEHUs YIPYTOIUIACTUYECKON TPaHUIIBI
X1 = r1/R B 3aBUCUMOCTH OT 0€3pa3MepHOro BpeMEHHU T B MHTEPBAJIE OT T3 JIO Tg.
KomMmnoHeHTa 0CcTaTOuHBIX HaMpsDKEHUM G,/ okazaHa Ha puc. 2, a. Ha puc. 2,
b TpencTaBIeHbl OCTaTOYHBIE HANPSKEHUS G/, Ggo/ll U G./|L CIUIOLIHOMH,
IITPUXOBOK M MyHKTHUPHOH JIMHUSIMU COOTBETCTBEHHO.

3akmouenue. C ucnonb3oBanueM auddepeHInaibHbIX ypaBHEHUN H3Me-
HEHHSI TEH30pPOB OOpAaTUMBIX W HEOOpaTHMBIX JedopMaliii pacCMOTpPEH Mpo-
IIECC PAa3BUTHUS ¥ TOPMOXKCHHS BS3KOIUIACTUYECKOTO TEUEHUs Marepuasia
C y4eTroM ero oopatumoro AehOopMHUpPOBAHUS U TEIUIONEpeaaud B HEM BHE 00-
JACTH TEUCHHUS. Y UUTHIBACTCS TEIUIOTBOPHAS CIIOCOOHOCTH Je(popMUpOBAHUSI U
pa3orpeB MaTepralia B YCIOBHUSIX €ro MPOCKATb3bIBAHUS 110 TPAHUYHOU TTOBEPX-
HOCTH.
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NATURAL DIFFERENTIAL INVARIANTS AND EQUIVALENCE
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We give a description of the field of rational natural differential invariants
for a class of nonlinear differential operators of the third order on a two dimen-
sional manifold and show their application to the equivalence problem of such
operators.
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Introduction. In this paper, we continue to study rational differential invari-
ants of differential operators on two-dimensional manifolds. Here we consider a
class of nonlinear operators that in local coordinates x;,x, have the following

form:

3
Ay f—— Y g f)—2L s

T Ox; Ox ;0X
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Loy f) L

where x = (x1, x2),f f(x).

We call such operators as weakly nonlinear operators. In paper [5], we found
rational differential invariants of the 2nd order weakly nonlinear operators and
used them to solve the local equivalence problem.

Here we use the methods of [5] to find rational differential invariants for the
3rd order weakly nonlinear operators and apply them to solve the local as well
as the global equivalence problem. Additionally we will assume that all coeffi-
cients a(x, y) of these operators are smooth in x and rational in y.

It is easy to see that the pseudogroup of local diffeomorphisms (in variables x)
naturally acts in this class of operators. The main step in studies of such operators is
a representation of operator A, as a pair (4, f) (We call it as a (related pair), where

A= Zal]k(xy)a a a Z z]( 7y)

i,j,k i,j j

+Za(x Nor +ao(x NI (1)

J

+Za (x, y)—+ao(x y) (2)

is a linear third order linear differential operator on the extended space (x, y). The
procedure of descent allows us to get differential invariants of weakly nonlinear
operators from invariants of related pairs and linear operators of the form

3 82
f—l%a,,mf)a o Z 0o o
+§ai(x,f)@+ao<x,f>. 3)

Using this procedure and a machinery of reduced Gr'obner bases, we
upropose a method to find invariants of the 3rd order weakly nonlinear operators.
Notations. In this paper, we use the same notations as in [3; 4]. Let M be

n-dimensional manifold and let ©:7TM ——>M and © :T'M——>M be
respectively tangent and cotangent bundles over M.
We will denote by Diff, (M) the module of linear k-th order operators,

acting in C__(M). The corresponding vector bundle of such operators we denote

by, thus Diff, (M) is also the module of smooth sections of y, : Diff, = C*(y,)-

The group of diffeomorphisms of M will be denoted by G(M) and the multi-
plicative group of nowhere vanishing functions on M will be denoted as F(M).

We denote by =¥(M) and 2, (M) the modules of symmetric k-forms and

k-vectors respectively. Also, we denote by QF the modules of exterior k-forms.

Linear differential operators on M. In this section, we recall the necessary
facts from [3] on scalar linear third order differential operators on two-
dimensional manifolds. Let M be 2-dimensional smooth oriented connected

manifold and let w:M xR——>M be trivial line bundle. Denote by
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. J *(n)—— M the bundles of k-jets of smooth sections of 7 (i.e. k-jets of

smooth functions on M).

Let G(M) be the group of diffeomorphisms of the manifold M. Then, to-
gether with the action of G(M) on M, we have also the actions G(M) in the bun-
dles m, by prolongations of diffeomorphisms.

The prolongations of diffeomorphisms ¢ € G(M) in the bundles m, will be

denoted by ¢™*.

Let y, : Diff;(M )——> M be the bundle of the third order linear differential
operators on M and be bundles of their k-jets of sections of 5. The group G(M)
acts on operators A4 € Diff;(M) in natural way: @.: A——>@«(A)=@«0 Ao or',
where the morphism @.:C*(M)——>C*(M) is defined by the formula
Qe=(0 )i h——hog .

Symbols. By the symbol o5 , of the operator A, we means the equivalence
class o; , = Amod Diff;M). Let an operator 4 € mod Diff;M ). be represented in

local coordinates x;,x, of M in the form
A=a,0; +3a,070, + 3,050, + a,05 +
+D,0; + 2b,0,0, + b05 + ¢,0, +¢,0, +ay, (4)

where the all coefficients are smooth functions of x=(x,x,), 0 and 8, are a,
and 0, respectively.

Then the symbol o, , is identified with the symmetric 3-vector
O34 = 4,0} +3a,0;0, +3a;050, + a,0, € T,(M), (5)
where dots and degrees are symmetric products of the vector fields 0,, 0,. The
symbol o3 , is regular (at point or in domain) if it as a homogeneous cubic

polynomial on the cotangent bundle 7" (M) has distinct roots.

Denote by A(o3 4) the  discriminant  of  o;,,  then

_ 3 3 2 2 22

Recall that the symbol o, , has three distinct real roots if A(c; 4) >0 and one
real and two complex roots if A(c; 4) <O0.

Thus, we say that the operator A is regular if its symbol o5 , is regular or
A(o3 4) # 0.

More over, we say that an operator 4 is hyperbolic if A(c; 4) >0 and ultra-

hyperbolic if A(c; 4) <O.
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Locally, the symbol of a hyperbolic operator can be presented as a symmet-
ric product of pair wise linear independent vector fields o3 , = X - X, - X3, and

therefore there are local coordinates x;,x, such that
634 = (a0, +b0,)-0, - 0,, (6)

where a and b are smooth functions and ab # 0.
For the case of ultrahyperbolic operators we have 6; , = X - ¢ 63, where X is

a nonzero vector field and g €2, is a positive symmetric 2-vector. Therefore,
there are local coordinates x;,x, such that

03 4 = (ad; +b0,)- (3} +03), (7)
where a and b are smooth functions and a® + 5> > 0.

Wagner connections. The following result due to Wagner [7; 3].
Theorem 1. (1) Let 4emodDiff;M) be a regular differential operator. Then

there exist a unique linear connection V such that the symbol 63, A is parallel
with respect to V. (2) The curvature tensor of V is zero.

We call this connection Wagner’s connection. In the case of hyperbolic
symbol, we choose local coordinates in M such that ¢ has form (6). Then the non

zero Christoffel coefficients I’ j.k of the Wagner connection are the following:

b 1 1. b 1 . a

a
?)xl’rzzz - g(lnb_2)X2’Fll2 = E(ln?)xzargz =—(In

1
1 _

In the ultrahyperbolic case (7) we have the following nonzero Chritoffel co-
efficients:

1 a.b—ab ab. —a_b
1 2 2 2 1 2 X x 1 2 x x
I',=1%= (In(a” +b7) I, _—_111_——12 b21’ »n=—17 :—a% b22

6

X2

Corollary 2. The torsion form 6 of the Wagner connection is

0= L) de + L0n%) dx, for the hyperbol g o= Ll =y
=—(In— X, +—(In— X, 101 tnc CrooliC casc an =
35 g3 p 2 P a’ +b*

ab

X1

—a_b
—)éla’x2 - %d (In(a® + b%)) for the ultrahyperbolic case.

dx, +

T

a +b

Symols and quantization. Let ~~=@®,.,3"(M) be the graded algebra of

symmetric differential forms and let V be the Wagner connection associated
with a regular symbol from £,(M) Then the covariant differential

dy : Q' (M) — Q' (M) ®Q' (M)
define derivation dy, :2— 3% of degree one in graded symmetric algebra

=0 kZOZk (M). Namely, this derivation is defined by its action on generators,
and we have
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di=d:.C*°(M)——Q' (M)=3"
dS=d: Q' (M)=3'—Y 50 (M)®Q (M)—22 552

Let now. We define a differential operator as follows:
1 s
O(a)(h) = {2 ().
where he C*(M), (d5)(h)eZ"(M) and -, -) is the standard convolution
2, (M)QZH(M)——C* (M)

Remark, that the value of the symbol of the derivation dy, at a covector 0

equals to the symmetric product by 0 into the module X. Therefore, the symbol
of operator Q(a, ) equals g, as the symbol of a composition of operators equals

the composition of symbols. We call differential operator O(a,) a quantization
of symbol a,.
Let now 4 e Diff;(M) and be its symbol. Then operator

A- Q(GS,A)
has order 2, and let &, , be its symbol.
Then operator) 4—-Q(c; 4)—Q(c, 4) has order I and let &, , be its symbol.
Thus we get subsymbols c; , € X,(M), 0<i <2, such that 4=0(c;,(4))

Where
G;3)(A)=05,4+0, 4+0, ,+0¢ 4, (8)

o — is the total symbol and

(63 (4) = (05 4) + O(0, 4) + O(0, 4) + O(Tp 4)-

Coordinates. Let x;,x, be local coordinates in a neighborhood O c M,
where the symbol ;4 is regular. Denote by x,x,,w,w, induced standard

coordinates in the tangent bundle over O.
Then dy (dx;) :—Zl“fdxi ®dx;, where Ff; are the Christoffel symbols of

ij
the Wagner connection V. Thus, in coordinates x,w we have

dy’ (w,) = —Zl“f;wiwj and the derivation dy, has the form:
s k
dy = Zwl@i - ZFUWinaWk :

Universal differential operator. We define a total operator of third order
0y C* (J ) —— C*(J*y;) as it was done in [3].
In local coordinates this operator has the form
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u®(d\*
L,—6 —— . 9

3 oc,OSZocs3 o! (dXJ ( )
where ‘oc‘ =0, +0l,,0 = (04,0,),(d / dx)* =(d / dx;)*'(d / dx,)*?, and (d /dx,),
(d / dx,) are total derivatives.

Theorem 3. The operator [; commutes with the action of the group G(M) on
the jet bundles.

Natural differential invariants of regular operators. By natural differen-
tial invariants of order k we mean a function on J* (x3) which are
G(M)-invariant and rational along fibers of the projection y; ; .

Theorem 4. If | is « natural differential invariant of order < & for differential
operators of the third order, then [;(/) is a natural differential invariant of the

order < (k + 3) for these operators. We say that two natural differential invari-
ants 1,,/, are in general position if
dl, ndl, #0, (10)

where “d is the total differential, and denote by O({;,1,) = J”(x;) the open
domain, where condition (10) holds.

Theorem 5. Let natural differential invariants /;,/, are in general position

and let
J*=5(J%),
where 0 < ‘a‘ <3, a=(0,0,).

Then the field of natural differential invariants for differential operators of
the third order in the domain O(/,,1,) is generated by invariants /,,/,,J” and
all their Tresse derivatives

d'J"
dIldI?
where [ =1, +1,.
Thus, to obtain the field of natural differential invariants of linear regular dif-

ferential operators of order 3, it is enough to have two natural differential invari-
ants [,,/, in general position. The invariants can be obtained by various

methods. For example, as the invariant /; one can take the free term u0
of the universal operator, or is natural invariant such that /;(4) is the

natural convolution of the torsion form 6 of the Wagner connection and the
subsymbol o, ,. As the natural invariant 7, one can take, for example,

the invariant [(/,).
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Let F® kbe the field of all natural differential invariants of order < k of lin-

ear scalar differential operators of order < 3 on M. The G(M)-action on M
1s transitive and, therefore, the set of all such invariants forms an R-field.

The natural projections y, ,:J “()——J'(%),k > 1, define the embeddings

F,(3 ) —)Fk(3) and their inductive limit £ is the field of natural differential

invariants of linear differential operators on the manifold M.
Remark that the G(M)-action on differential operators satisfies the conditions

of the Lie-Tresse theorem (see [2]) and, therefore, the field F) separates
regular G(M)-orbits.

Linear differential operators on M x R .Consider now linear differential
operators A of the third order on the manifold J°(n) =M x R, that satisfy the
following condition:

(4—A1)(y) =0,
where y is the fibrewise coordinate on J(r).
In local coordinates (x;,x,) on M, we have representation (2) of operators of

such type:
A= ay(x )5—3+2a (x,¥) o + > a,(x )i+a(x )
i)k Y Ox; Ox ;0x; 7 7Y ox;0x; 5 Y Ox;. ovH I

The module of these operators we will denote by Diff;(M,R) and by we will

denote the corresponding bundle of these operators.
As before, elements of the module of Diff;(M,R) are just sections of the

bundle { with the correspondence
lefS(MaR)ECOO(g)) A—)SAa
where S,(a,y)=4,,, and (a,y) € M X R.
The diffeomorphism group G(M) acts by prolongation ¢——>¢'® on the

manifold J°(n)=M xR, preserves the function y, and therefore acts in the

bundle € as well as in the k-jet bundles ¢, : J *(©)——> M xR.

Linear differential operators Ay Given an operator

Ae Diff;(M,R)=C"(c), and a function f € C”(M) we define the operator
A, = s; odom € Diff;(M,R) as the operator that corresponds to the restriction

of the section sA to the graph of the function /. Here s,: M ——>M xR is the

section of the bundle & that corresponds to the function f. In local coordinates,
we get the above representation (3) for this type of operators:
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3

Ay =2 a5 g o +Za,,<xf)

i,j.k J X

+Za(x f)—+ao(x iy

Weakly nonlinear differential operators. Define now the space of weakly
nonlinear operators of the third order Diff;" (M) as the space of differential op-

erators A4, on C”(M) of the form

A(N= 4,01, (an
where and f e C*(M).

Proposition 6. The mappings
@ : Diff; (M,R)xC*(M)—— Diff; (M) ©O: (4, /) —>4,,

and O, :Diff; (M,R)—— Diffy"(M) ©,:A—> A, are natural in the
following sense:

0+ (4, ) = (@2 (A), 9 (1)), 0x(Ay) = (9:(A)

0 (f)’
and

0+(4,) = (¢:(A4)),,
for all diffeomorphisms ¢ € G (M).

Proof- The proof is almost verbatim repetition of the proof of Proposition 1
in [5].

Related pairs and their invariants. The above proposition has the follow-
Ing consequences:
* By differential G(M)-invariants of weakly nonlinear operators we will

mean differential G(M)-invariants of operators in Diff; (M,R), that are
G(M)-invariant functions on jet spaces J k (©).

* In what follows, we will require that operators A4 € Diff; (M ,R) under con-

sideration are rational in y (as sections of the bundle (). Also, by differential in-
variants of rational weakly nonlinear operators we mean G(M)-invariant func-

tions on jet spaces J*(c) that are rational along fibres of the projections
Tog, JF (o) —o M.

* The group G(M) acts transitively on the manifold M and there-fore rational
differential invariants of order <k for rational weakly nonlinear operators form a
field F*. We have the embedding g;, F"——>F", if k > 1, where
g;l : J¥(c)——J'(¢) are the natural projections, and F" = UFkW is the field

k=0
of all rational differential invariants of rational weakly nonlinear operators.

We consider the following vector bundles over manifold J°(1)=M xR
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(1) jet bundles of functions on manifold:
(2) To:d "(m)——>J°m), (2) jet bundles of  operators:

i :JF(Q)—— M xR,
(3) the Whitney sum of vector bundles ¢, and 7

We call the last bundle as the bundle of related pairs. Elements of the total
space of this bundle are related pairs ([4],,,.[f],) consisting of k-jet [4], , of

(x.»)

operator A e Diff, (M,R) at the point (x, y) € M % R and [-jet[ f ]i of function
feC”(M) at the point x € M under condition that / (x) = y. The group G(M)
acts by prolongations in the bundlesr, and by invariants of this action (or in-
variants of related pairs) we mean functions on the total space. that are
G(M)-invariant and rational along fibers of the projection mor, RPM — M.

Because of transitivity of G(M)-action on M, all such functions are com-
pletely determined by their values on fibre (mwo rk,,)_l(a) at a base point a e M .

Therefore, G(M)-invariants of related pairs form an R-field F;,, that is
a subfield of the filed O, ; of all rational functions on the fibre (7o rk,l)_l(a).

The natural projections CP** ——CP*!, where k < k', I < I, give us
embeddings of fields F, , < F}. i, O, < Oy " and we define the fields, F;, O,

by the inductive limits:

F = UFk,lv O = UQk,za

k20 k20
Remark that £, = F'" is just the field of rational differential invariants of ra-

tional weakly nonlinear differential operators. Below we will discuss various
methods of finding invariants, but first of all we remark that the vector field 0,

on J'(m)——>M xR is an invariant of the G(M)-action. Therefore its 1-th

prolongation 8y(1) on J'(n) is also G(M)-invariant. The same is valid for the

total derivation di that acts in J”(¢). All together they define G(M)-invariant
y
derivation V in the fields Q,, as well as in F;, where

V(ap)=2p+al,
dy dy
o € 0, and B is a function on J'(n).

Construction of invariants. At first we consider y as a parameter and iden-
tify operators A€ Diff; (M,R) with l-parametric family 4, of operators in
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Diff; (M). Remark that y is a G(M)-invariant. Therefore, for any invariant
IeF? of linear differential operators on manifold M, the function:
I:J* (¢)—/—> R, where I [A]é{x,y) =1 [A]é‘x’y) is a G(M)-invariant too.

Thus we get a mapping

E®) > F, SFY . 1—>1.

that immediately gives us invariants of weakly nonlinear operators. Moreover,
application of the invariant derivation V essentially increases their amount.
As we have seen, Proposition 6, the mapping

O, : RPY ——J' (1),

O, : (LAY 1y [/ 1) —L 4, T
commutes with the G(M)-action. Therefore,
©,()eF,
i.e., it is an invariant of related pairs for any invariant / € £

Descent procedure. To get invariants of weakly nonlinear operators from
invariants of related pairs we consider the following descent procedure for

invariants F,——F "

Let [,eF, be an invariant of related pairs and let
1,=V(,)eF,...1,,;,=V(,;)e F, be its invariant derivatives. Remark that the
transcendence degree of the field O, over O, equals N =dimmn,;, Therefore,
([8]), there are polynomial relations between rational functions /y,...,/, . Denote
by J:J(I) < Qy[X,,...,X ] the ideal of these relations.

Theorem 7. Let b,,...,b, € Q[ X|,...,X ] be the reduced Gr'obner basis in

the ideal J(I) with respect to the standard lexicographic order. Then the
coefficients of polynomials bi are natural invariants of weakly nonlinear
operators.

Proof. The action of the diffeomorphism group preserves the ideal J (I) as
well as the lexicographic order. The reduced Gr'obner basis in an ideal with re-
spect to the lexicographic order is unique ([1]), and therefore, the action pre-
serves elements of the basis and their coefficients.

Example n = 1, k = 3. Let M = R. Then in coordinate x on M, an operator
A € Diff; (M ,R) has the form
A= a0 +a,0* + a,0 +a,,
where the all coefficients are smooth functions on x and 8=6,. The symbol a;0° of
A defines an invariant connection on the line R with the Christoffel coefficient I':
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N
3a,
the total symbol o(;, of A with respect to the Wagner connection V is the fol-
lowing:
G3) =03+ 6, +6,+0,
where
O3 = a363, o, =(a, —ay 62,

a!
—(ay, —ay"=—2)0, o, =ay. (12)

o, =(a -
1= 9a, 3a,

and the natural splitting of the operator A4 is the following:
where the differential operators G, are the quantizations of the symbols o, , see [3]:

2
2

An A a,'
63:a3(93+a'382+ Gzz(az—a3')(62+_38)’

9a, 3a,
A 2(ay")’ ay +3a;'- a;"a a,'
G =(a ~ —(ay —a3) )0,
9a, 3a,
60 = ao.

Therefore, we get from (12) the following G(M)-invariants of operators A4:
]O = ao.
2(&3 ')2613 + 3613 '— Cl3 "a3 '

a
—(a, —a3") —= )a, ',
9a, 3a,

I, = <c52,da§> =(a, — a4 ')(a'o)z,

Iy = <G3=da(3)> = ‘13(“'0)3'

Now take an operator A4 € Diff; (M ,R)

1, =<Gl,da0> =(a, -

A=a;(x, )0, +a,(x,)0; + a5 (x, )0, +ay(x, )
Ay = ay(x, /)0 + ay(x, )07 + a5(x, )8, +ap(x, ), f €C*(M).

Then, the corresponding invariants of relates pairs are the following:

IO = ao.
2
I =(a, - Ay, +ay,f) a3 +3a,x+ay,f)—a3"ay
1 1 9a,
2
- (a3,xx i 2a3’xyf'+ a3’yy (f ') + (as,x + a3,y)f")a3 _

9a,
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(a, .+ a35yf')
3a,
' n2
12 = (aZ - a3,x - a3,yf )(aO,x + aO,yf ) g
n3
Iy=as(ay +ay,[")
From the expression of /; we get

=5 /a3)1/3 —ay,)/ a,.
Substituting it into [,, we get a relation of the form
KI, + K\ILP + K, 137 + Ky I, + Ky =0, where
K, /K, K,/K, K;/K, K,/K

are invariants of operators 4 € Diff; (M,R), 1.e. invariants of weakly nonlinear

—(ay (a3, + a3, /")

)(aO,x + aO,yf ')9

operators.

Equivalence of weakly nonlinear operators. Let z be natural differential
invariant of weakly nonlinear operators and A4 € Diff; (M,R).
Then the values z(4,y,) = sz (z) 1is function rational in y with coefficients in

C*(M). Values z(4,y,) of this function for a given value y, is a smooth func-

tion on M.
We say that the operator A is in general position if for any point a € M there

are: natural invariants z,,z,, a value y, of y, and a neighborhood U < M,
aeU, such that the mapping Z, :U——>DcR?,

Z

A,y0

ayo X —(21(4, y0)(x),2,(4, ¥ )(x)) is a local diffeomorphism.

We say, that the mapping Z is a natural chart of the operator 4 and the

4,0
functions z,(4,y,), z,(4,y,) are natural coordinates on U. We call the atlas of

these charts {U .o, :Ua—>DCR2} natural if coordinates ¢, =(z;(4,y,),
71(4,0))» (2%1(4, ¥9), 2% (4, 3)) # (ZB1(A3)’0):ZB1(A,J/0)) when o # 3.

We denote by D5 =¢,(U, "Up) and we assume that domains D, and
D,; are connected and simply connected. Let A, =¢.(4[U,),
Ayp = 9o (A|U, NUp), be the images of the operator 4 in these coordinates.
Then @,p(A,p5) = 4> Where @, =@p o o : D, —> Dy, are the transition
mapping. Take now two operators A,A'e Diff; (M,R) and consider their

natural charts Z, ,and Z,, . . The G(M)-equivalence of these operators means

that the local diffeomorphism Z ™ °Z, ,, doesnot depend on choice of y,

4%
and y,'. In this case we will say that these charts are coordinated.

Summarizing we get the following result.
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Theorem 8. Let operators 4, A4'e Diff; (M,R) be in general position, then
they are G(M)-equivalent if and only if the following conditions hold:

(1) the mappings {o,":U',——>D,}, where o', ,=(z"(4,y"),
z%,(A4',y"y)) and U', = (o, ')_I(Da), constitute a natural atlas for the operator 4’;

(2) the charts ¢, e{o,:U,——D,}, and o, 'e{p, ":U',——D,} are
coordinated;
(3)and (4) A, = @u(A'|U",), Ay = 0o (A'|U ' ;AU ).

Proof. Any diffeomorphism y : M — M such that y.(A4)=A' transform

natural atlas to the natural one and because of . ' (z(4)) = z(y.«(A4)), for any

natural invariant z, this diffeomorphism has the form of the identity map in the
natural coordinates.

Corollary 9. Let operators 4, A4'e Diff; (M,R) be in general position. Then
the weakly nonlinear differential operators 4, and A4,' are G(M)-equivalent if
and only if the operators 4 and A" are G(M)-equivalent.
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GENERALIZATIONS OF UNIFORM PRODUCTS OF GROUPS
V. 1. Senashov

Institute of Computational Modelling of Siberian Branch of RAS
50/44, Akademgorodok, Krasnoyarsk, 660036, Russian Federation
E-mail: senl112home@mail.ru

The paper gives examples of group constructions developed, including by
Krasnoyarsk mathematicians, which make it possible to build complex groups
from simpler ones. In particular, generalizations of uniform products of groups
are considered.

Keywords: group, examples, involution, finiteness conditions.

The task of group theory is the study of group operations, or, in other words,
the study of groups up to isomorphism. Group theory would be closed if it were
possible to compile a catalog of all possible groups up to isomorphism.
Fortunately for group theory and unfortunately for applications, such a catalog is
nearly impossible to compile. But since some groups and even classes of groups
have been studied quite well, there is a desire to use them in the future, not only
as well-known groups, but also as subgroups of new groups. This can be done
by specifying some construction that produces new groups from given groups.

Group theory is armed with various constructions of this kind. Here are some
classic variants of such constructions.

The product AB of groups A, B is understood as the set of all possible
products of elements of these groups, i.e. AB={ab|aec A,be B}. A given set
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will not always again be a group. A product AB of subgroups A4, B of a group G
is itself a group if and only if AB = BA.
Let Gy, ..., G, be groups. It is easy to check that the set G =G, x...xG,,of

sequences,  (gp,--&n)> 8q€G, with componentwise multiplication
(81rer&m) (&1 8') =81 8" 8 &) 15 a group. It 1is called the
Cartesian product of groups G,, and they themselves G, are its factors. This

concept can be easily extended to the case of an arbitrary set of factors G,

o € /. Namely, we denote by {G = ﬂ_Ga} the set of functions f:/ — ﬂ G,

ael ael

with the condition that f(a) € G, for any o€ /. It is easy to check that the set
G with rule multiplication ( fg)(a): f (oc)g(oc) is a group; it is called the
Cartesian product of groups G, . The value of the function f at a point o 1s
called the projection or component of the element f'in the multiplier G, . The set

supp(f) = {oc lael, f(oc) # e} is called the support of the function f.

It is clear that the set of functions with finite supports from the Cartesian
product of groups G, is a group with respect to multiplication of functions. This

group is called the direct product of the groups G, .

Let us give an internal definition of a direct product, in contrast to the
external one introduced above.
Let a group G be generated by its normal subgroups G;, and each element g

of G admits a notation where all indices i,...,i,, are different, and non-identity

factors are uniquely determined by the element g. Then the group G is said to
decompose into a direct product of subgroups G;. Obviously, a group G

decomposes into a direct product of its subgroups G; if and only if it is

1
isomorphic to a direct product of abstract groups G;. Therefore, for a group G
decomposable into a direct product of subgroups, the same notation is used as
for the direct product of abstract groups. A group G is called a direct product of
its subgroups H,, H,,..., H,, if the following three requirements are met: the

subgroups H,, H,,..., H, are normal subgroups of the group G; the group G is
generated by subgroups H,, H,,..., H,; the intersection of any subgroup H;,
i=1,2, ..., n, with the subgroup generated by all groups H,, j#i, is equal
to E. An example of decomposable groups is the additive group of complex
numbers, decomposing into a direct product of real and purely imaginary
numbers. Also, the multiplication group of non-zero real numbers is a direct
product of the group of positive real numbers and the second-order cyclic group

generated by the number —1. A non-cyclic Abelian group of order 4 is a direct
product of two cyclic groups of order 2.
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Note that all the extensions discussed above are splittable in the following
sense: an extension G of a group A4 by a group B is said to be splittable if G has
subgroups H, K suchthat G=HK, AzH<G, HNK=1,K=B.

They also say that G is a semidirect product of the groups A and B, and write
G = A\B.

For this construction we can consider the internal definition:

A group G decomposes into a semidirect product of its subgroups 4 and B if
the following three requirements are met: the subgroup A4 is a normal subgroup
of the group G; the group G is generated by subgroups 4 and B; the intersection
AN B isequal to E.

It obviously follows from this definition that the operation A in the class of
groups is noncommutative and that the semidirect product differs from the direct
one.

Groups with a complemented normal divisor, i.e., decomposable into a
semidirect product of this normal divisor and some subgroup, are very common.
The following generalization of this construction naturally arises: A group G is
called a semidirect product of its subgroups 4., where i runs through a well-

ordered in ascending order set of indices /, if: G = { A,i el }; for all jel

the subgroup G, ={ 4;, i< j } is invariant in G; for all j e/ the intersection of

1

the subgroup G, with the subgroup G’ ={ 4;, i > j} is equal to E.

1
This definition is equivalent to the assertion that the group G has an
increasing invariant series all of whose terms are complemented in G; the factors
of this series will be isomorphic to the groups 4., i€ I.

Direct products play a very important role in group theory. Another
construction of this type, also quite often useful, is the free product of groups.
A free product, like a direct product, gives some possibility of constructing a
new group from the given groups. It differs from the direct product in that its
definition lacks the requirement contained in the definition of the direct product
that the elements included in different direct factors are permutable.

A group G is called a free product of its subgroups distinct from E (runs
through some set of indices) if the subgroups together generate the entire
group G, i.e. if every element g from G is the product of a finite number of
elements taken from 4,, g=qa,...a,, a, € 4,, a=1, 2, ...,n, and if every

element g from G has a unique record of the indicated form, provided that all
elements a, are different from one and that this record cannot contain two

elements from the same subgroup side by side, although, generally speaking,
such a product can contain several factors included in into one such group.

The subgroups are called free factors of the group G that appear in the free
decomposition.

Among the groups decomposable into a free product are free groups, namely,
a free (non-cyclic) group is a free product of infinite cyclic groups.
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In group theory representations of groups as various kinds of products of
their subgroups play an important role. V. P. Shunkov studied the representation
of a group as a product of its subgroups, in which cyclic subgroups of two
different factors permute in pairs. The task of studying such groups was set by
S. N. Chernikov (he proposed to call such products uniform).

In a uniform product, any two cyclic subgroups taken in different factors of a
given decomposition commute with each other.

Let G be a group, I be a non-empty set of indices consisting of at least two
elements, and 4;, i € I, be some (not necessarily pairwise distinct) subgroups of

the group G. We say that the group G is a uniform product of subgroups
A, iel if it is generated by them and for any different indices i/ and jel

an arbitrary cyclic subgroup of the group A4, permutes with an arbitrary cyclic
subgroup of the group 4;.

V. P. Shunkov proved a number of theorems describing the structure of such
groups.

The structure of groups decomposable into a uniform product of their Sylow
p-groups is described by the following theorem.

V. P. Shunkov proved [1] that a periodic group G decomposes into a uniform
product of its Sylow p-subgroups if and only if it is a semidirect product of a
Hall Abelian subgroup 4, all of whose subgroups are invariant in G, and some S-
group B.

Recall that a periodic group is called an S-group if it decomposes into a
direct product of its Sylow subgroups [2].

The topic was further developed in the works of V. G. Vasiliev [3-5], where
quasi-semidirect products of cyclic p-groups were described, and necessary and
sufficient conditions for the two-step solvability of strict uniform products of
cyclic p-groups were found. G. A. Malanina [6—7] studied semidirect products
of cyclic groups. In [8] D. I. Zaitsev introduced the definition of a weakly
uniform product (a group G is called a weakly uniform product of subgroups A
and B if G = AB and subgroups of finite index from 4 and B commute with each
other) and described groups decomposable into a weakly uniform product of two
polycyclic subgroups.

Later V. P. Shunkov introduced a generalization of the concept of a quasi-
uniform product of groups, namely, a group G is called a quasi-uniform product
of its subgroups {4 |ie M} if: the group G is generated by subgroups
{4 ]ieM} and in each subgroup 4. there is such a system of generators
{a;, |k e M} that the subgroups (a;, |keM,), a;, |k'e M), where i#j,

are permutable.

He also proved [2] that a finite group is supersoluble if and only if it
decomposes into a quasi-uniform product of its Sylow p-subgroups.

V. P. Shunkov also showed the connection between supersoluble groups
and uniform products [2]: A finite supersoluble group with Abelian Sylow
p-subgroups decomposes into a uniform product of cyclic p-subgroups.
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Let G be a group, I be a non-empty set of indices consisting of at least two
elements, and A4, i € [ be some subgroups of the group G. We say that a group

G 1s a strict uniform product of subgroups 4;, iel, if it is generated by them
and for any different indices i €/ and j e/ an arbitrary cyclic subgroup of the
group 4, permutes with an arbitrary cyclic subgroup of the group A4, and for any

Lcl{4,iel))n{4;,jel\])=E.

A group G is a weakly uniform product of subgroups 4 and B if G = AB and
any subgroup of finite index from 4 commutes with any subgroup of finite index
from B.

For finite groups, the concepts of weakly uniform and uniform products
coincide. For arbitrary groups, this statement is not true, which is confirmed by
the following examples.

Example of Pashkovskaya O. V. Let the group G = A4eB, where 4 is the
Ol'shansky group with all subgroups of order p and ‘B‘ <. The group G is

a weakly uniform but not uniform product of subgroups 4 and B.
O. V. Pashkovskaya is constructed one more example. Let G =(CAd)A(D),

d|=p (p#q), and b acts on CA(d)
so that ¢” =¢? for any ceC and d” =d . Then G is a weakly uniform but not
uniform product of subgroups 4 and B, where 4 =CA(d), B=(b).

V. P. Shunkov also owns the following definition (see in [9]).
A group G is called a generalized uniform product of its subgroups Q,, i€/

where C is a quasicyclic g-group (g #2),

if: G= (Q;|iel ), where Q,, are g;-subgroups, and the following conditions
are met:

DX Qj :Qj O, i, jel;

2) if O, has an elementary Abelian subgroup R, of order qu.z, then R,
commutes with any noncyclic elementary Abelian subgroup from O, i# j;

3) the group generated by all O, that do not contain elementary abelian

subgroups of order > ql.2 is a uniform product of subgroups Q.

The work [10] gives an example of a group decomposable into a generalized
uniform product of its subgroups, which cannot be represented as a semidirect
product of two nilpotent Hall subgroups. This example shows that the analogue
of Shunkov's theorem [11], which gives a constructive description of uniform
products, does not hold for generalized uniform products.

Thus, the class of groups decomposable into a uniform product and the class
of groups decomposable into a generalized uniform product are separated.
O. V. Pashkovskaya constructed [11] an example of a group decomposable into a
uniform product of its subgroups, in which elementary Abelian subgroups from
one factor commute with elementary Abelian subgroups from another factor, but
the Abelian subgroups of these factors do not commute with each other.
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Moreover, this example shows that the class of groups decomposable into
a generalized uniform product is not closed under taking of factor groups.
O. V. Pashkovskaya gave a description of groups decomposable into a
generalized uniform product of Sylow subgroups [11].

An automorphism of a p-group P is said to be generalized uniform if it
leaves in place any non-cyclic order subgroup of P [9].

In the following theorem, we consider a p-group having a generalized
uniform automorphism of prime order ¢ (¢ < p) and study the action of this
automorphism on the subgroup generated by the set of elements of order p.

Let a group G = PA(b), where P is a p-group, b is an element of order ¢
inducing a generalized uniform automorphism of the group P (¢ < p, p, q are
odd primes), P has a noncyclic subgroup 4 of order p*, R is the subgroup
generated by the set of elements of order p from P and L=b"NP.

Then Rc Cp(b) if and only if (RNK)< Cp(b), where K is the locally

nilpotent radical of the group L [9].

The structure of finite groups decomposable into a strict generalized uniform
product of Sylow subgroups, which are generated by elements of prime orders,
is revealed by the following theorem.

Let a finite group G without involutions have a Sylow tower and
decomposes into a strict generalized uniform product of its Sylow subgroups.

Further, for any pen(G) a Sylow p-subgroup is generated by elements of
order p, among the Sylow subgroups of the group G there are no non-
commutative p-subgroups of order p® of period p and elementary Abelian

p-subgroups of order p”. Then the group G is a semidirect product G = A\B,
where 4 and B are nilpotent Hall subgroups, and the subgroup 4 is Abelian and
all its subgroups are invariant in G [10].

The concept of a special element is introduced into consideration: if for some
elementary Abelian subgroup 4 of order ¢* in the group G there is such an
element ¢ that the group AA{c) is a Frobenius group with the property:

the element ¢ induces an automorphism on the kernel 4, with respect to which
any cyclic subgroup of order g from 4 is non-invariant, then such an element c is
called singular.

Let a finite group V without involutions, which has a Sylow tower,
decompose into a strict generalized uniform product of its Sylow subgroups, and
for any pe n(V) the Sylow p-subgroup is an elementary Abelian subgroup of

order < p* or a non-Abelian subgroup of period p of order < p*. Then the
group V can be represented as: V' =(Lx F)A(MAN), where L is a Hall Abelian

subgroup generated by all Abelian Sylow p-subgroups of order V' for which
there is a special element in the group V; F is a Hall nilpotent subgroup

generated by all non-Abelian Sylow p-subgroups of the group ¥ of order p°, for
which the group V' contains an element that induces a nonidentical generalized
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uniform automorphism; M is a Hall subgroup generated by elementary abelian
p-subgroups of a group ¥ of order < p?; N is a Hall subgroup generated by non-

Abelian Sylow p-subgroups of the group ¥ of period p of order p* [11].

Conclusion. The paper presents constructions that allow you to collect some
groups from other groups, including constructions built in the Krasnoyarsk
school on group theory. Particular attention is paid to the construction of
generalized uniform products and their generalizations.
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3AKOHBI COXPAHEHWSI U PELIEHUSA
MMEPBOI KPAEBOM 3AJIAYH JUISI IBYMEPHBIX
A TPEXMEPHBIX YPABHEHMITI TEOPUM YIIPYTOCTH

C. H. Cenamos*, U. JI. CaBocTbsHOBA

Cubupckuii rocyJapCTBEHHBIN YHUBEPCUTET HAYKH U TEXHOJIOTHM
nMenu akaaemuka M. @. PemmerHeBa
Poccuiickaa ®enepanusi, 660037, r. KpacHospck,
npoct. uM. razetsl «KpacHosipckuii pabouuii», 31
*E-mail: sen@sibsau.ru

H3zeecmno, umo eciu cucmema oughgepenyuanvHulx YpasHeHuti 0onycKaem
2PYNNY HENpepbul8HbIX NPeodpazosanull, mo 8 psoe Ciyuaes, CUCmeMa MONHCem
ObLIMb npedcmasiena 8 8ude COBOKYNHOCMU 08YX cucmem OuggepeHyuaibHvIx
ypasnenuti. Kax npasuno, smu cucmemvl umerom MeHbUUll NOPAOOK, YemM UC-
X0O0Has cucmema. Bvlwe cxazannoe omnocumcs K TUHeUHbIM YPAGHEHUAM Meo-
puu ynpyeocmu. Ilepsas cucmema — agmomopghuas, xapaxmepuszyemcs mem,
Ymo 6ce ee peuleHust NOAYYArOMcs U3 00H020 PeuleHUs ¢ NOMOUbI0 NPeoodpa3o-
sanutl 5mou epynnvl. Bmopas cucmema — paspewaiowas, ee peuienus noo oeli-
cmeuem epynnvl nepexooam camu 8 cebvs. Paspewarowas cucmema necem oc-
HOBHYI0 UH@OpMayuro 06 UCXOOHOU cucmeme. B Oannoti pabome uzyuaromcsi
A8MOMOp@hHAs U paspemaowas cucmemvl 08YMEPHBIX U MPEXMEPHbIX CMAYUO-
HAPHBIX YPABHEHUsL YIPY2OCmU, KOMopble AIA0mMcs cucmemamu ouggepenyu-
AbHBIX YpasHeHull nepeoeo nopsaoka. llocmpoenvl beckoneunvlie cepuil 3aKOHb
coxpaneHus ONisl pa3peuarnuux cucmem YpaeHeHull U asmomMopOHbIX CUCHEM.
Tockonvky paccmampusaemvle cucmemvpl YPaAGHEeHUl YNPY2OCmu TUHEHbl, MO
MAKUX 3aKOHO8 uMeemcss OecKOHeuHo MHOo20. B Oannoil pabome nocmpoerul
OecKoHeuHble cepuu 3aKOHO8 COXPAHEHUs. IUHEUHbIX N0 NePEbiM NPOUIEBOOHBIM.
Hmenno smu 3axomsbl NO3601UNU PelUmb NEPSYI0 KPpAesyio 3a0ayu 0isl ypaeHe-
HULL meopuu Ynpyeocmu 6 O8YMepHOM U MpexmepHoMm ciyuae. Pewenus no-
CcmpoeHbl 8 8ude Kaopamyp, KOmMopble GblUUCIIOMC NO ePAHUYE UCCTEOYEMBIX
obnacmeli.

Knrouesvie cnosa: ypagnenus 08ymepHoul Ynpy20cmu, YpasHeHUus mpexmep-
HOU YAPY20CMU, 3aKOHbl COXPAHEHUs, peuleHue Kpaesvlx 3a0au.
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CONSERVATION LAWS AND SOLUTIONS OF THE FIRST
BOUNDARY VALUE PROBLEM FOR EQUATIONS
OF 2-DIMENSIONAL AND 3-DIMENSIONAL
ELASTICITY THEORY

S. 1. Senashov*, I. L. Savostyanova

Reshetnev Siberian State University of Science and Technology
31, Krasnoyarskii rabochii prospekt, Krasnoyarsk, 660037, Russian Federation
*E-mail: sen@sibsau.ru

Beenenue. Crucrema ypaBHEHUM JTMHEHHOM W30TPOIHOW YNPYTOCTH B TpPEX-
MEPHOM ClTydae u3ydaiach MHOrMMHU aBTopamu. OcoOblil HHTEpeC NMpeCTaBIsIeT
IIOCTPOEHUE TOYHBIX PELICHWH JUIsi TPEXMEPHBIX YpaBHEHHMU. Takue pemieHus
ctpowu I1. @. [TankoBuy, X. Heiibep, E. Tpedru, b. I'. I'anepkun [1], b. 1. An-
HuH [2], H. Y. Octpocabnun [3-5], }O. A. YUupkynoB [6; 7] u T. 1. JIuneitnsie
YPAaBHEHUSI TEOPUU YIPYTOCTH C TPYIIIOBOM TOYKHM 3PEHUS M3Y4alOTCs YXKE J10C-
TaToyHO JaBHO [2]. CHavana Obula HalifieHa Ipynna TOYeYHbIX MpeoOpazoBaHUM
Y TIEPEUYUCIIEHBl BCE MHBAPUAHTHBIE PEILICHUS, CM. [2] U LIUTUPYEMYIO TaM JIUTE-
patypy. Jlasiee ObLJIO BBIMOJHEHO T'PYIIIOBOE paccioeHue ypaBHenuit Jlame [6].
XOTSl TEXHUKA BBIIIOJIHEHUS TPYIIIOBOTO PACCIIOEHUS U3BECTHA yKe IaBHO [12],
HE JJI1 MHOTHUX CUCTEM YPaBHEHHUI OHO BBINOJHEHO. B 3TOM cMbIcie ypaBHEHHUS
TEOPHUH YIPYTOCTH COCTABJISAIOT MPUATHOE UCKIKOYEHHUE. [ pyIoBoe paccioeHue
IIO3BOJIMJIO JIy4YILE ITOHATH, ITOYEMY METOJBI KOMILIEKCHOIO IEPEMEHHOIO TaK
IIMPOKO MCHOJB3YKOTCS B IBYMEPHON TEOPUU YIPYTOCTH. JTO IMPOUCXOAMT IO-
TOMY, 4TO pa3pelaroniasi CUCTeEMa JUlsl IBYMEPHBIX YPaBHEHUI TEOPHH yIPYIo-
CTH €CThb cuctema ypaBHeHHi Komm—Pumana. [y TpexXMepHBIX YpaBHEHHUH pas-
pemaromas cucreMa — cucrema Moucuia—Tonopecky. He cmoTpst Ha Takoe BHH-
MaHHUE K YPaBHEHUSAM YIPYrOCTH, METOJOB PEIICHUS KPAEBBIX 3aJa4 I Tel KO-
HEUYHBIX pa3MepOB B TPEXMEPHOM Cllydae MpakTUUeCKU HeT. B HacTosuel pabore
CTPOSITCSl TOYHBIE PELICHMsI KPAaeBBIX 3aJa4 TEOPHH YIIPYIOCTH B TPEXMEPHOM
ciyqae. I 3TOro HaiIeHbl 3aKOHBI COXPAHEHHsI CIIEHMAIBHOIO BUA, KOTOPBIE
NIO3BOJIIIOT HAXOJUTh PEIIEHUS TPEXMEPHBIX YPAaBHEHHH TEOPUH YIPYTOCTH
B BUJIE HECKOJIBKUX KBaJApaTyp, KOTOPHIE BBIYUCIIIOTCS 10 TPAHUIIE OTPAaHUYECH-
HOU ympyroi obmactu. CTaThsi IPOAOIIKAET CEpUI0 pabOT MOCBSILEHHBIX pellie-
HUIO KPAeBbIX 3a/1a4 C IIOMOIIBIO 3aKOHOB COXPAHEHUS, ITOCIEAHNE PE3YNIbTAThl U
HEOOXOMMBIC OTpeeIeHUs] MOKHO HaiTh B [8—11]. Pe3ynbrarhl, momydeHHbIC
B OTOW CTaThe, IMOKA3bIBAIOT, YTO 3aKOHBI COXPAHEHUS MOKHO I(PPEKTUBHO HC-
II0JIb30BAaTh U JIJISl pEICHMS KPAEBbIX 3a/1a4 /111 TPEXMEPHBIX YpaBHEHUH.

TpexmepHble cTaTHYECKHE YPABHEHHS JIUHEHHOM TEOPUH YIIPYIOCTH
1. Ilocmanoeka 3a0ayu. 3anviieM ypaBHEHHS] TEOPUM YNPYTOCTH B CTATH-
YECKOM TPEXMEPHOM Cilydae B JCKAPTOBOM CUCTEME KOOPAMHAT X, )V, Z
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o,grad divw— rot rotw =0, (1)

rme w=(w,w’,w’) — BEKTOp YIPYroro mepeMeleHNs, oy =(MA+2n)/p,
AL —ympyTHe MOCTOsTHHBIE JIame.

JU1st 3TUX ypaBHEHHI TOCTABUM IIEPBYIO KPAEBYIO 3a7a4y Ha OBEPXHOCTH S
OrpaHMYMBAIOLLYI0 00BEM V-

W|S:W0(X,y,Z). (2)
C noMoI11bI0 3aKOHOB COXpaHEeHUs pelmuTh 3aaa4y (1)—(2).

2. IIpeosapumenvuoie ceedenusn. I3sectHo [2], uto cucrema ypaBHeHu (1)
JOIyCKaeT, B cMbiciie JIn—OBCSHHUKOBA, onlepaTop BUAA

X=h ()c,y,z)aw1 +h, (x,y,z)@w2 + h, (x,y,z)aw3 , 3)
riae (h,h,,h,) — IPOU3BOJIBHOE pEIlIEHUE CUCTEMbI ypaBHeHUH (1).
1 1
lpoxomxkum omepatop (3) Ha MEpBbIC NPOU3BOIHBIC p! :%, P :a(a_v;,
1 3
P! =5ﬂ » _ 9 1o dopmynam
0z oz
;O
X=X+ —,
1 J apl.
J
=D (W), D, =24 O =
rne G, =—pgD; s P —» AN KPAaTKOCTH IIOJNaraeM Xx=x,
X ; ow

Y =X,, z=Xx;. Ilo noBTOpAIOIUMCS HHAEKCAM IIPEAIIOIAracTCsd CyMMHUPOBAHUE.
Ilyctb Ay, h,,h, — IPOU3BOJIbHBIE TAPMOHUYECKUE (PYHKIMHU, TOT/Ia UHBAPU-
aHTBI NIepBOTO NopsAJiKa (pemieHue ypaBuenus X [ =0), UMeIOT BUA
1

L=x,1,=y, I =z, I, =divw, Is =rotw.
Haznauas unBapumantel [,,/5 ¢yHkumsmu ot [,,/,,/; moaydum aBTO-
MopdHYyIO cuctemy [6]:
divw = 0(x,y,z), rotw = c_o(x,y,z) (4)
Y pa3pelarolyo cucreMy [6]
ograd 0 —rot 0=0, divo=0. (5)

N3BecTHO, 4TO cucreMa ypaBHeHUll (1) paBHOCHIIbHA CUCTEME ypaBHEHUU
nepsoro nopsaka (4), (5). OnucanHas Bblle NpOUEAYpPa HOCUT Ha3BAHHUE IPYyII-
MOBOTO paccioeHus [12].

Ecmu B (5) nonoxuth o, 0= p, ToO NOXy4UM HU3BECTHYIO CHCTEMY YypaBHeE-
Huil Moucuna—Teonopecky (CMT), kotopast moapoOHO HccieoBaHa B paboTe
[8]. Tam naiimens! 3akoHbl coxpaHeHus Wit CMT u ¢ ux momomplo pemieHa
KpaeBas 3ajada. Tam ke yKa3aHbl HEKOTOpbIe HOBbIE TOUYHBIE pemieHus CMT.
[IpuBenemM HEKOTOPBIC U3 HUX, KOTOPBIE MO3BOJISIT pEeIUTh 3a1auy (1), (2).
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Pemenusimu CMT saBnstoTes cienytomnie QyHKIuu
gl = (0,0 =x0)/ 15,y = yo) /19, (2= 20) I ),
g2 =((x=x0)/ 15.0.~(z = 20) | 75.(y = ¥9) I ).
g =((y=20)/15.(z=20) | 15.0.~(x = x,) / ).
81 =((z=20) /15, =(y = y0)/ 15 (x =) / 75, 0), (©)
re 7y =y(x =) + (v =) + (2= 2)7, (s szp) €V
3. 3akoust coxpanenus ypagnenuii (4). I3BeCTHO, UTO pEIICHUS] CUCTEMBbI

ypaBHeHui (1) cBsizaHbl ¢ pemeHusIMH cucteMbl Mowucuina—Teomopecky [6]
ypaBHeHUsIMU (4)

Fl:—(%)+w1x+w2y+w32:0, F. :—0)1+w22—w3y=0,

(7)
E=-o+w_ —-w_ =0, F, = +wly _sz =0.

1 2 3
3nech GyHKIMU 0,0 ,®",® TPEANOIaraloTcsi U3BECTHBIMHU, CIIOCO0 UX BBI-

YUCJIEHUS YKa3aH B pabore [§].

Onpenenenue. 3aKOHOM COXpaHEHUsI 111 CUCTEMbI YypaBHeHuUH (7) Ha30BeM
BbIpaKE€HUE BUIA

0,4+0,B+0.C=fF=0, i=1,2, 3,4, (8)

rne 4,B,C,®, — pyHKIMH OT X, y,z,wl,wz,w3, npeamnoaaraeTes, uro GyHkouu
HE paBHBI OJJHOBPEMEHHO TOXKJICCTBEHHO HYJI0. Beipakenue (A4,B,C) Ha3biBa-

€TCSl COXPaHAIOIMMCS TOKOM. [Ipu BBIMOJHEHUM 3TUX YCIOBUI, 3aKOH COXpa-
HeHus (8) OyieT HeTPUBUATBHBIM.
3ameuanue. bonee ob1iee onpeesieHUE 3aKOHA COXPAaHEHUS MOKHO HalTH B
[8—11] u uutupyemoii Tam nurepatrype. B nmanHoii paboTe 3aKOHBI COXpaHEHUs
OyIlyT MOHUMATBHCS COTJIACHO 3TOMY OIPEICICHHUIO.
Ninem 3akoH coxpaHeHus B BUe (8)
0,4+0,B+0.C=BF =0, i=1, 2,3, 4, )

IS A,B,C,Bi — (DyHKITUH OT x,y,z,wl,wz,w3
Nmem peurenne ypaHeHu (9) B Buae
A=ad'wW+a*w* +a*w’ + a4, B=b'w +b*w? + bW,
C=c'w+c*w + 03w3,
rae a',b',c',B,i=1, 2, 3, 4 HYHKIUH TOIBKO OT X, ), Z.
N3 (8) momyuaem
U gl ol 2,22, .2 ~n 3,13, 3_ 1_pl 2 4
ay+b,+c, =0, a; +b, +c; =0, a;+b,+¢; =0, a =p, a” =—f",

a3:B3, b1:B4, bzzﬁl, b3:_Bz, CIZ—B4, 02262, CSZBI,
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4, 74, 4 1 2 3 4
Ortcrona cienyer
1, @4 _ @3 4 al , R2 3 a2, qal
Bx+By_BZ:O’ _Bx+By+BZ:0’ Bx_By+BZ:O‘ (10)
3ameTtum, uto ypaBHeHHs (10) ¢ TOUYHOCTHIO 10 0003HAUEHUN COBIANAIOT
¢ nepBbIMU TpeMs ypaBHeHussMu CMT, nosromy pynkuuun g,,i=1, 2, 3, 4 aB-

JSIFOTCS. peLIEHUSIMU cucTeMBbl ypaBHeHUH (10).
VYpauenus (9), noaws3ysack popmyioit I'aycca—Octporpajckoro, MOKHO 3a-
IIMCaTh B BUJIE

j j j (4, + B, +C, )dxdydz = [[] Adydz + Bdzdy + Cdxdy = 0. (1)
14 S

Ilycte € (x-— xo)2 +(y— yo)2 +(z - ZO)2 =¢? cdepa, OKpyKAOMAsT TOUKY
(X9,Y0-20)- IlycTb coXpaHsOLIUIiCS TOK MMEET OCOOEHHOCTb B 3TOH TOUKE,
toraa u3 (11) monyyaem (CM. pUCYHOK)

ﬂ Adydz + Bdzdx + Cdxdy + j j Adydz + Bdzdx + Cdxdy +
S P~

+|[ Adydz + Bdzdx + Cdxdy +|[| Adydsz + Bdzdx + Cdxdy = 0.
P* €

[TockoabKy MHTErpanbl 10 P~ u P" BBUHCIAIOTCS 110 Pa3sHBIM CTOPOHAM
IJIOCKOCTH P, TO UX CyMMa paBHa HyJI0. B pe3ynprare nomydyaem

Uj Adydz + Bdzdx + Cdxdy = —Uj Adydz + Bdzdx + Cdxdy. (12)
S €

Boeruucnum npaByto yacts Gopmysibl (12) nmst pa3HbIX pelieHuid ypaBHEHUN
(10). PaccMoTpuM perieHue

Bl = (x —SXQ)’ B2=0, = _(z —320), B4 = (v _3)’0)‘ (13)
¥ r ¥

[ToncraBnsiem (13) B mpaByto yacts Gpopmydsl (11) umeem
EU(BIW1 +B*w? —BPw)dydz + (—p*w! + P'w? + BPw’)dzdx +

+(BPw' —B*w? +B'w)dxdy. (14)
B (14) nepexoaum K cieayromiei cucreMe KOOpAuHAT
X—Xx,=¢€cos0Ocosp, y—y,=€cosOsing, z—z,=¢sinb,

(18w +B*w? —Bw vz + (-B*w! + B'w? +B*w)dzd +

+(B*w' = B2 +B'w?)dxdy =

= Uj[(cos Bcosew' + cosOsinew? —sinOw’)cos? Ocos +

€
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+(—cosOsin ew' + cosOcos ew?)cos” Osin @ +

+(—sinOw' + cosOsin ew’ ) cosBsin 0]dOdp =

2n /2
= I de J sin® @cos Ow'd0 = —%wl(xo,yozo).
0 —m/2

HOCHCI[HGG BBIPAKCHHC TTIOJIYUYCHO C UCIIOJIB30BAHUCM TCOPCMBI O CPCIHCM U

npu € — 0.
B pesynbrare nonyyaem
jj Adydz + Bdzdx + Cdxdy = 4—3“w1 (Xo» Vo»Z0)- (15)
S
3nech
A= (x _st) wh + (v —3yo) Wl + (z —320) w3,
oLy r r
(y=x) (x —xp) (z-2p) (z-2p) (x—xp)
B= 30 w(1)+ Sowg— 30W8, C=- 30 w(1)+ 30w(3).
oor r r oLy r

Jlanee nonaraem

Blz(y_3J’0)’ 622(2_320), B3:O’ B4:_(X_XO)- (16)

r r 7’3

[Toncrasnsiem (16) B (12), momyuaem ananoruyso (12)—(15)

H Adydz + Bdzdx + Cdxdy = %Wz (X9>Y0520)- (17)
s
rae
A= (y—yg) wh - (x—;co) we, B= (x—xg) wh + (z —320) we,
Oyr r Oyt r
=) 2 V=)o),
oLy r
Jlanee nonaraem
z—z — X=X
Blz( 30), BZZ_(y 3y0), B3:( 30)964:0- (18)
¥ r ¥
[Toncrasnsiem (18) B (12), momyuaem ananoruyno (12)—(15)
[ Adydz + Bdzdx + Caxdy = 4—3“w3 (Xo» Vo»Zo)- (19)
S
rae
A= (z- Z30) w(l) (x —3x0) W(3) . B= (x —3x0) Wg (2 _320) WS )
Oyt r r r
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p— 2 p— p—
e X 1 Gm) o (2 z)

0
0(,01’3 1’3 1’3

3
wp.

3ameuanue. B dopmymax (15), (17) u (19) onyiuena GpyHKIUs a' TOCKOIbKY
OHa SIBJISIETCA TapMOHUYECKOM (yHKIMeH 6e3 ocobeHHocTel B obnactu V u uH-
Terpaj OT Hee MO MOBEPXHOCTH S paBeH HYJIIO.

/IBymepHbIe CTaTHYeCKUEe YPABHECHUS JIMHEHHON TeOpHMM YIPYIOCTH.
B nBymepHOM ciydae, pacCMOTpPEHHAs BBIIIE 337a4a UMEET HEKOTOPbIE 0COOEH-
HOCTH, ITO3TOMY PEIIUM €€, oOpaliasi BHUMaHHUE Ha 3TH OCOOEHHOCTH
Cuctemy ypaBHeHui (1) nepenuiiem ciaeayronmm oopazom
(A2, + vy, + w(u,, +v,,) =0,

(20)
w(uy, +vy,) + A+ 2wy, + Ay, =0,

| 2
3nech miig yao0cTBa 00O3HAYMIM W =u, W =V — KOMIIOHEHTHI BEKTOpa

nepopmanuii, UHAEKCh BHU3Y, KaK U paHee, O3HaualoT MPOU3BOJHBIE MO COOT-
BETCTBYIOILIUM ITEPEMEHHBIM.

N3BecTHO, UTO cucTemMa ypaBHEHHH (2) 3JUIMNTAYECKOrO THUIL. JTO OMIpee-
JSIeT BUJI 3aKOHOB COXPAHEHHUs U pelieHne KpaeBbix 3aaa4. Kak u ypaBHenus (1)
cucrtemMa (20) gomyckaeT OECKOHEUHYIO TIPYIILY TOYEUYHBIX MPEeoOpa3OBaHUIA,
NOPOXKIAEMYIO OllepaTopaMu

X =ho,+n%0,, 21)
rae h',h’ — Ipou3BOJIbHOE pelieHue ypaBHeHui Komu—Pumana
1 2 1 2 _
hy+h; =0, hy,—h}=0. (22)

Crnenaem rpyImoBoe paccioeHrue cucteMbl ypaBHeHui (20), Tak xe, KaK 3To
OMKCaHO BBINIE, Ha TMojainredpe, mopoxaaemon (21). Jns 3TOro mpoaomKum
oreparopsl (22) Ha nepBbie MPOU3BoIHbIE. iMeem

_ 1 2 1 2
)1( =X+ho, + hyavy + hyéuy +h,0, , (23)

Huddepennnanbapie HHBapUaHThI 11 (23), ¢ yueTom (21), UMEIOT BUJT
Li=x,l, =y, =u+v,I,=u,-v,. (24)

Torga aBTomMop(Has cucrema ypaBHEHU UMEET BU/]T

Hamomaum HekoTophie cBoiicTBa aBTOMOpGHBIX cucteM. Jroboe perieHue
aBTOMOP(MHON CHUCTEMBI MOYKET OBITH MOJIYYEHO M3 OJTHOTO PEIICHUS dTOH CHC-
TEMBbI C TIOMOIIIBIO MPe0Opa30BaHUM, TOPOKIAEMBIX orepatopom (21).

[Toncrasinss (25) B (20) monyyaeM pa3peiiaroniyo CUCTEMY

F =0+ 218, —po, =0, F,=(A+2)8, +po, =0, (26)
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[ToBTOpSIS TIOUTH AOCIOBHO DPACCY)KIIEHUS BBIIIE MOXKHO yTBEpXKAaTh, YTO
cucrema (26) paBHOCUIIbHA cucTeMe ypaBHeHUH (20).

[ToaTOMy MOCTPOUB pelICHUE CUCTEMBI (26) MBI TTOTyIUM PEIICHUE CUCTEMBI
(20).

[Tyctb muist cuctemsl (26) mocTaBiIeHa CIeIyIOIIast KpaeBas 3a/1a4a;

6|L:90(x9y)9 ('0|L:0)O(x’y)a (27)
rne L — HekoTopas riajkas 3aMKHyTas kpuBas, 0,(x,)), ®,(x,)) — U3BECTHbIE

rankue QyHKINN.
JIIst perreHnst 3TOW 3aJa4d MOCTPOMM 3aKOHBI COXPAHCHHS JUISI CHCTEMBI
ypaBHeHUH (26).

3akoHbl coxpaHenusi. B cuiy nuneiiHOCTH cucTeMsbl (26) oHa OyJeT UMETh
OECKOHEYHOE YMCJI0 3aKOHOB coXpaHeHus. B pabore OyayT HallZieHbl TOJIBKO T€
3aKOHBI COXPaHEHUs, KOTOPbIE MO3BOJISAT PELIUTh KpaeBylo 3a1auy (27).

3aKOHOM COXpPAaHEHHMs IJisi CUCTEMbl ypaBHEHHWH (26) Ha30BEM BbIpaKEHHE
BUJA

4,(x,y,8,0) + B, (x,y,0,0) =af] +BF, =0, (28)

rae o, — HekoTopble (QYHKIUU, KOTOPbIE HE PaBHBI TOXAECTBEHHO HYJIIO OJI-
HOBPEMEHHO. A, B — KOMIIOHEHThI COXPaHSIOIIETOCS TOKA.

[Ipenmnonoxum, 4T0 KOMIOHEHTHI COXPAHSIOLIErOCs TOKa UMEIOT BUJ

A=a"0+a*w, B=b'0+b’w, (29)

rae a',a’,b',b* — HekoTOpBIE DYHKIIHH OT X, .
[Toncramnss (29) B (28), mociie HECIOKHBIX PeoOpa3oBaHUM MOTydaeM

a' =a(h+2p), a®=pp, b' =pL+2p), @’ =-ay,

(30)
a. +b; =0, a +by2 =0.
Orcrona numeem
ax+By:O, ocy—Bx:O. (31)
N3 (28) cnenyer
H (4, + B, )dxdy = m—Ady + Bdlx. 32)

S L

Pemenne nepsoii kpaesoii 3axa4. [Iycts (x,,),) €S, Takas TO4ka, B KOTOpOH
KOMITOHEHTBI COXPAHSIOIIErocsi TOKa MIMEIOT 0OCOOEHHOCTH, Tora u3 (32) crnemyer

[[|-Ady + Bx = ~{]]- Ady + Bdx. (33)
L €

rie  €:(x —xo)2 +(y— yo)2 =g’ — OKPYXHOCTb pajHyca & BOKPYT TOUKH
(x9,¥0) €S . BpruucnuMm mHTErpan B npasBoi 4act (33) i pa3sHbIX pELICHUN

ypaBHennii Komu—Pumana. B kadecTBe pelieHuil BbIOEpEeM Takue, KOTOPBIC
UMEIOT OCOOEHHOCTB B TOYKE (X, V) €S .
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IIycth
o= X~ X B: Y=
(x=x0)* + (¥ =)’ (x=%0)* + (=)’

Toraa u3 npaBoi yactu (33) umeem

([|-Ady + Bdx =[] ~(cu(h + 20)0 + Bpw)dy + (cuptco + B(h + 21)0)d. 35)

(34)

[ToncraBum (34) B (35) u crmenmaeM 3aMeHy TNEpPEMEHHBIX IO (opmyJiam
X — Xy =ECOSQP, y—y,=ESINQ, NoIy4aeMm
2n
[ﬂ—Ady + Bdx = J [—((A +21)0 + pw) + 2sin pcos pum)jde =
: 0 (36)
= =27 (A +211)8(x¢, ¥ ) = Ho(xp, ¥,)]

B ¢opmyne (36) ycrpemunu € — 0 ¥ HCHOJIB30BAIA TEOPEMY O CPETHEM.
Teneps cnenaem aHaNOTUYHbBIE BBIYUCIICHUS, TIOJIOKUB

. Y=V , B: X~ X .
(x=x))" + (¥ = »p)° (x=x))" + (¥ =)’

B pesynberare nonyuum

Eﬂ—Ady + Bdx = =2mpm(xy, ¥,)- (37)

®opmyibl (36) u (37) MO3BOIAIOT, C YIETOM IPAaHUYHBIX YcloBui (27) u pa-
BeHcTBa (15) ompenenuth 3HaueHuss GyHKIUNM O M ® B MPOU3BOJIBLHON TOUKE

(x9,Y0) €S . OHUM UMEIOT CIEYIOINI BUJ

27 (A + 21)0(x, ¥o) — (X, Y] =
o A+ 21)(x — x0)8, R(Y = Yo) @y
= Eﬂ 2 2 2 Fdx
7 (x=x0)" +(y=y) (x=x0)" + (=)
A+2 —,)0 X—X,)®
27TM(D(X0,)/0)] :|:.[| ( Mz)(y yO) 02 dv + M( - 0) 0 5
7 (x=x)"+ (¥ =) (x=x0)" + (=)
Tenepp mocne BOCCTAHOBIIEHUS PELIEHUN Pa3pellarolIeld CUCTEMBI, HAUAEM

perieHus: aBTOMOPGHON CUCTEMBI, T. €. PEIICHUs] UCXOJIHON CHCTEMbl YpaBHE-
Huii (20). Umeem

Fy=u,+v,-0(x,»)=0, F,=u,-v,—o(x,)=0. (38)

dy +

3nech B MpaBOM YacTU CTOST HM3BECTHbIE (YHKLIHMH, KOTOPbIE HaWJEHBI
B IpenpLaynmeM nyHkrte. Haiinem 3akoHbl coxpaHeHHsl ypaBHeHui (38) B cie-
TYIOILEM BUE

A:a3u+a4v+cl, B:b3u+b4v+c2, (39)

4 4 1 2
rJIe a3,a , b3,b ,C ,C~ — HEeKoTopble QYHKIIUU OT X, .
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Nmeem
A, (x,y,u,v)+ B, (x,y,u,v) =oF; +BF, =0,

Pacwensist cuctemy ypaBuenui (40), noaydaem
a=a, a*=-B, b>=p, b*=aq,
ai +b§ =0, a;‘ +b; =0, c)lc +c; =-00-Po.

Otcrona nosny4aem

o, +B, =0, a, B, =0.
ITycte nnst cuctemsl (20) mocrapiieHa clieyrolias KpaeBas 3a/1aua:

u |L: uO(xny)’ v |L: VO(xay)a

PaccMOTpUM 3aKOH COXpaHEHHUs B BUJE

m—Ady + Bdx = —[ﬂ —Ady + Bdx.
L €

[Tycth pemienue ypaBHeHuit (42) umeer BUA
o= );—xo 7 P= J;_yo 2>
(x=x0)" + (¥ =) (x=x0)"+(y =)
[Toncrainsiem (45) B ipaByto 4acTh (44), moiydaem

[ﬂ—Ady+de = [ﬂ—(au —Bv+cHdy + (Bu+ow +c?)dx =

€

:[ﬂ—(occoscp—ﬁsincp+cl)dy—(Bsin(p+ o cos @+ c?)dx = =2mu(xy,¥y)

[TycTh pemienue ypaBHeHu# (42) uMeeT BUA
_ Y=o B — X~ X
(x—x0)2+(y—y0)2 (x—x0)2+(y—yo)2

o=

[ToncraBnsiem (47) B ipaByro 4acTh (44), mojydaem

[ﬂ—Ady+de = m—(au —Bv+cHdy + (Bu+ow+c*)dx =

= m—(—u sing —vcos@+c')dy — (ucos®—vsing + ¢*)dx = =271v(xy, )
€

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

B pesynbrare momyyaem (opMyInbl Ui BBIYUCICHHS KOMIIOHEHT BEKTOpA

nedopManuu

2nu(xy,yy) = [J]—Ady + Bdx, 2mv(xy,y,) = m—Ady + Bdx,
L L

e ¢ = Ia@dx, c? = IBmdx.
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3aximouenne. B pabore MOCTpOEHBI 3aKOHBI COXPAHEHUS Al YpaBHEHUH
NPOCTPAHCTBEHHOW U JABYMEPHOH TEOpUHU YNPYTOCTH, KOTOPbIE MO3BOJIMIN Iep-
BYIO PEILINTh KpaeBble 3aJa4M JJIsl THUX CUCTeM. B cTaThe MpoomKeHo perieHne
KpaeBBIX 3aJ1a4 C TIOMOIIBIO 3aKOHOB COXpaHEHUsI, HayaToe padoramu [8—11].
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OIITUMAJIBHAA CUCTEMA ITIOJAJITEBP 10 PASMEPHOCTHU
3 AJITEBPBI CHMMETPUM YPABHEHUI IIJIACTUYHOCTHU
CPEJAbI MU3ECA

X. /1. Ceppano Juac', A. H. SIxuo'"

lyHI/IBepCI/ITGT I'Bapgamaxapsl
Mekcuka, 44430, r. I'Bananaxapa, 6yasBap Mapcenuno ["apcus bapparan, 1421
*E-mail: alexander.yakhno@academicos.udg.mx

B pabome cmpoumcsa onmumanvhas cucmema nooancedp pasmepHocmu He
Oonbule mpex Onsd aneeOpvl MOYEUHLIX CUMMEMPUL CUCMEMbl MPeXMEPHbIX
CMAYUOHAPHBLIX YPAGHEHUN UO0ealbHoU niacmuyHocmu cpeovl Muszeca. Ilony-
YeHHble pe3ybmamvl MO2Ym OblMb UCHOIb308AHbL Ol NOCMPOEHUsl UHBAPU-
AHMHBIX peuleHUtl OAHHOU CUCTEMDL.

Knroueswie cnosa: cummempuu, nodaﬂee6pbz, onmumaavHasa cucmemd, njia-
Cmu4YHoCm»s.

OPTIMAL SYSTEM OF SUBALGEBRAS UP TO 3-DIMENSION
FOR SYMMETRY ALGEBRA OF PLASTICITY EQUATIONS
WITH THE VON MISES YIELD CRITERION

J. D. Serrano Diaz', A. Yakhno'"

'"University of Guadalajara
1421, Blvd. Marcelino Garcia Barragan, Guadalajara, Jalisco, 44430, Mexico
*E-mail: alexander.yakhno@academicos.udg.mx

In this work, an optimal system of subalgebras up to the dimension three is
constructed for the point symmetry algebra of the system of three-dimensional
stationary ideal plasticity equations with the von Mises yield criterion. The
obtained results can be used to construct invariant solutions of this system.

Keywords: symmetry, subalgebras, optimal system, plasticity.

BBenenue. Cucrema cTallMOHApHBIX YpaBHEHUU UACAIbHOW IUIACTUYHOCTH
cpenbl Museca B TpEXMEPHOM MPOCTPAHCTBE SBISETCA KIACCUYECKOW CUCTEMOI
MeXaHUKU AedhOpMHUPYEMBIX TBEPABIX TEJ, U Mpe/IcTaBisseT co0ol (B pa3BepHy-
TOM BHJI€) CHCTeMY 4eTbipeX AuddepeHInaIbHbIX HEIUHEWHBIX ypaBHEHUHN
BTOpOro mopsnaka [1] mist 4eTeipé€X (QyHKIMI: THAPOCTATUYECKOE JIaBICHUS p,
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U TpeX KOMIIOHEHT BEKTOpAa CKOPOCTEH U :(ul,uz,u3) OT TPEX HE3aBUCUMBIX

EPeMEHHBIX (X, X,,X; ):

kN2 2 .
Pi= ?7(%’]] _?Sygnmun,mf), U; = 0, i,j,n,m=123,

2
rne A" =¢€,,€..> Eun = (um . T, m) /2, k, — mocTosHHas MIACTHYHOCTH (IIpe-
JIeJT TEKYYECTH ), TI0 TOBTOPSIOIIUMCS UHJEKCAM MPOU3BOIUTCS CYMMHPOBAHUE,
a HIDKHUW MHJAEKC 4Yepe3 3aIITy0 O3HA4YaeT YacTHYHO NMPOU3BOJHYIO IO COOT-
BETCTBYIOILLEH ITIEPEMEHHOM.

HccnenoBanue cuMMeTpuid TaHHON CHCTEMbI ObUTIO HadaTo B paboTax [2—4],

U NpOoJ0JnKeHO B [5—7]. basuc anreOpsl JIn L5 OOMyCKaeMbIX TOYEUHBIX CHM-
MeTpuii [2] cocTouT u3 15 oneparopos:
X;=0,,Y,=0,,N=x0,,M=u0,,5=0,,

Ti = x28u3 - x3au2 7T2 = ‘x3au1 - xlau3 ’7?5 = xlauz - xzaul ”

up?

uz?

OTMeTuM CTpyKTypHbIE OcoOeHHOocTH »Toi anreopsl Jlu. IlomanreOpa
b, =7,,7Z,,Z; sBusercs Hepazpemumon u oopasyet ¢axrop Jlesu. daxrop ai-

reopa L5 / ®5 obpasyert panukan R. Onepatop S sBISETCS LIEHTPOM.

B pa6orax [2; 3] 6putH ki1accuUIMPOBAHBI OJTHOMEPHBIE MOAANTEOPHI U TIO-
CTpOEHBI COOTBETCTBYIOIIME MHBAapHaHTHbIE perieHus. B [7] knaccudpunupona-
Hbl BCE HEMOJ0O0HBIE MOManreOpbl ¢ HEHyJeBbIM (akTopom JIeBM U HaiineH
BUJ] MHBAPHAHTHBIX perieHuid. B padote [6] mpuBeneHa kiaccugpukanus moaan-
reOp 10 pazmepHocTH 3 g paaukana R. CTOUT OTMETUTh, YTO BCSl MPOBE/ICH-
Hasg Kiaccudukanusa caenaHa 0e3 yuera BIUSHHUS IIEHTpa, Tak Kak S 1aer
aBTOMOP(U3M TOXKAECTBEHHOTO JehcTBUsA. OnHAKO JUIs moaainredp pa3MepHo-
ctu Oonbiie 1, HEHTp BAMSET HAa YCIOBHS MOJNANTeOphl, YTO HEOOXOAUMO
YUUTBHIBATh TIpU Kiaccudukauu. B HacTosimel padoTe mpoaHaIM3UPOBaHBI Mpe-
JBIAYIINE Pe3yJIbTaThl U MPOBEAEHA MONHAs KiIacCU(pHKalus noganredp pasmep-
HocTer 1,2 u 3.

HenonpoOubie noganredpsl. [Iponecc kiaccudukanum HEMog0OHBIX TOJAI-
reOp CBA3aH C rpynnoi BHYTPEHHUX aBTOMOP(PU3MOB JaHHOU anreOpsl JIu [8],
[9]. OTHOCHTENBHO 3TOM TPYNIBI BCE MOJANTeOphl pa3AesioTCs Ha Hemepece-
KaIOLIMECs KJIACChl SKBUBAJICHTHOCTHU. JlI1 MPOU3BOJILHOIO dyeMeHTa X € L5,

X=x'X,, i=L..15 X;56=Y,5, X;=N, Xg=M, Xg0;;=T,3

Xio1314=Z1p3, Xj5=S§ paccMarpuBaeTcs BEKTOp OOILIEro  IOJOKEHHUS

73



(xl,..,x15 ), x' e R. Jlanee umiercs aeiicTBHe MpucoeqUHEHHOH anreOpsl ad L, s

Ha MPOU3BOJILHBIN 35IeMeHT X 1o popmyrie (adX l.)X = [X X ] [nsa onpenene-
HUSl JEUCTBUS TPYIIbl BHYTPEHHET0 aBTOMOp(du3Ma /17.(tl.)eIntL15 pemaercs

cucteMa ypaBHeHuit JIu Buia

Xy 1) x

—0 =X,
di ;=0

JUTs Kaskaoi koopauHatel x/. ITyTeM rpynmupoBaHust KOOPAMHAT

- (1.2 3\ = (.4 .5 6 N 8
D1 .—(x,x , X ),pz .—(X o X X ),p3 =X, Pp =X,

~ (.9 10 11\ = . (.12 13 _14 _ 15
p5.—(x ,X X ),p6.—(x ,X 7, X ),p7.—x ,

U BBEJICHUs BEKTOPOB Ul IPYNIIOBBIX IIAPAMETPOB /; TPYIIbl BHYTPEHHUX aB-

TOMOP(PHU3MOB:
- A — 7 — o 8
0 = (1,t5,13), Oy i=(ty,05.8), 0y =€ 7, o, =€,

Gis = (19,110,111 )s Gl =t 13504
IEeUCTBHE ATOM IpyINIbl Ha KOOPJMHATBHI BEKTOpA OOLIETO MOJ0XKEHUS MOYKHO
cBecTd B Ta0n. 1, rae BBeneHbl 0003HadeHus [1=4 04,04;, I'=A4,0 A50 A4,

A=A4y04,,04,, a R, 0003HaUaeT MaTpUIly BpAILIEHHH OTHOCUTEIBHO OCH
Ox'. VI3 TabauIbl BUJHO, YTO BBIPDAKEHUS D3, Py, ‘ 136‘ SBJIAIOTCS MHBapHaHTA-
mu rpymnsl Int L. Ycnosue ‘ [36‘7&0 COOTBETCTBYET HEHYJIEBOMY (HaKkTopy
JleBu. Ciyyaii ‘ 136‘ =0, p;#0 wm p, #0 coorBeTcTBYET pagukany. B ciydae,

KOrJla BCe TPY MHBApUAHTA HYJIEBbIE, UMEEM TMOAAIreOpbl MAaKCUMaIBHOTO ade-
JIEBa ujecana <X ,...,X6>.

Tabnuya 1
Py D> P3| Py Ps Ps
T | py+0yp; =0y X P Py — 0y X Ps P3| Pa Ps Ps
I 2 Py+0,Ps =0y X Pg | P3| Pa Ps Pe
Ay P10 D> P3| P4 Ps03' Ps
Ag Dy D0y P3| Py P50y Ps
A D Py —0is X Py P3| Py 135_&5(173_174)_6‘5X136 Ps
Q R Ry Rs py R R, R; p, P3| Py R R, R; ps R R, R; pg

Taxxe npu KiIacCU(PUKALMKM YUUTHIBAIOTCSA ACHCTBUS BHEIIHUX aBTOMOP-
($U3MOB, COOTBETCTBYIOIIUX JUCKPETHBIM CUMMETPUSM CUCTEMBI INIACTUYHOCTH
P CMEHE 3HAKOB HE3aBUCHUMBIX U 3aBUCUMBIX IMEpPEMEHHBbIX (cM. Tabm. 2).
Kpome sTOr0, HomyckaioTcsi HEBBIPOXKICHHBIE 3aMEHBI 0a3nca mojanredp ams
yHOpOILEHUsT BUJA ATHX nonairedp. B ogHOMepHOM ciyyae TakuM 3aMeHaM
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COOTBETCTBYET MpeoOpa3oBaHUE YMHOKEHHE BEKTOpa Ha HEHYJIEBOM CKaJsp.
B nByxmepHOM U TpeXMEpHOM Cilydasix 3aMeHbI 0a3zuca MOKHO paccMaTpUBaTh
Kak ['ayccoBy peayKuuio MaTpHuil.

Tabauya 2

Py P P3| Py Ps Ps Pr

NI N A 0 0 1 MERNEINE] NE

E132 NI JERNCIN 8 JCRNTRENT IERENENNT NE
E123 2o NI A JCRNTINE 12 134 INE
E§3 JERNE R IRCINERN A INCENTINT K2 134 INE
E123 28 NN 8 IRCEM TN K2 13 4 NE
E§3 JRREIN ERCINERN A JORNTINY 2 134 INE
E;Z xl X _x3 _x4 _xS x6 x7 xg x9 xlO _xll _xl2 _xl3 x14 _x15
Ell NI NI A O 10 _ [RERENEN NE
E22 JRR I NN 8 0 o _ 2 13 4 NE
E33 JRRNERN NN A FCRNTINE INERENENT 15
E1122 NI RN 8 INCEENTINE IERENENNT NE
E1133 _xl x2 _x3 _x4 xS _x6 x7 xg _x9 xlO _xll _xlz x13 _x14 x15
E2233 JERENE R NI 8 JORNTINE K2 134 BE
Eiy —Dy ) P3| P4 —Ds —Ds —P7
E'? Py —D> P3| P4 —Ds —Ds —P;

OcHoBHas LIeNb KJIacCU(PUKALUUA — MOJYYUTh KaK MOXKHO OOJIbIIE HYJIEBBIX
KOOpAMHAT BEKTOpa OOIIETO MOJIOKEHHUS, TaK KaK 3TO COOTBETCTBYET HamboJee
IPOCTOMY TPEICTABUTEIIO KIIAcca SKBUBAJIEHTHBIX nojanreop. [lpu nomyuenun
OJIMHAKOBOT'0 KOJIMYECTBA HYJIEBBIX KOMIIOHEHT, MPEANOYTEHUE OTAAETCS Mpe-
CTaBUTEIIO, Y KOTOPOTO HYJIEBbIE KOOPAWHATHI UMEIOT HAauOONbIINN BEpPXHUMN
MHJIEKC, TaK KaK 3TO COOTBETCTBYET nojairedpe ¢ 6oJiee MpOCTHIMHU OMEpaTo-
pamu, 4TO MO3BOJIAET CTPOUTH O0Jiee MPOCTOM BUJ MHBAPHUAHTHOI'O PEIICHHS.
Habop Takux mpencraButeneil KiaccoB Oy/ieM Ha3bIBaTh ONTUMAIbHOM CHUCTe-

MO TTofjaNre0p pasMepHOCTH k 1 0603HaYaTh 0 .
1
PesynpTaT Kimaccudukanuyu oqHOMEPHBIX Moganredp 0 nmpuseaeH B Tad. 3.

Tabnuya 3
1 (X, +Y, +al,+Z +7S)
2 (8,8, X, +(1-8,)8,% +8;T; + Z, +7S)
3 <8X1 +B'M + 7, +yS>
4 (8%, + BN + 2, +7S)
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5 <B?N+B(2)’B?M +Z, +yS>

6 <[30(N+M)+8T1+Zl+yS>

7 (N+M +38T, +vS)

8 <B°’1N+M +yS>

9 (8X,+M +7S)

10 (8Y,+ N +7yS)

11 (X, +aY, +T, +yS)

12 (0X,+ X, +T; +7S)

13 (8,8, +8,Y, +(1-8,)8,T; +5,S)

B sroit (u B Tabiuuax IlpunoxeHust) BBeeHbI 0003HaueHus: o,,y; €R.

B? eR\O, 9, {0,1}. TlepBhie 6 KIIaccoB CHCTEMBI 0' COmepaT omepaTop Z,.

Kinaccer ¢ 7 mo 10 cOOTBETCTBYIOT pajguKaily, OCTaBIIMECS — MaKCUMAIIbHOMY
aberneBy uzjeaiy.

[Ipu noctpoennn noganredp pazMepHocTeil Oosbiie 1 HEOOXOAUMO YUHUTHI-

1 15

BaTh yciosus nozpanre0p. Ilycrs €, = (e ireer €] ) — BEKTOpBI KOOpAUHAT OIlepa-

TopoB O; = e;X i» 0;€L5, j=1,2,3. Bexropsl €; o0pa3yroT 6asuc IByMEpHOH

S*=0 ,O, WM TpEeXMEPHO S’ = <01,02,03> noaanreOprl, €CIu paHr MaTpH-

bl =, COCTABJIEHHOH U3 KOOP/IMHAT BEKTOPOB €; (IIOCTPOYHO) COBMAJIAET C Pas3-
MEPHOCTBIO TIOJANre0p ¥ BBINOJHSIOTCS yCIOBHS [OI.,O J} =c/0,, ¢/ eR,

[=1,2 (wmm [=1,2,3), T.e. 1151 K&KI0¥ Mapbl OTIepaTopoB Oa3uca moaanreopsl,
e€ KOMMYTaTOp JIOJDKEH OBITh PaBEH HEKOTOPOU JTMHEHHOW KOMOWHAIMN Oa3uc-
HBIX OTIEPATOPOB MOJANTEOPHI.

JletictBue aBTOMOPGU3MOB BIUSIET OJTHOBPEMEHHO HAa BCE CTPOKH MaTPUIIBI

- 2
X . Takum oOpa3oM, Ipy NOCTPOEHUH 07 MOXXHO CUMTaTh, YTO MEpBas CTPOKa

NPUBEICHA K OJHOMY M3 BeKTOpOB 3 0'. Jlaee, Py BBIMOMHEHAH YCIOBHIA MO-
nanredp, NPOUCXOAUT YIPOLIEHHE BTOPOM CTPOKU JEHCTBUSIMU aBTOMOPQU3-
MOB, HE MEHSIOLIUX TMEPBYIO CTPOKY U ['ayccoBoi pemykuueil. B pesynbprare
noyiyueHo 297 knaccoB AByMEpHbIX noganreop (cM. Ilpunoxenue) o003HayeH-

HBIX 912 s HeHnyneBoro (akropa JleBu (80 kiaccon), 6% JUISL pajukaia

2
(29 xyaccoB) u 03 (188 kyaccoB) uId MakcuMalbHOro abeneBa naeana. B tpex-
MEpPHOM CJIydae CUMTAeM, YTO TIEPBBIC JBE CTPOKH MATPHUIBI = TPUBEICHBI

K 0/jHOMY 13 BU0B U3 0. IIpH BBIONHEHHH YCIOBHIT MTOAAre0p MPOM3BOINM
YIOPOUIEHUE TPETheU CTPOKH NEHUCTBUSIMHU aBTOMOPGU3MOB (HE MEHss IMEpBbIe
JIBE€ CTPOKM) U peaykuueil. PesynbraTsl npeacrtasiensl B [Ipunoxenuu. Otme-
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TUM, YTO TaKUM METOJOM pPaCIIMPEHUS HEBO3MOXXHO MOIYYUTh MOAANTeOpy
<ZI,ZZ,ZS>, TaK KaK OHa HE MMEET JABYMEPHBIX JECHCTBUTEIBHBIX MOAANreop.

[TosTomMy oHa 00aBiIEeHa B Of (cooTBeTCTBYIOIIECH HEHYIeBOMY (akTopy JleBn)

nox HomepoM 145. Beero nmomydyeHo 1512 kiaccoB TpexMEpHBIX HENOJOOHBIX
nojanredp. Beuny Oonbiioro pasmepa tadaun [IpunoxkeHus, oHM pacnosoxe-
HbI B GoogleDrive no anpecy https://bit.ly/3pK3pWé.

OtmeTuM, 4TO mpolecc Kiaccupukauuyd ObUT MPOBEIEH C IMOMOIIBIO MPO-
rpaMM, pa3pabOTaHHBIX B CHCTeME alreOpandeckux BblUMCIeHHN SageMath.
Jannbie mporpammsl goctynHbsl B GoogleDrive o cepuike https://bit.ly/3crzsqH.

ABTOpHI Beipaxatot Oiarogapaocts C. M. CenaioBy 3a 00CyXI€HHUE U TICH-
HbIE 3aMEYaHMUsL.

BeiBoabl. B pabGote mpoBeneHa moiHas Kiaccuukanus HEMOAOOHBIX MO-
nanre6p pazmepHocteit 1, 2 u 3 mis anreOpst JIn TOueUHBIX CUMMETPHI CHCTe-
MBbl YPaBHEHMH MJIACTUYHOCTU cpenbl Museca. OTa kinaccu(ukaius no3BoJseT
IIOCTPOUTH MPEACTABICHN NHBAPUAHTHBIX peleHuit panra 2, 1 u 0.
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BBIBO/I YCJOBU MOPSIIKA JJISI IBHBIX m-CTAJIUMTHBIX
CAMILTEKTHYECKHNX PA3SHOCTHBIX CXEM
PYHIE-KYTTBI-HUCTPEMA

B. E. lllemapynun

Poccwuiickuii GpenepanbHblil sinepHblid IEHTp — Beepoccuiickmii
HAYYHO-UCCIIEI0BATEIbCKUIM HHCTUTYT SKCIIEPUMEHTATbHON (PU3UKH
Poccuiickas ®enepanus, 607190, r. CapoB Huxeropoackoii 06i1.,
npocn. Mupa, 37
E-mail: VEShemarulin@vniief.ru

IIpeonosicen nHoswlil Memoo 8bl600a YC08ULL NOPAOKA P 015 KO Puyuenmos
ABHLIX M-CMAOUUHBIX CUMNWIEKMUYECKUX PA3ZHOCMHbIX cxem Pynee—Kymmuvi—
Hucmpema. Ilo cpasnenuto ¢ memooamu, ONUCAHHBIMU 6 TUmMepamype, npeo-
JIOHCEHHDILL MemOoO NPUBOOUM K S8HOMY KOMNAKMHOMY NPeOCmAasieHuio ycio-
8ULL NOPsAOKA 0J1 TH00BIX 3HAYEHUL M U D.

Knrouesvle cnosa: monexkynsipuas OuHamuka, HamypaibHvle 2aMUIbIOHOBL
cucmemvl, Pazosvili NOMOK, M-CMAOULIHbIE CUMNIEKMUYECKUe PA3HOCMHbLE
cxembl, NOPAOOK ANNPOKCUMAYUU, VCIIO8USL NOPAOKA.

DERIVATION OF ORDER CONDITIONS
FOR EXPLICIT m-STAGE SYMPLECTIC
RUNGE-KUTTA-NYSTROM DIFFERENCE SCHEMES

V. E. Shemarulin

Russian Federal Nuclear Center — All-Russia Institute of Experimental Physics
37, Mira prospect, Sarov, Nizhegorodskaya oblast, 607190, Russian Federation
E-mail: VEShemarulin@vniief.ru

The paper presentsa new method of deriving the p-order conditions for the
coefficients of explicit m-stage symplectic Runge—Kutta—Nystrom difference
schemes. In comparison with the earlier reported methods, this method leads to
anexplicitreduced representation of the order conditions for any m and p values.

Keywords: molecular dynamics, natural Hamiltonian systems, phase flow,
m-stage symplectic difference schemes,approximation order, order conditions.

BBeaenue. PaccMarpuBaroTcst IBHbIE m-CTaAUUHBIE CUMIUIEKTUYECKUE Pa3-
HocTHbIe cxembl Pynre—Kyrrei—Huctpema (RKN), npenHazHaueHHble 1Sl 4uC-
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JICHHOTO PEIICHHS HaTypaJbHBIX TaMUJIBTOHOBBIX CHUCTEM OOBIKHOBEHHBIX IU(-
¢depenunansabix ypaBuenut (O/]Y) ¢ pacnamarommmucs (HaTypaibHBIMU) Ta-
MWIbTOHHMAHAMU (r, p), B YAaCTHOCTH, JUIsl PELICHMS 3a1ad MOJEKYJISPHOU

muHamuku (MJ]), HeGecHoil Mexanuku U actpodusuku. HaTypanbHbIMH Ha3bI-
BAIOTCA FaMUJIbTOHUAHBI, IPEACTABUMbIE B BUJE CyMMbl KHHETUYECKOW U IIO-
TEeHIMAJIbHOM 3Hepruii [1].

CUMIUIEKTHYECKHE CXEMBI COXPAHAKT FAMUJIBTOHOBY CTPYKTYPY HCXOJHBIX
nuddepeHInanbHbIX ypaBHeHUH [2—4]| u mo3ToMy 007aar0T ONTUMAaTbHBIMU
st MJ[-mMonenupoBaHusl CBOMCTBAMU TAaKUMH, KaK COXPAHEHHUE CTaHJIAPTHBIX
WHTETpaJioB ABWXKEHUS (MMITyJIbCa U MOMEHTA UMITYJIbCa), COXPAaHEHUE JOMOJ-
HUTEJbHBIX HUHTETPAJIOB JIBMKEHUS (OJHUM W3 KOTOPBIX SIBISETCS (Pa30BbIii
00bEM), a TAKKE «COXPAHEHHE» IMOJHON IHEPTUH C MPUEMIIEMBIM YPOBHEM OC-
nuisnuid  (otcyrctBue aApeiida). [lo sTum nmpuunHaM HauboJblIee pacrpo-
CTpaHEHHE B 3aJa4axX MOJIEKYJISIDHOW JMHAMUKHM IOJy4YWsIa €IMHCTBEHHAs
B KJIACcC€ OJIHOCTAJMUHBIX CHUMIUIEKTHUYECKAs CXeMa BTOPOIO MOpsA/IKa — cXeMa
Verlet [5]. ns mocTpoeHust cxeM Mopsijika BhIIIE BTOPOTro TpeOyeTcs: yBelnye-
HUE Yucla CTaui, o KpalHeu mepe, 10 Tpex (m = 3) [4].

[TepBbIM 1IArOM MpPU MOCTPOEHUU CUMILIEKTUYECKHX CXEM SBISIETCS BBIOJ-
HEHUE YCJIOBHM CUMIUIEKTUYHOCTH i uX Kod(duimenton. Crenyronui mar
OpU TOCTPOCHUM CXEM TpeOdyemMoro mops/Kka anmpoKCUMAIUU COCTOUT
B BBINIOJIHEHUU YCIOBUM MOPsiAKa (ONPESsIONNX YPaBHEHUM) A1l STUX KO3(]-
GUIMEHTOB. DTH YCIIOBUS MOIYYalOT MPUPABHUBAHUEM COOTBETCTBYIOIIMX KO-
3 PUIHEHTOB Pa3I0KEHUI TOYHOTO U YUCIECHHOTO PEIICHUN UCXOIHOM CHUCTe-
Mbl OJ1Y 1o creneHsM BpeMeHHOro 1ara Az, 4To 1 00ecreuynBaeT HyKHbIN T0-
PANOK anmpoKcuManuu. [ HaTypadbHBIX TAMUIBTOHOBBIX CUCTEM AJIbTEPHA-
TUBHBIM CIIOCOOOM TMOCTPOCHUSI CUMIUIEKTUYECKUX CXEM SIBJISIIOTCS aHaJIUTHYe-
CKHM UHTErPUPYyEMBIE aJITOPUTMBI paculeryieHus [6].

B nacrosmeit pabore npeaioxkeH U pa3padoTaH HOBBII METOJ1 BBIBOJIA YCIIO-
BUIl MPOMU3BOJIBHOTO MOPSAKA p ISl SIBHBIX M-CTaAUNHBIX CHUMIUIEKTUYECKUX
pazHocTHBIX cxeM RKN. DToT MeTos ocHOBaH Ha MPEUIOKECHHBIX M pa3pado-
TaHHBIX aBTOPOM HOBBIX METOAAX PA3JI0XKEHUS B PANbl TOYHBIX PEIICHUI
ypaBHEHUN MOJICKYJSIPHOW NUHAMHKHU (33Jadyd O JBIJKCHHH MaTepUaibHOM
TOYKA B IEHTPAJbHOM CHJIOBOM TOJI€) U PEIICHUI Pa3HOCTHBIX ypaBHEHHIA
cxeM RKN.

B ortnuuue oT MeTONIOB, ONMUCAHHBIX B JIUTEPATYpe, pa3padOTaHHBIN 37€Ch
METOJI TPUBOAUT K SIBHOMY KOMIIAKTHOMY IMIPEICTABICHUIO OMNPEACISIONINX
ypaBHEHUH AJis J00BIX m U p. B nanpHelmeM 3To MpeAcTaBieHHe MOXKHO Oy-
JIeT WCTOJIb30BaTh JJIsl MOJTYUYEHHs BBIBOJIOB OOIIETO XapakTepa O CUMILICKTH-
YECKUX PA3HOCTHBIX CXEMaX.

Panee aBTopom u B. H. CodpoHOBBIM 1151 m-CTAAMHHBIX CUMIUICKTHYECKUX
SIBHBIX CXEM OBLIM MOJy4YeHbl (HO HE OMyOJIMKOBaHbI) ycioBHs 1-ro+5-ro mo-
pankoB. IlozngHee umu ke yciaoBus 1-ro+5-ro mMopsaKoB i SABHBIX TPEXCTa-
JTUWHBIX CXeM ObLTH omyOIrMKoBaHbI B [7; 8] (cM. Takxke [9]). B manubix paboTax
OPOBEJCHO MOJAPOOHOE UCCIIEJOBAHME COBMECTHOCTHM 3THUX  YCIIOBHUH,
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B pe3yJibTaTe pellieHa mpobiieMa OMUCcCaHus MHOTO00pa3us SIBHBIX TPEXCTaauii-
HBIX CUMIUIEKTUYECKUX CXEM: JlaHa KilacCU(pUKaIUa CXeM 3-ro Mmopsijika TOYHO-
CTH; JI0Ka3aHO, YTO B KJIACCE TPEXCTAAUNHBIX CYIIECTBYIOT CXEMbI 4-TO MOpsIKa
anmpoKcUMaIuu (MX Ka3ajaoCch CeMb), HO HET CXeM 0o0jie€ BBICOKUX IMOPSIKOB.
KpoMme Toro, mepeduciieHbl CXeMbl, 00JIalalolIie YJIyUYIIEHHBIMA CBOMCTBAMHU
(oOpaTUMOCTb, ONITUMATBLHOCTH 1O (Pa30BOM OMIMOKE); MPEJCTABICHBI pe3yJibTa-
Thl YHWCJEHHBIX pPACUETOB, JAEMOHCTPUPYIOIIME KadecTBa CHUMIUIEKTUYECKUX
CXEeM, B YAaCTHOCTH, IOKAa3bIBAIOIIUE, YTO CPEAM BCEX PACCMOTPEHHBIX CXEM,
TOJIBKO CUMILIEKTUYECKUE CXEMbl 00ECIeunBalOT OTCYTCTBUE Apeiida MOoIHOI
SHEPTUHU.

OrpanuyeHus Ha YUCJIO CTAAUN m TPU 3aJaHHOM MOPSIKE TOUYHOCTU p Ha-
3pIBaloT Oaphepamu bytuepa [10]. [ns knaccuueckux sBHBIX cxem PyHre—
KyTThl, ipeiHa3sHAYEHHBIX AJIS pelIeHUs] MPOou3BONIbHBIX cucteM OJ1Y, cymiect-
BYIOT 4eThIpe 0aprepa bytuepa. B obmem ciryuae p-ii mopsgoK TOYHOCTH MOTYT

o *
00€eCne4nTh TOJIBKO CXEMBI C YUCIIOM CTauil m = m , TAe
p, P4
« |p+l, 4<p<e6,
p+2, p=7,

p+3, p=8.

Takum oOpazom, B paborax [7; 8] mokazaHo, 4TO JIsi CHUMILIEKTHYCCKUX
cxeM nepBbiid 0apeep bytuepa (p <4 — m > p) npeogosieBaeTcs: NOPAIOK p = 4
JOCTUTAETCS Ipu m = 3. B CBSI3M ¢ 3TUM BO3HHUKAET BOMPOC O HAXOXKJICHUU OT-
paHWYCHUH, YTOUHSIOMUX Oapbepbl byTdepa sl SBHBIX CHMITICKTHYECKUX
cxeM. B HacTosIee BpeMst 3TOT BOIIPOC OCTAETCS OTKPBITHIM.

Cratbst UMeEeT METOIUYECKU xapakrtep. M3nokeHne orpaHU4YMBAETCSl OIU-
CaHMEM HOBOTO aJTOPUTMa BBIBOJA ycIoBHM mopsaka. [IpoGiema coBMeCTHO-
CTH ¥ HaXOXKJICHUS PEIICHUH 3THX yCIOBUU OYyJIET pacCMOTPEHA B CIICTYIONTUX
paborax.

HartypajbHble raMHMJIBTOHOBbI CUCTEMBbI M YCJIOBHE CUMILIEKTHYHOCTH
Pa3HOCTHBIX cxeM. B Metone kiaccuueckoil moliekyisipHo quHamukua (M)
MHKPOCKOTIMYECKOE COCTOSIHUE B3aMMOJICHCTBYIOIIUX YAaCTHUI] OMNPEACISAETCS

HabOpOM  OOOGINGHHBIX ~ KOOpAMHAT 7 =(F,75,...,7y) M  HMIIyIbCOB
p= (pl,pz,..,pN), p;=mu;, 1=12,..,N. JluHaMH4YEeCKUE IEPEMECHHBIC
(r(t), p(t)), U3MEHAIOTCS CO BPEMEHEM COIJIACHO ypaBHEHMsM ['aMuibTOHA.

M/I-cuctemMbl OTHOCSTCS K KJIacCy HaTypaJIbHbIX IAMWJIBTOHOBBIX CUCTEM CO
crienu(UIeCKUMH pacragaomuMucs (TPeICTaBUMBIME B BHJIE CyMMbI KUHETH-
YECKOW M MOTEHIMATbHON YHEPTUil) raMUJIbTOHHAHAMU

2
H=H(pr)=K(p)+U(r)=SLL1U(r), i,j=1,2,.....N.
i <M

|
2
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B ciyyae mapHOTo B3auMOJICHCTBUS TIOTEHITHAIbHAS YHEPTHUS
1
U(r) :EZZU ( )

i
COOTBETCTBEHHO 3TOMY ypaBHEHUS ['aMUIbTOHA UMEIOT CIEAYIOLIUN BU:

Ii—r

yodr _OoH  dp_ OH_ _3U(r)  du_
ait op’ i o or a
1 LTy . dU(r)
= ) L . — 7. =12,...N =——", 1
v mijzvﬁ;”i—’”j‘f(rl " )’l ) f(r) dr M

Krnaccuueckumu MHTETrpasIbHBIMHU CIEACTBUAMU AUQPPEpEeHINATbHBIX ypaB-
HeHul (1) SBISAIOTCS 3aKOHBI COXPAHEHMS SHEPIUU, UMITYJIbCA U MOMEHTA UM-
IIyJIbCA CUCTEMBI MATEPUAIIBHBIX YacTULl. KpoMe 3THX CTaHIApTHBIX HHTErPAJIOB
JIBUYKEHUSI TAMUJIBTOHOBBI CUCTEMBI (1) UMEIOT JOMOTHUTEIbHBIE HHTErPATIbHbIE
WHBAPUAHTBI, OAHUM U3 KOTOPBIX SIBISIETCS (ha30BbIA OOBEM.

®azoBsrii motok G:RY (7, p)— R (r, p) TaMUJIBTOHOBOM CHUCTEMBI Tpe-

00pa3syeT ee Ha4yallbHOE COCTOSHHE (r(t =0), p(t= 0)) B TeKyllee (r(t), p(t)),
COXpaHssl CAMIUIEKTUYECKYIO CTPYKTYpPY Ha ROV (r, p), 3amannyto 2-dopmoii [1]

o’ =Y dp;Adr,, dp;Adr; =dp, Adx; + dp, Ady; + dp,. Adz;,

N3 coxpaHeHHs] CUMILIEKTUYECKOM CTPYKTYpPBI CIEAYET HWHBAPUAHTHOCTH

L
VHTETPAJIOB j ((02) M0 COOTBETCTBYIOIUM 2L — MHOTOOOpa3usiM:

I(mz )L = const, (0)2 )L E((oz )AL = AL((DZ) = mzAmz...Acoz, I<L<3N.

KoHCTpyKIus 1aHHBIX MHBAPUAHTOB COCTOUT B ITOCIIEAOBATEIILHOM IIpUME-
HEHHUH OTepalluy BHEITHETO yMHOXeHus 2-¢opM. [locnennum B psiay nepeduc-

3N
JICHHBIX UHBAPUAHTOB CTOUT (DA30BBIN 0OBEM: I(@z) = const.

Jlns cuMIuieKTUYHOCTU (ha3oBoro mnoroka (7, OMpenereHHOIOo HEKOTOPOM
JTUHAMUAYECKON CUCTEMOM, HEOOXOAMMO U JOCTaTOYHO, YTOObI MaTpuiia Axodu D
3TOr0 MOTOKA YJIOBJIETBOPSJIA COOTHOLICHUIO [1]:

0 —
(D) JD=J, J= W )

rae E;y —eauHu4yHas MaTpuna nopsuaka 3.N.

B cootBercTBUM ¢ (2) OAHOIIATOBBIA Pa3HOCTHBIM METOJ| Ha3bIBACTCSI CHUM-
IUIEKTHYECKHM, el omepatop D' =8(r",p"")/6(r",p") mepexona ¢ n-ro Ha

(n+1)-i BpeMEHHOW CJIOM OCYIIECTBIISICT CHUMIUIEKTHYECKOe IpeoOpa3oBaHue
JTMHAMUYECKUX MEPEMEHHBIX [2; 3; 4]:
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(Dn+1 )T Jp"™t = g 3)

Jlnst cucteM ¢ raMmibTOHMaHAMU OOIIETO BUJA HE CYIIECTBYET SBHBIX CUM-
mekTuueckux cxem PyHre—KytTel [11]. B TO ke BpeMsa Takue CXE€Mbl MOTYT
OBITh MOCTPOEHBI JI CUCTEM C PacHaJarolIMMUCI TaMUJIbTOHHAHAMU

H(r,p)=K(p)+U(r). 4)

JI71s1 MOJIEKYISIpHON JUHAMHUKH MPAKTUYECKUN UHTEPEC MPEACTABISAIOT TOJIb-
KO SIBHBIE CXEMbI, KaKk HauOojee 3KOHOMHYHbIE. BBIBOAY yCIOBHI moOpska
JUISl TAKUX CXEM M TOCBAIIECHA Hacroswmas craTed. 1Ipu sTom mpenmnonaraercs,
YTO raMWJIbTOHUAHBI UMEIOT BUJ (4).

CeMeNCTBO HEABHBIX CHUMIUIEKTUYECKUX TPEXCTAAUMHBIX METOI0B PyHre—
KyTThI 111 cucteM 0o611ero Buia ucciienoBado B [11].

Cummiiektudeckue cxembl RKN. [ oOmmx (HESBHBIX) m-CTaJIUMHBIX
pazHocTHbIX cxeM RKN myist cuctemsr (1):

W”:W+mwuﬂﬂi@w@),MM=M+N§hN@),
j= =l

m
E;=r"+Ara;u" + AP ap(E)), (5)
I=1
YCIIOBUE CHUMITICKTUYHOCTH (3) BBIMONHSIETCS TIPU CICTYIOIINUX OTPAHUYCHUIX
Ha X Kod(puruents [2—4]:

Bj:'yj(l—o(,j), j=12,....m, (6)
yjajk—ykakj+yjyk(ock—ocj)=0, Jk=12,....,m. (7)

Takum oOpa3oM, B 00IEM cllydae 7m-CTaJIMHHBIC CUMIUICKTHYECKUE CXEMBI

m
RKN moyiHOCTBIO OTpeenstoTcs 3aJjaHieM MaTpullbl A = Ha ij ., 1 JIBYX BeK-
Jok=

TopoB ot=(a;), Y=(y;) pasmepHOCTH m, 00pa3oBaHHBIX KOdpPUIHEHTAMHU

JaHHBIX CXCM.

3,Z[€CB pacCMaTpuBarOTCA TOJBKO ABHBIC CXCEMBI, IJI1 KOTOPBIX MaTpuUlla ajk

SBIIICTCSI HIDKHETPEYTOJIbHOM. J[7Is1 TakuX cxeM CBsi3b KO3(PUIIMEHTOB MaTpH-
LBl @ C MAPAMETPAMHU O ;,Y; YCTAHABINBACTCS ONHO3HAYHBIM 00pasoM [4]:

0, 1<j<k<m,

(8)

= yk(ocj—(xk), I<k<j<m.

CraenoBaTellbHO, SIBHBIE m-CTaguMHbIE cUMILIEKTHYecKHe cxeMbl RKN Boj-
HC OIPENEISIOTCS BeKTOpamMu o = (o ;), Y=(Y;) ¥ CeMeHCIBa m-CTaauiHbIX
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CXEM MOKXHO OTOXACCTBIIATHL C COOTBCTCTBYIOIIMMH IMOAMHOKCECTBAMU B IIPO-

CTpaHCTBe mapameTpos R " (ocj,yj), j=12,..m.

CumMIieKTHYecKne cXeMbl MOJIEKYJIAAPHOI THHAMHUKH.

Ckansipubiii Bapuant cucrembl (1). IlpeaBapurtesibHbIE 3aMeYaHUA
00 yciaoBusix mopsiaka aias cumiuiekTuyeckux cxem RKN. Ilpexne, uem
OPUCTYNIUTh K TIOCTPOCHUIO YCJIOBHM mopsaka i KoddduimeHTos
m-CTaTuiHbIX cuMIUiekTHueckux cxeM RKN (5), cnemaem HeckoJbKO MpejBa-
PUTENBHBIX 3aMEYaHUM.

VYcnoBus nopsika He 3aBUCAT OT pa3MEpPHOCTU N CUCTEMBI. JTO CIEIyET U3
TOTO, YTO B 3THX YCJIOBHUSX OTCYTCTBYET MHAECKC, HYMEPYIOIINA KOMIOHEHTHI
BekTOpoB [10]. [TosToMy AJisi MOCTpOEHUS YCIOBUN MOPSIKA TO0CTaTOYHO Orpa-
HUYUTHCS CKAJISIPHBIM BapUAHTOM cUcTeMHI (1):

dr du
E—M, E—(P(V) (9)

Jlanee paccMarpuBaetcs ciy4ail, koraa U(r) u, coorsercrsenno, ¢(r)

ocTaTo4yHoO Tiangkue auddepenuupyembie GyHKIIUA, UMEIONUE CTOJIBKO MPO-
W3BOJIHBIX, CKOJIBKO HEOOXOIUMO JUIsl TTOCTPOSHHUS CXEM 3aJaHHOTO TOpsIKa
anmpOKCUMAITUH.

Jlns ckanspHbIX auddepeHnanbHbIX YpaBHeHUH (9) m-cTauitHas pa3HOCT-
Has cxema RKN (5) mpu BeimosiHeHuu ycioBuit (6)—(8) npuHuMaeT BU

r(t+Af) =" = r(t)+Atu(t)+At2iyj(l—ocj)(p(§j), (10)
=
u(t+At)~u™! =u(t)+At§:yj(p(§j), (11)
j=1
j-1
g,(t+ M) =r(t)+Atou(t)+ AP Yy (o, —a, )o(E)). (12)

I=1

B cxeme (10)-(12) &, =§&;(t+At), &,(At=0)=r(t), j=12,.,m; Benn-
YUHBI r(t), u(t) n r(t + At), u(t + At) — 3HAYEHUS TOYHOTO PEIICHUS CHCTEMBI
(9) B MOMEHTBI BpEMEHHU ¢ U (l‘ + At) , COOTBETCTBEHHO; r(t) u u(t) — 31O TO XK€,

uro 7" u u”" B cxeme (5), t u (t +At) COOTBETCTBYIOT n-My U (n+1)-My BpemeH-

HOMY IIary TOM ke cXxembl (95).
Yenosust mopsiika Uit KO9Q(HUUMEHTOB O ;, V; CXEMbl, 00eCIeYNBAIOLIHE

HY>KHBIM TMOPSIIOK anmpOKCHUMAaIMH, MOJYy4aroTCsl MPUPABHUBAHUEM HYJIO KO-
3 PUIUEHTOB PA3HOCTH CTENEHHBIX Pa3IOKEHUN O Af TOYHOTO U Pa3HOCTHO-
ro pemenni 3amaun Komm (¢ Ha4albHBIMH JaHHBIMH 7 =7y U U =Uy =17)) I

cuctembl OJ1Y (9) u, cooTBeTCTBEHHO, cXxeMblI (10)—(12).
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Haxoxaenuto 3TuX pasiioKEHUH M BBIBOJY OTBEYAIOIIUX UM YCJIOBHUM IIO-
psALlKa MOCBSAILEHA OCTABIIASCA YaCTh CTAThU.

IIpu 3TOM pasznoxenus: B psabl Teisiopa paccmaTpuBaroTCs Kak (opMaliib-
HbIE, TO €CTh, 0€3 MCCIEAOBAaHUS UX HA CXOAUMOCTh. JTO BIOJHE JOMYCTHMO,
IOCKOJIBKY JUI BBIBOJA YCJIOBHUI NOpsAKa TPEOyeTCsl TOJIbKO CPABHEHHUE MPOU3-
BOJHBIX COOTBETCTBYIOIIUX NOPSIIKOB.

TeilJiopoBcKHe PA3/I0KEHUSA AHATUTHYECKOI0 U Pa3HOCTHOIO pPeleHH.
TeiltopoBCKHE Pa3/I0KEeHUS] AHAJIMTUYECKOI0 PEIICHUS CKAJSAPHOU

cucremsl (9). [TycTs (r(t), u(t)) — TOYHOE pelIeHne CUCTEMEI (9) u

"

14
r r
r(to+At)=r+r"-At+—-At> +— AL +...,
0 2! 3!

"

cutw ns A2 AP
u(ty+At)=u+u At+2! At” + 3 AP + ..., (13)

r = r(")(to), u™ = u(")(to), n=0,1,2,...
pazyiokeHus: GyHKIUI r(to + At) 151 u(to + At) B psAAbl Tenmopa B OKPECTHOCTH

Ha4allbHON TOYKH #,, At" =(At)", ty — OUKCUPOBAHHBIA HAYATIBHBIH MOMEHT

BpPEMEHU.
31ech W Jajiee HCMOJB3YIOTCS CIEAyIomUe 00O03HAueHMs JJId 3HAYCHUU
(YHKIMHA 1 UX IPOU3BOJHBIX B TOUKE f =1:

r(n) _ d I”(t) l/l(n) :m (P(n) dLgV), n= 091’2,.“

dt" dr’ T dr

1=t 1=l

Jlist momyuenus sBHBIX dopmydn st KoddduireHToB pasznoxkennit (13) uc-
MOJIB3YETCSI XOPOIIO U3BECTHOE PEIIEHUE 3a/layd O JIBXKEHMHM MaTepuajbHOM
TOYKH B UEHTPAIBHOM CHUJIOBOM I10JI€ MPUTATUBAOIIETO HeHTpa [1].

3ajaya MHTETPUPOBAHUSA CHCTEMbI ypaBHEHUU (9) — 9TO YaCTHBIA CIydaid
(oTHOMEpHBIN BapUaHT, TO €CTh C HYJEBbIM KHHETHUYECKUM MOMEHTOM) 3aJa4u
0 IBMKEHHUH TOYKH €IUHUYHON MacChl B IICHTPAIBHOM TOJIE C MOTEHIIMAIOM

U(r)= —j(p(r)dr.

OOmiee penieHue 3TOM 3aladd ONPENEISAETCS KBaAPaTypoOH, SBISIOLICHCS
HETIOCPECTBEHHBIM CJICICTBUEM COXPaHEHMS MOJTHON SHEpruu TOouku [1]:

At:t—tozj ar

mJ%E—UW»’

2 s
E:E‘:%%+U@w=(g)

+ U (ry) = const,
rh=r(ty), r=r'(t,), r= r(t). (14)
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t — TeKyIee BpeMsi, 7, U 7y = U, — HaYaJIbHbIC MTOJOKEHHE H CKOPOCTh TOYKH,
E — ee nmonHas sHeprus. IIockonbKy NMOTEHIMAN ONPEAEIEH C TOYHOCTBIO IO

(1)’
KOHCTaHTBI, MOJI0XKuM U (7) = —J (p(r)dr. Torma U(ry)) =0, E= OT > 0.

n
3nech 6e3 orpaHuYeHHs OOIIHOCTH pacCMaTpUBAETCs CIIydai, Korja mapa-
metp 7y >0 u, cnenosarensHo, £ > 0.

O6mas cxema BeIBoAa (Gopmyn mis koddduiueHToB pasnoxenuit (13) 3a-
KJItouaercs B cienyromeM. CHadana u3 cootTHouieHus (14) HaxoauTcst pas3inoxe-
Hue B psa Teiinopa no crenensam Ar =r —r, pyHkuun Af =T (Ar):

At=b -Ar+by-Ar* +by-Ar +... 1, Ar"=(Ar)".

3areM 3TOT psa oOpamaercs. B pesynbrare momydaercs TpeOyemoe pasio-
sxerwe B psig Teitopa o6patHoil Gyukuun Ar = R(A) =T (At):

"

/4
r r
Arsr’-AHE-AtZ+§-At3+...:c1-At+c2-At2+c3-At3+..., A" = (At)".

dopmanibHOE pasnoxkenue GyHKuu At =T(Ar) uMmeer ciaeayIonui BUI:

At:\/7 \/7[Ar+2dl Ar }—bl-Ar+b2-Ar2+b3-Ar3+...,
e e
=4l <> b:d )
5 h=ifs
f 11 (15)
2 N2E 15 u

(my) (mp)

d = Z 1y 1/2), o o™ 0 |
m1+m2+...+mp+p:l—1 [ p' (ml + 1)' (m2 T 1)' (mP + 1)'
m;=20, p>1
(1/2), =22 22!
p 1
p!
O6pamenue psaga (15) npoBoautcest mo u3BectHO cxeMme [12]. Tlepenumem
cootHomenue (15) st pynkiun At =T(Ar) B Buze

At = Ar(b, +b, - Ar +by - Ar* + ), (16)

0003HaYUM CyMMYy psifia B CKOOKkax yepe3 yi(A) u npeacraBum ypaBHeHue (16)
B DKBUBAJICHTHOU (popme:
1

WI(AF)’
W, (Ar)=b, +b, - Ar +by - Ar* + .. (17)

Ar =At-
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1
B cuny (15) u npunsToro panee cornamenus (7; >0) b =— # 0. IToatomy
To
pemienue ypaBHeHus (17) otHocutenbHOo Ar — oOpamenue psga (15)moxer
OBITH TIpe/icTaBiIeHO psiioM Jlarpanxa [12]:

© Afn_l dnl
Ar = At-
Z‘ pr [dnlw(p)j

b

p=0
n n 1
v'(P)=(v(P) . w(p)= , p=Ar (18)
v, (p)
B npexnux 0603HaueHUAX
Arzr'-At+%-At2 +%-At3 b= Moy AP ey AP+ (19)
CrnenoBatelbHO,
dn -1
c, = [ <V (p)] , n=1273,... (20)
n!\ dp"”
p=0
His y(Ar) cipaBeUTHBO Pa3IOKCHHE
y(Ar)=uy- Y D, A",
m=0
D=1, D,= Y = (-D4,.d,, .d,.. m>0. (21)
my+my+..mjp=m,
m;2l, m=k>1
N3 cootnomenuii (20) u (21) cnexyror:
1. OueBugnoe paBeHCTBO ¢; = Y(0) = u,,.
2. y" =(y(ar)" = (ZD Ar" ] =u,- »,  D,D,,..D, A"
my+my+..my=m,
miZO

n—1

3.
dpn—l

v (p)=uy - Z m(m—1)..(m—(n-2))D,, D, ..D, o),

my+myp +..+my=m
m;=20, m>n—1

Orcrogaa cornacHo (20) Haxoaum
1 dn -1
Cp = [ 2otV "(p )]

== > D,D,.D

mymy my >

n
uy(n—1)!
_ 20 —
== > D, D,,..D, =
: my+my+..+my=n—1
m;>

p=0

n=12,3,..

my+my+..+my=n—1
m; =0
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Jlotst mpom3BonHbIX ) monydaeM ciaeyromue mpeacrasieHus (em. (19)):

rM =nle, =(n—1)lu - >, D,D,,.D,, n=123,.. (22
my+my +..+my=n—1
m; =0

CootHomienue (18) rmocsue 3Toro mpuHUMAET BUJT

0

uy .
Ar=Ar-Y | 2L > D, D,,..D, |A"". (23)

n

n=l1 my+my+..+my=n—1

m; =0

(23) sBnsieTCs MCKOMBIM SIBHBIM TMPEACTABICHUEM pa3jioKeHUus (GyHKUIUU
Ar = R(At).

N3 (22) nonyyaem npencTaBiaeHus Jisl IPOU3BOIHBIX U
u™ =" = (4 Dle

(n):
n+l —

n+l
=nlul™ > D, D, ..D, ., n=0,12,. (24)

my+mp+...+my|1=n
ml'ZO

u paznoxenue Telnopa i GyHkuMKu Au 1o At B OKPECTHOCTH TOUKH ¢ =1

myTTmy T My

Au:At-i w- >  D,D,..D, [A""
n=1

my+my+..4+my 1=n
;>

Jlanee 111 Ha4aJIbHBIX 3HAYEHWH HCMOJIB3YIOTCS O€3MHIEKCHbIE 0003Have-
HUA 7' U U.

TeilstopoBCcKHE pa3ii0KeHHs] PA3HOCTHOrO peimnenusi cucremsl (10)—(12).
CHavasta HaiiileM SIBHBIC BBIPAKEHUS ISl KOO QUIIMCHTOB C; , Pa3IOKeHHUMI

AE, =€ (t+A1)—r(t)=Dc;, A", j=12,...m. (25)

n=1

Cornacho (12)

j-1
AE =Atau+ArP Y a, y(AE), j=1,23,..m,
/=1

v(Ag)=0(&)=0(r +AE)). (26)
B cuiy npou3BoiabHOCTH QYHKIIMH (0 CUUTAEM, UTO W(AE"Z)‘AQ:O = q)(r) =0.

[lepenumiem paBeHCTBO (26) B CIEAYIOIIEM BHUJIE:

WA +ou- At—AE; =0, j=1,2,3,..,m,
Jj-1
¥, =¥, (a8)= ;aﬂw(Aéz)a
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AE = (A5 ALy, AL,). ¥ (AG)[ ;#0. (27)
B naHHOM KOHTEKCTE @ ji ABJIAIOTCA dbopManbHBIMU TIEpEMEHHBIMU (TIapa-

MeTpaMH), cienoBaresnbHo, ¥V j(Aé)‘ B #0 u g kaxgoro j=1,2,3,....m u3

Ag
ypaBHeHus (27) Haxoaum At = . UTOOBI HCKITIOYUTH
2¥,
OTpUIlaTebHbIE 3HAUCHUS Af, Tepe] paAuKaloM OCTaBHUM 3HAaK «1», TOraa
2AE
At = 5 . O ; TIAPAMETPBI U, COTJACHO MPEANOI0KEHUIO
2 J
o ju + (o) + 4 AL,

u >0, 3HaunT, 6e3 orpaHU4YeHus: OOIIHOCTU MOXHO CUUTATh, UTO O u> 0. Ilo-

9TOMY, TI0JIarasi B IOCJICIHEM PAaBEHCTBE Af = At , IIOTy4aeM

AE, = AL, D (AE), ®j(A§)=%[l+%}
J

) j(Ag)\MFO 20, j=1,2,3,.,m. (28)

K cucreme (28) mpumennma «MHOroMepHas Teopema Jlarpamka» o pemeHun
cucteM (yHkuuoHanbHbIX ypaBHeHuil [13]. CormacHo 3Toil Teopeme u3 (28)
ToJTydaeM CIIeIyrollee MpeacTaBieHue I BekTopa AL Kak (yHKIIUU HE3aBH-

CHUMBIX NMEPEMEHHBIX Af o J= 1,2,...m:

Ae= e (M), ¢ = [kk]{Kd)k(k)det

k>0

S, — M
D

rae
k = (kl’k2""9km)’ Cr = Ckl,kz,...,km ’

D (2) (m)
Chy ke vy _(Ckl,kz,...,km9Ck1,k2,...,km""’Ckl,k2,...,km )

At = (AtDAtZ’“"Atm)’ A= (7\‘197\‘27‘”97\'m)7 CD(?\,) = (CDI (K),CDZ (K),,@m (7\,)),
(M) = (AR (A2 (ALY, 3R =) ()20,
OF (1) =(@, (1)) (@, (1)) (@, ()™,

d; — cuMBoi Kponekepa; [Kk]— KO3 PUIIMEHTHBIA onepaTop, ONpeesIeH-

Heli Ha komnble R[[A]] dopManpHBIX CTENEHHBIX PAIOB OT MEPEMEHHBIX

AoAyy s Ay [Kk] :R[[A]] = R, mns crenennoro psga f(A) = Zciki € R[[A]],

>0

i = (i}yiyy..ri, ) 3HAYCHHE [Kk](f(k))zck.
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U3 dopmyusl (29) HaXoauM NPEICTaBIeHHS. KOMIOHEHT AL; BekTopa A&

B BUJIC PAJIOB 110 CTENEHAM NIEpEMEHHBIX Af;, i=1,2,3,....m

AE, = e (M Y A (A)I(AL) 2 (A, (30)
k>0 (k) e sorosliy )>0

Homnarast B (29) u (30) Az; =At, j=1,2,3,...,m, moxy4aeM HCKOMBIC PSIIBL 110

CTeneHAM mepeMeHHon At st A u A§ ;e

A= ) Chy ey nfey A Aot Z{ > Chy ... ]Af

(k1,2 1ovoskiy )>0 n>1\ ky+ky+.. Ak =n

by +hy oty n
A&j: Z cl(qj)kz AphiHka++ _Z[ Z Cl(qj)kz J t". (31)

(k1,ko e shiyy )>0 n21\ kj+ko+..+ky,=n
Cornacno (25) u (31)
Ca= X A= X [0 ]
k\+hky+..+ky,=n ky+hky+.. 4k, =n
i b L, 0@, (n)|
A(D(N)) ...(D, (A det(o, ——— : 32
X{ J( 1( )) ( m( )) (O CDI-(X) ﬁlj ‘ ( )

HonyquHoe BBIPAXXCHHUC IJIA Cj » MOJKHO IIPCACTAaBUTDh B IBHOM BU/JIC:

1 Z 1 of ok pm )
- 2m ky+hky+.. +ky,=n kl!kz!"'km ! ax{q 67\«/2(2 makl,;m

(I, 09T, (1) 2,1, (1)1, ()Y,

i=1,2,....m

YA

1 1
.u)2

1

|
I, (1) = 40 (@ (1) )= v

(o

Tenepb MOXHO HAUTH Pa3IOKEHUS B psiibl 0 At QyHKIUH (p(?’; ) :

ofe ) =ofr+a5, ) TE e F =T L 5 | -

q=0 ! q=0 q n>1

n=q\ q=0 * nl+n2+..+ng=n

q)
—Z[Z[ ./ Z cj’nlcj’nz...cj’nqnm", (33)

a mociie storo u pasnoxenus (10), (11) pemennit "™ u "', Ho oHE B SBHOM

BUJIE 3/IECHh HE HCIIOJIb3YIOTCSI.
N3 (33) noyyaem cienyromue npeacTaBIeHus 11l TPOU3BOIHbIX:
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v d'o(&;
H(‘%)‘ﬁ

At=0

9" nv
Z — Z CimCima-Cing | |AL ,

>0 q: nl+n2+..+ng=n
1 1 At=0

2

v d’ E:j
(Ar)(ij)—ﬁ vy

CimCin2Cing b V0. (34)
420 q nl+n2+..+ng=v

YciaoBus p-ro mopsiika i M-CTAAMHHBIX CHMILUIEKTHYECKHX CXeM
RKN. Kak yxe oTMedanoch BbIIIE, s CKAISIPHBIX AU depeHITnaTbHbIX YpaB-
HeHul (9) m-cranuiinas pasHoctHasa cxema RKN (5) npu BeINOJHEHUN yCIOBHIA
(6)—~(8) mpuaumaet Bux (10)—(12). Iyist BeIBOIa YCIIOBHM MOPSAKA JUISI Pa3HOCT-
Holt cxembl (10)—(12), mpexae Bcero, HEOOXOAMMO OCTATOYHBIC WICHBI ITOM
CXEMBI Pa3JI0KUTh B PSABI IO CTETIEHSIM BPEMEHHOTO 11ara:

m (k)
Fr(t+At):r(t+At)—r(t)—Atu(t)—Atzzyj(l—ocj)(p(@j):ZF Al ,(35)
= 2

k!

(k) x &
F,(t+At)=u(t+At)- AtZy]( i)= ZF“k'At, (36)
k>1 :

JI1st IpOM3BOIHBIX O Af UMEEM CIIeAyIoIIue (hOpPMYJIbL:

F (ar=0)=r" —k(k-1)> v, (1-0, )l D(&;) k=23.p. (37)
Jj=1

F(At=0)= kajcpAt (&), k=12...p. (38)

p-¥ IOPSIIOK anNpOKCUMAIlMU Pa3HOCTHOW CXEMbl JOCTHraercss nmpu olpa-
IICHUU B HYJIb COOTBETCTBYIOMNX KO3 uirentoB (37) u (38) creneHHBIX pas-
noxenuit (35) u (36):

FO(Ar=0)=0, k=2,3,..p, F¥(Ar=0)=0, k=12,.,p
Ilonaras v=k—-2 u v=k —1 B (34), Haxoaum

(pg’;2>(a,.)-<k_z){z A B

|
q=0 q- nl+n2+..+ng=k-2

(9)
cp&",”(&,-)—(k—l){z"’—‘ D cj,nlcj,nz...cj,nqj}

q=0 q- nl+n2+..+nq=k-1
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[Tocne storo cornacuo (37) u (38) nosyyaem yciaoBus MOpsJKA B CIEIYIO-
IeM BUJIE:

(0 6 _ ¢!
E (At:O):r —k!leyj(l—ocj) Z — Z CiniCin2++Cng =0,
=

q=0 q: nl4+n2+.. +nq=k-2

k=2,3,..p, (39)

m (Q)
Fu(k)(Atzo):u%)_k!zyj ZL‘P_' > cj,nlcj,nz...cj,nq] =0,

=1 q>0 * nl+n2+.+ng=k-1
k=1,2,...,p. (40)

B dopmynax (39) u (40) RO OMPENICNAIOTCA COOTHOLIEHUsIMU (22)
U (24) COOTBETCTBEHHO.
UtoOb1 oT (39) u (40) npuiiTi K ypaBHEHUSIM, COJICP)KAIIUM TOJIBKO KO3(-

(k) (%)
(bULMEHTBI CXEMBI OL; M Y ;, HEOOXOINUMO, B LIEPBYIO O4epellb, I, U" ' 1 C;
BBIPA3UTh YePe3 MapaMeTphl U U 7, TapaMeTp # BXOJIHT B r(k), ut®) W C;,; HEsB-
HO 4yepe3 @ =@(7) U ee MPOU3BOIAHBIC (p(l), (p(o) =u. B pe3ynbpTaTe ypaBHEHUs
(39) u (40) npumyT BuUL
Fr(k) (Al‘ — 0) — f(k) (r(k)’u(k),aj’yj) —

= Pik)((l?(l),ocj,vj) = Zpﬁi)(aj,yj)(p(” =0,
F(k)(At = O) = f(k)(r(k),u(k),ocj,yj) =

= pflk)((P(Z)ﬁaj7’Yj) = szgl,cs)(ajayj')(l)(s) =0,

(D2 @ln) | p£ s) I/I pfllfs) — TOJIMHOMBI OT NEPEMEHHBIX

S = (81555, 5 (P(S) =@
oY

W3 npenpiaynumx ypaBHEHHM B CUJIy MPOW3BOJBHOCTH (DYHKIHMH () W Ha-

¢

k
Q ,

YaJbHBIX 3HAYEHUW 7 U U TOJIy4aeM OKOHYATEIbHBIA BHUJ YCJIOBUU ITOPSIKA,
B KOTOPBIi BXO/UIT TOJIBKO KOS(PMHUUMEHTBI OL; U

k k
pﬁ,s)(ocj,vj)=0, pf,,s)(ocj,vj)=0-
B xauectBe HpI/IMepOB HpI/IBeI[eM HCCKOJIBKO nemex BBIpa)KeHI/Iﬁ I I"(k),

k o
u( ), c " IICPBBIX YCJIIOBUU IIOPAAKA, IMOJYYCHHBIX COIJIACHO H3JIOKCHHOMY

Jni

3J1€Ch AJTOPUTMY:

u, 7"(4) — (p"u2 + (P,(P,



) = @"u’ +309"pu +((p) u,

(4)u +6(P”,(Pu +3(P”(P2 +5(pﬂ(pru2 +((P')2(P,

() _ (k)

KO~

u

Cjp =&t ¢ Zaﬂ’ c]3—u(p Zaﬂa,,

J (2)
Cj4 :Za —(al”) +(P (P Zalp ;
/=1 p=1

ycaoBuel-ro nopsiaka:
1-27;=0;
j=1

YCJIOBUS 2-TO TIOPSIAKA:
1-23"y;(1-0;)=0, 1-23"y,a,=0; (41)
j=l1 j=1

ycJioBUS 3-T0 TIOpSAZIKa — K YCIOBUSAM 2-TO TIOpsiiKa J0OaBIISIOTCS TPU ypaB-
HEHUS

1—6iyj(l—ocj)ocj20, 1—3iyjocj220,
j=1

j=1

1- 6;%[27,(& —a,)} 0; (42)

ycioBusi 4-ro nopsiaka — k cucreme (41), (42) no6aBistoTcs MATh yYpaBHE-
HUIM:

1—12%‘7].(1—&])&]-2 =0, 1—4!iyj(l—ocj)zjly,(ocj—ocl):O,
j=1 I=1

J=1

1—42,1(]0(]‘3: 1= 8ZYJ JZW( ): ’
=
1- 4'23’,(23’1( 0‘1)0‘1}—0' (43)
j=1

ycioBus 5-ro nopsiaka — k cucreMe (41)—(43) nobGaBistoTCsl BOCEMb ypaBHE-
1505078
J

1—2Oiyj(1—ocj)0cj3 =0, 1—4Oiyj(l—aj)ochy,(aj—OLI):O,

=1 j=1 1=1
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m j
—S!Zvj(l—%)Zw(%—az)% =0, (“44)
j=1

=1

1-5%y,a,* =0, 1- lOZy] ]ZZy,( j—a,)=0,
j=1
2

1-203y, Zv,( )| =0,
j=1
1- 4'2% Z ( ) ZYI( _0‘1)0‘12 =0,
m J /
I—S!Zijy,(ocj—oc,)Zyp(oc,—ocp)zo. (45)
j=1 1=l p=l

Crnenyer OTMETUTh, YTO MPHU k > 2 MEXY YCIOBUAMHM k-r0 OpSAIKA CYILECT-
BYIOT HETpUBMAJIbHBIE anreOpanueckue 3aBucumoctu. Hampumep, onHo u3 yc-
JIOBUH 3-r0 MOpsiiKa ABIJISETCS CIEACTBUEM YETBhIPEX APYIHUX, a U3 IECITH yCIO-
BUI 4-r0 NOpsAKa HE3aBUCUMBIMU SIBJISIFOTCS TOJBKO IIECTb.

Kak yxe roBOopmioch BO BBEIEHWH, JUISI TPEXCTAOUNHBIX CXEM YCIOBHSA
1-ro+5-ro nopsiAKOB ObUTH OIMYOJIMKOBaHBI U MOJIPOOHO UCCIIEIOBAHbI B [7; 8].

Jns knaccuyeckux SBHBIX cXeM PyHre—KyTThl 4uciao ycinoBuM mNopsaka
s p <10 npuBeneHo B Tabmute [10].

Yuci10 yc1oBuii nopsiaka

[Topsinok p 1 2 3 4 5 6 7 8 9 10
Huerno y- | 2 4 8 17 | 37 | 8 | 200 | 486 | 1205
JIOBUU

N3 tabn. 1 caexyer, uro koHcTpyupoBanue ¢hopmyn Pynre-KyTTel BEICOKHX
MOPSIIKOB — YPE3BBIYANHO TPy IHAS 3aja4a.

3akmouenue. IIpennoxxen u pa3zpaboTaH HOBBIM METOJ| BBIBOJA YCIIOBHIA
MPOU3BOJILHOTO MOPSAKA p sl KO3POUIIMEHTOB M-CTaIUUHBIX CUMILICKTHYE-
ckux pasHocTHbIX cxeMm Pynre—Kyrtei—Huctpema (RKN), mpemnasHaueHHBIX
JUISl YACJIEHHOTO PEIICHUSI HAaTypaJbHbIX TaMUJIbTOHOBBIX cucteMm O/[Y, B yacrt-
HOCTH, JUJISl PEIICHUS 3a7a4 MOJEKYJSIPHON NUHAMUKH, HEOECHOW MEXaHUKHU U
acTpo(U3UKH.

Metoa ocHOBaH Ha MPEUIOKEHHBIX U pa3pabOTaHHBIX aBTOPOM HOBBIX Me-
TOJAX PA3JIOKEHUSA B PSAJBI TOYHBIX PELICHHN YpPAaBHEHUW JIBUKCHUS MaTEpH-
aJIbHOM TOYKH B IIEHTPAJIBbHOM CHJIOBOM MOJIE U PEIICHUN Pa3HOCTHBIX YpaBHE-
Huil cxeM RKN.
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B oTiinume oT METO0B, ONMCAHHBIX B JIMTEPATYPE, HOBBI METOJ IPUBOIUT
K SIBHOMY KOMIIAKTHOMY MPEJCTABJICHUIO YCIOBUH MOpsiiKa JUIs JH0OBIX 3Haue-
HUM mapameTpoB m U p. IIpoOiieMa COBMECTHOCTH M HAXOXICHHS PEIICHHI
3THX YCJIOBHM Oy/IeT pacCMOTpPEHA B CIEAYIOMUX padoTax.

B cwiy TexHMUYECKOH! CIO0XHOCTHM METOJAA JJIsl €ro IMPaKTHYECKOH peayn3a-
oMU MOTpeOyeTcsl NPUBJIEUYEHHE CHCTEM KOMIbIoTepHO anreopsl (Maple,
Mathematica).
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OCOBEHHOCTH PACUYETA NPOLECCA OBTSI’)KKHU JIUCTOBBIX
NETAJIEN CJIO)KHOU ®OPMBI HA OBTSAKHOM ITPECCE FET
C NAPAJUIEJIbHON KNHEMATUYECKOM CTPYKTYPOM®

A. A. Bypennn', A. A. Kpusenok™
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B pabome onucvieaemcs npobremamuka pacuema ynpasiaiouux npocpamm
ons oomsicnozo npecca FET ¢ napannienvHoll KUHeMAmMu4eckou cmpyKmypoti,
KOMOPbLUL UCNONb3Yemcs 0l (hopMO0OOpA306aHUsL TUCTNOBLIX Oemaneti Jlema-

MenbHbIX ANNApamos CJONCHOU PopMbi.

Knrouesvie crnosa: gpopmoobpaszosarue oomsoickoul, npecc oomsoicrou, FET,
napaiienvHas KUHeMamuka, npsamas u 00pamuas 3a0a4u KUHeMamuKu.

PECULIARITIES OF CALCULATION OF THE STRETCHING
PROCESS OF COMPLEX GEOMETRIC SHEET PARTS
ON THE FET STRETCHING PRESS
WITH PARALLEL KINEMATICS STRUCTURE

A. A. Burenin', A. A. Krivenok®*

'Khabarovsk Federal Research Centre of the Far Eastern Branch of the Russian
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51, Turgeneva str., Khabarovsk, 680000, Russian Federation
*Branch of PJSC UAC — KoAAP named after Yury Gagarin
1, Sovetskaya str., Komsomolsk-on-Amur, 681018, Russian Federation
*E-mail: baikal-190@yandex.ru

This paper describes the problematic of calculating control programs for the
FET stretching press with a parallel kinematic structure, which is used for
forming sheet metal parts of aircraft with a complex geometric shape.

Keywords: stretch forming, stretching press, FET, parallel kinematics,
forward and inverse kinematics problems.
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BBenenue. [loBbimieHne (QyHKIIMOHANBHBIX KAaueCTB IUIAHEPOB COBPEMEH-
HBIX JIETAaTEIbHBIX allapaTOB HEPA3phIBHO CBSI3aHO C YXKECTOUEHHEM TpeOoBa-
HUM K HMX a’poJuHaMUYecKUM (GopMaM NIpH OJHOBPEMEHHOM IOBBIIICHUU
IIPOYHOCTHBIX CBOWCTB JJIEMEHTOB MX KOHCTPYKIMU. COOTBETCTBUS NPEIbSB-
JsieMbIM TpeOOBaHUAM B IMpoOliecce MPOU3BOJICTBA TOOMBAIOTCS TJIaBHBIM OOpa-
30M [1], 3a cu€t HeoOpaTumoro aedopMHUpPOBaHUS HEPAa3bEMHBIX, KpyInHOrada-
PUTHBIX 3arOTOBOK C MOMOUIbIO TEXHOJOTMYECKHX omnepauuil pOpMOBKH U 00-
TsoKKU. B pacuérax neoOpatumoro nedopmupoBanusi mpu (POpMOBKE TOHKO-
CTEHHBIX 3JIEMEHTOB KOHCTPYKLIMHM, HECMOTPSl HA 3HAYUTEJbHbIE MEPEMEILECHUS
Y TIOBOPOTHI B 3arOTOBKE, IPUEMJIEMBIMU OCTAlOTCSI METOJbI TEOPUU MaJIbIX Je-
dbopmanuii [2]. B TexHONMOrMYeCKOM onepanuu OOTSXKKH ATH METOJIbl OKa3bIBa-
FOTCSI HENPUMEHUMBIMH. 3arOTOBKA HE SBJISETCS TOHKOCTEHHOW, CPEIMHHYIO €€
NIOBEPXHOCTh HENb3s MOJararb HepacTsKUMoM. ClieoBaTeNbHO, BCE PaCUETHI
HE0OX0MMO NPOBOJUTH B paMKax Teopuu Oonpmux aedopmanuii [3; 4], uto
3HAYMTENIBHO UX YCIO0KHAET. Jl0 HACTOSIIETO BpEMEHU ISl ITOTO UMEEM TOJIBKO
dbynnamenTanbHubie peanockuiku [4; 5]. IIporecc npousBoicTBa OONBIIKX Je-
dbopmanuii B paMkKax ornepanuii oOTsHKKU 3arOoTOBKH, OJHOBPEMEHHO 3a CUéT
BSI3KMX CBOWCTB Marepualia (MOJ3Y4YecThb) U €ro IIaCTUYECKHX CBOMCTB (Teue-
HUE), MPEIMETHO He u3ydalcs. Pe3ynpTaThl MATEMATHUYECKOTO MOJIEIUPOBAHMS
JAHHOTO TpOIlecca CYIIECTBEHHO MOMOTIH OBl B CO3/IaHUU YIPABIAIOMINX MPO-
rpamm (YII) u BeIOOpa pexxuMoB pabOThI OOTSIHKHOTO 000PYI0BAHMUS.

B npounsBojicTBE JeTaTeNbHbIX alapaToB, [ BBIMOJIHEHUS MPoLecca O0TSIK-
K{A 3aroTOBOK, IIMPOKO NPUMEHSIOTCS CHELMAIU3UPOBAHHbIE OOTSHKHBIE Ipecca
UMEIOIINE Pa3JIMYHbIE KHHEMAaTHYECKUE CXEMBI. BOJbIION MHTEpEC BHI3BIBACT JIU-
Heilka TUpaBIMYECKUX MpeccoB mnonepeuHoi o0Tsxku tuna FET ¢ ux mapain-
JETbHON KUHEMAaTUYeCKOW CTPYKTYpOW, KOTOpas OOECIeUMBACT BBICOKYIO TOJ-
BMKHOCTH 32)KMMHBIX YCTPOMCTB IMPH BBICOKMX Harpyskax (puc. 1, a). [Ipecc nme-
€T JIBa NPAMOJIMHENHBIX 32KUMHBIX YCTPONCTBA, ABMXKEHUE KOTOPHIX 00ecneunBa-
et ¢popMooOpazoBaHKE 3ar0OTOBKH MO OOTSKHOMY ITyaHCOHY. Takasi KOHCTPYKIHS
OOTSHKHBIX TIPECCOB U UCHOJIb3yeMasi Ha HUX CHCTEMa YIpaBJeHHs 00ecreurnBaeT
NOJTy4YeHHEe 000JIOUKOBBIX JIETAICH CI0XKHOU MTPOCTPAHCTBEHHON (DOPMBI.

Jljis oMcKa ONTUMAIBHOTO peXuMa (popMoOOpa3OBaHUs MPUMEHSIOT KOM-
IJIEKC PA3JIMYHBIX NMPOIPAMMHBIX HHCTPYMEHTOB, KOTOPBIE HAIIEJIIEHBI HA pellie-
HUE chenyromux 3aaad [8—10]:

— pacyer YII npou3BoguTCS C MCHOJIB30BAHUEM MATEMATHUYECKOW MOJICIIH,
OMKCHIBAIONIEH KMHEMATHUKY Mpecca Mo 3aJaHHOM cTparteruu AedhOopMHUpPOBaHUS
3arOTOBKH;

— TIPOBEpKa paCCUYUTAHHOW TPAEGKTOPHUU JBMXKEHHS pabO4MX OpraHOB Mpec-
ca MpoMu3BOAMTCS IO KnHeMaTtnueckoil moaenu B CAD cucreme, rae npoBepsieT-
Cs1 BO3MOKHOCTb KOJUIM3UM DJIEMEHTOB IIPECCA U TEXHOJIOTMYECKONW OCHACTKHU;

— aHanu3 mnponecca aepopmupoBaHus 3arotoBku mnpousBoauTcs B CAE
CUCTEME, II€ ONPEIEISAETCS HANPSKEHHO-1€(POPMUPOBAHHOE COCTOSIHUE MaTe-
puana 3aroToBKH IpU €€ KOHTAKTE C IIyaHCOHOM M 3aKUMHBIMHU YCTPOMCTBaMU
npecca.
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[Ipu popmoobpa3oBanuu aeTaneil ¢ OAUHAPHONW KPUBU3HOW UM CUMMETpUEH
B HaIpaBJICHUU OOTSKKM, KMHEMAaTUKy IIpecca OMUCHIBAIOT B BUAE IIOCKOTO
MexaHuzMma [6; 7]. IIpu oOTsKKe 3arOTOBKM JBOMHON KPUBU3HBI 110 HECHUMMET-
PUYHOMY IIyaHCOHY HEOOXOJMMO YYHUTBIBaTh OCOOCHHOCTH MNapajlIeIbHON KH-
HeMaTHKOW oO0TskHOro o0opynoBanus. Ha puc. 2 npuBeneHa cxema CMELICHUs
Y3JI0B 32)KKUMHOT'O YCTPOMCTBA IO OCHU Y MPH €ro MOoBOPOTax Mo ocsiM Z U X.

Puc. 1. O61spxnHOM Tipecc nonepeunoro aeicteus tuna FET (a)
Y KHHEMaTHUYeCKasl CXeMa €ro 3a)KUMHOT0 YCTPOMCTBa (6)

Fig. 1. Cross-stretching press FET type (a) and kinematic scheme
of this jaw device (b)

bXR =~
YO= fi ?
ZR
bXF
Yo=—

,f, bZF T vzr
a o

Puc. 2. CMmelienue y310B 3aKMMHOIO YCTPOHCTBA MO OCH Y
MpY €ro MOBOPOTAX MO OcsM Z U X:
a — BUJI cBepXY (ITOBOPOT 1O OCH Z); 6 — BUJ cripaBa (TIOBOPOT 1O ocH X)

Fig. 2. Displacement of the jaw nodes along the Y axis when it is rotation around
the Z and X axes: a — top view (rotation around the Z axis); b — right view
(rotation around the X axis)
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CwMmernieHre 3aKaTor 3aroTOBKY 0 OCH Y OTHOCHUTENBHO UCXOIHOTO MOJIOKEHHUS
MOXET MPHUBOAUTH, C OJHOM CTOPOHBI, K MPOCIAOJIICHUIO 3arOTOBKH, C JPYrou —
K IIEPEHATATY, MPU 3TOM 3arO0TOBKA MOXKET CIIOJI3aTh C OOTSDKHOIO IMMyaHCOHA, Ha
3aroTOBKE MOT'YyT 00pa30oBaThcs ro(pbl WIIM IPOU30MTH €€ pa3psbiB [11].

C uenpio obecnieueHus: Bo3MoxkHocTu pacuera YII s popmoBanus HecuM-
METPHUYHBIX JE€TAJIEH CI0KHOU MPOCTPAHCTBEHHOW (POPMBI, UMEIOLIUX ABOMHYIO
KPUBHU3HY, IPOBEICH KUHEMAaTHUYECKUH aHAJIN3 MEXaHU3MOB I1apajulesIbHOU
CTpyKTypbl 00TspKHOTO npecca FET u paspaborana maTemaTuueckas MOJEIb,
ONMCHIBAIOIIAS €T0 KHHEMATHKY .

Koncrpykuus o0tsizkHoro npecca FET. KoMoHoBKa 3aKMMHOTO yCTpOW-
ctBa npecca FET (puc. 1, 6) nocTpoeHa 1o TUILy IPOCTPAHCTBEHHOTO MEXaHU3Ma
C 3aMKHYTOM KMHEMaTu4ueckoil 1emnsto [12]. IlepeMerienue y3na 3a)KMMHOTO yCT-
pOICTBa MO ABYM JIMHEUHBIM OCSIM (X, Z) U JBYM MOBOPOTHBIM (0., Y) OCYIIIECTB-
JSI€TCS IyTEM COIIACOBAHHOI'O U3MEHEHU IJIUH 4-X rufpounnusapoB (XF, ZF,
XR, ZR) (puc. 3). Jlng usMeHeHust JUIMHBI TAJTUHIPOB MPUMEHEHBI THAPOIIPUBO-
JIbl C CUCTEMOM MPEUU3NOHHON THAPABINKHU. YTOI 3 3aBUCUT OT KOOPAMHAT (X, Z)
NO3ULMN Hayajla CUCTEMBI KOOPJMHAT 3aKUMHOT0 ycrpoiicrta. [Ipu ympasie-
HUU MEXaHU3MOM IMapajlieIbHON CTPYKTYpbl HEOOXOAMMO peliaTh MPIMYIO U
oOpaTHyr0 3a1auv KuHeMaTuku. [IpsiMas 3amaya KMHEMATHKU OINpPENEIsieT Io-
JIO’)KEHHE MCIOJHUTENBHOIO 3BEHAa (32)KMMHOI'O YCTpOMCTBa IIpecca) B MpoO-
CTPAHCTBE IMPH 33JaHHOM 3HAYE€HUU OOOOIIEHHBIX KOOPAUHAT (TMHA THAPOIH-
JTUHApA), a oOpaTHAs KMHEMAaTHYeCcKas 3aja4a OmpeesseT 3HadeHue 0000meEH-
HBIX KOOPJIMHAT IIPU 33JJaHHOM IIOJIOKEHUU 3aKMMHOI'O YCTPOWCTBAa B IIPO-
CTPaHCTBE.

Pemenne o0paTHOi 3a1a4u KMHEMATHKM 32:KHMHOTI0 YCTPOIicTBa mpec-
ca FET. B kauecTBe Havyajia CUCTEMbI KOOPAUHAT 3aKUMHOTO ycTpoiicTBa (JCS)
npuHAT mwapaup M (puc. 3), KOTOpbIN MEepeMelIaeTcsl B IJIOCKOCTH BpallCHUS
HUIMHApPA ZR ¥ 3aBUCHUT OT CJIEIYIOLUX MapaMeTpoB [Xx, z, o, Y], Te:

X ¥ z — KoopAauHaThsl mapHupa M B 0a3oBoii cucreme koopauHat (CK) croina
npecca (BCS);

0L M Y — YIJIbl TOBOPOTA 32KUMHOTO YCTPOICTBA BOKPYT apHupa M.

3a 000011IeHHbIE KOOPAUHATHI IPUHSATHI ITTMHBI MMOCTYIATEIbHBIX Map — T'U/-
poummnapos Q = [XR, XF, ZR, ZF]".

Jlist onpenenieHuss BEKTOpa JUIMH TUAPOLMIMHAPOB @ 1S 33JJaHHOTO TOJIO-
KEHHSI 32KUMHOT0 YCTPOICTBa mapHupa M U ero yrioB MOBOpOTa HEOOXOAUMO
ONPEAETUTh MOJIOKEHUE BCEX IApHUPOB 3axkumHoro ycrpoiictea B CK BCS.
JI71st 3TOro He0oOXOAMMO MPOU3BECTH MEPEHOC KOOPJAUHAT HMIAPHUPOB P 3axKuM-
Horo yctpoiictBa u3 CK JCS B CK BCS ¢ nocnenytomuym nmoBopoTOM Ha YTJIbl
[a, B, Y] BoKpyT mapuupa M.

IIpu paspabotke maremarnueckoi monenu npecca FET mpennaraercs uc-
M0JIb30BaTh MATPUYHBIN armapaT OJHOPOIHBIX MPeoOpa3OBaHUM, MPEIOKEH-
ueiit XK. JlenaButom u P. Xapten6eprom [13; 14].
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ZFX bZR

7% bZR

Puc. 3. Cxema onpeneneHus y3JioB 3a)KUMHOTO yCTPOMCTBA

Fig. 3. Scheme for defining the press jaw nodes

Koopaunate! mapuupoB 3axxkumHoro ycrporcrsa B CK crona mpecca BCS
MO>KHO OMPEJICHTD IO cheayromeil popmyre:

1 0 0 0) (cos(B) 0 —sin(B) O
P_p. 0 cos(a) sin(a) O . 0 1 0 0 y
- 0 -—sin(a) cos(a) O |sin(B) O cos(B) O
0 0 0 1 0 0 0 1
cos(y)  sin(y)

0 0

0
—sin(y) cos(y) O
X
1

0 0 0

— o O O

rae P — marpumna ¢ HabOpOM KOOPJAWHAT MAPHUPOB 3aKUMHOTO YCTPOWUCTBA
B CK 3axxumnoro yctpoiictpa (JCS):

PO, PO, PO 1

Pl, Pl, Pl 1
P=

P2, P2, P2 1]

P3, P3, P31

T’ — marpuna nepeHoca Havaia 3axuMHoro ycrporcrsa CK JCS B CK BCS:

102



1 0 0 0
0O 1 0 0

=10 0 1 of
M, M, M, 1

rae M — koopauHatel mapHupa B BCS cooTBercTByroniero Hayany JCS, koTo-
phI€ 33JIal0TCSl HA OCHOBE TPeOyeMOro MOJIOKEHUS 3aKUMHOI0 YCTPOMCTBA (X, 2)
B IJTOCKOCTH BpAIllEHUS TUAPOUUIUH]Ipa ZR BOKpyT mapHupa bZR:

M=(x bzR, z).

VYTIbl 0 ¥ Y 3a1a10TCS B 3aBUCUMOCTHU OT TPEOYEMOTro MOJIO0KEHUS 3aKUMHO-
ro YCTPOMCTBA, yroj 3 3aBUCUT OT MOJIOKEeHUs IapHupa M 1 onpeaensercs mo
cienytoue hopmyre:

T M. —bZR,
f=——arccos| ——— |,
2 ZR

rae ZR — nnuHa ruapourIIMHApPa, KOTOpask ONPENEISETCS PACCTOSHUEM MEXKIY
KOOpJMHATaMH IIApHUPOB cTOJIa mpecca bZR v 3a)kuMHOrO ycrtpoiictea M B

BCS. Ananoru4Ho onpenensieTcs JjMHa ruapounausapa ZF — paccTosHue mMe-
xny mwapaupamu bZF n P1's CK BCS:

ZR = \/i(bZRi -M,) wu ZF = \/Zz:(bZFi ~PL). )

Jlist onpeenenys JUIMHBI THAPOIMIHHAPOB XR u XF HeoOXonIuMo ompe/e-
JIUTh KOOPAMHATHI IIIAPHUPOB MPOMEKyTOUHBIX 3BeHbeB KR 1 KF (puc. 4):

KR:P3’+E-LVHKF:P2’+£-LV, 3)
|LR| ILF|
rae P2'u P3'— KoopIMHATHI IAPHUPOB 3aKPEIUICHHS TPOMEKYTOUHBIX 3BEHHEB
K 3axuMHOMY ycTporictBy B CK BCS; Lv — qyinHa 3BeHa onpenensercs Kak pac-
CTOSIHUE MEX/y IIIAPHUPAMU IPOMEKYTOUYHOT'O 3BEHA.

Bekropel LR u LF sBisiroTca npoekiuer BeKTopoB BR v BF Ha 1JI0CKOCTH
¢ HopMasibto CS, COOTBETCTBYIOUIEM OCH BPAILEHUS MPOMEKYTOUHBIX 3BEHBHEB
B mapHupax P3’'u P2' . Oaun u3 cnocoboB omnpeaeneHus BekTopoB LR u LF
MMEET CJICIYIOLINI BUI;

cs BRxCS cs BF xCS
7 S B C5]
CS| CS| ’

rae BR u BF — BeKTOpbl OT IIAPHUPOB 3aKUMHOro ycrpoucrsa P3' u P2’
K IIApHUPAM 3aKPEIJICHUS TOPU3OHTAIBHBIX TUIpouiauHApoB bXR u bXF,
ONPENENSAI0OTCA CASAYIOIMIMM 00pa3oMm:

BR =bXR - P3', BF = bXF - P2', CS = P3' - P2".
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Torma nnuHa rugponviIMHAPOB X 1 XR onpenensercst pacCTOSIHUEM MEXIY
KOOpAWHATaMHu IapHUpoB ctona npecca bXF, bXR v npoMeXyTOYHBIX 3BEHHEB
KF, KR B BCS

XF :\/Zzl(bXFl. —KF,)’ n XR :\/Zzl(bXRl. ~KR)’. 4)

i=0 i=0

Takum oOpazom, B ypaBHeHUSX (1)—(4) monmydeHbl KHHEMATHUYECKUE 3aBUCH-
MOCTH, OTpeIeNsIone 0000IeHHbIE KOOpAUHATH () MO 3aJaHHON MO3UILIUU
o T
3a)KMMHOTI0 ycTporctBa M = [x, z, a, y] .

\ P
/(/L_\‘,LVl )

Puc. 4. Cxema omnpeneneHyst lIapHUPOB IPOMEKYTOUHBIX 3BEHHEB

Fig. 4. Scheme for defining the intermediate link joints

Pemienue npsiMoil 3a1a4d KMHEMATHKHU 32)KMMHOI0 YCTPOMCTBA mpecca
FET. Onpenenuts MOJIOXKEHUST 3a)KUMHOTO ycTpoiictBa M = [x, z, a, y]T 1o
0000IIeHHBIM KOOpAWHATaM JJIMHBI THApouuIuHapoB Q = [XR, XF, ZR, ZF]T
MOYKHO TMPU PEIICHUY NMPSIMOU 3a7auu KuHeMaTuku [14] B Buze:

M=J-Q, ()
rae J — npsimasi Matpuna SJIkoou, koTopasi IMeeT BU/I:

i =af8LQQ), i=0,..,3, j=0,...,3.
J
B cBs3u ¢ Tem, 4TO B JaHHON NMOCTAHOBKE 3a/1a4M OINPEAETUTh YaCTHBIE MPO-
u3BosiHbIe GyHKIUU f(Q) 3aTpyIHUTEIHHO, TIOITOMY pElIeHUE MPSIMON 3a7aun
MO’KHO peajn30BaTh UTEPAIIMOHHBIM MeTOA0OM HbIOTOHA, KOTOpPBIN COCTOUT U3
CJIETYIOIINX 3TaIOB:
1) 3agaercst HauanbHOE monoxerne MY | rme k=0 — HOMED UTEPALINH;
2) ompesensiercst BeKTop 0606meHHbIx koopauaar ¢ = F(M™). dyukims
F(M) saBnsercsi peuieHHeM OOpaTHOW 3aJayd KHHEMATHUKH IPeoOpa3oBaHUS
JCS B BCS npencrapiieHHbIM B ypaBHeHUsIX (1)—(4);
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3) onpenensitoTcsl OTKIOHEHUS Aq[k] =0 - q[k] TEeKYyIIHX 0000IIEHHBIX KOOP-
JTAHAT q[k] OT 33JIaHHBIX Q;

4) OmpeeNIOTCS OTKIOHSHHS TTOIOKEHHs 3aKUMHOro ycrpoiictBa AM™.
JIist 3TOr0 HEOOXOAMMO OIpPEAEIIUTh MATpHIly SKOOM 1S perieHus 00paTHOR
3a/1a4yy KUHEMaTHKHU M0 YpaBHEHHUIO (5)

q=f1-M1/IJII/Iq=Jr-M.

o k K
Jmg Tekyuien mo3unuu M™ snemenTsI MaTPHULIBI Jrih OIPENEIISIFOTCS METO-
JIOM YUCJICHHOTO AU PepeHIIMPOBAHUS K UMEIOT BUJT

aF,.(M[kl) ) F,-(M[k] +AMJ)_E,(M[H).

" oM ; AM ’

OF yp (x,z,0,7) OF yp (x,z,0,y) OF yp (x,z,0,7) OF yp (x,z,0,7)

ox 0z oo oy
aFXF (x,z,oc,y) aFXF (x,z,oc,y) GFXF(x,z,oc,y) aFXF (x,z,a,y)

e ox 0z oo oy
OF ;p (x,z,0,,7) OF ;p (x,z,0,7) OF ;p (x,z,0,7) OF ;p (x,z,0,y)

ox 0z oo oy
GFZF(x,Z,oc,y) GFZF(x,Z,oc,y) GFZF(x,Z,oc,y) 5FZF (x,z,oc,y)

ox 0z oo oy

Torna OTKIIOHEHUS MOJIOKEHUS 3AKUMHOI'0 YCTPOMCTBA AM™ uveer Buz
k —1[k k
AM[ ]ZJI’ 1[ ]-Aq[ ];

5) ecnu OTKJIOHEHHE TEKYIIUX OOOOIIEHHBIX KOOPAMHAT OOJNbIIE TOMYyCTH-
moit morpemsoctu A > &, To onpenensercs Texymee momoxenne MU =
= MM + AM™, k =k + 1, u mepexoaum k wary 2 s ONpENeieHHs BEKTOpa
0000IIEHHBIX KOOPAUHAT q[k] JUIA HOBOM ITO3UIIAH M,

JIaHHBIN OXO/ MO3BOJIET C 33JAHHON TOUHOCTBIO € ONPEAEIUTh MO3ZULUIO

3)KMMHOTO ycTpoucTBa M 110 3aJaHHBIM JUIMHAM THAPOLUMIUHIAPOB Q.

3akirovyenue. Ha 0CHOBE MOy4eHHBIX KNHEMATUYECKUX 3aBUCUMOCTEN NS
onpeaeneHus MoJIoKEHUsT padbounx opranoB ooTskxHOro npecca FET u paspabo-
TaHHBIX PEHICHUN MpsAMOW M 0OpaTHOM 3ajJay KMHEMAaTHUKH pa3padoTaHa Mpo-
rpamma i [I9BM ¢ peann3oBaHHON MaTeMaTHYECKOHW MOJAEIBIO CHUCTEMBI
yIIpaBJICHUA 3aXuMamu mpecca. [IporpaMmma Mmo3BoJsieT BU3YJIM3UPOBATh 3Ta-
bl paboTel 00TsKHOTO Npecca FET mo VII, mpousBoautk penaktupoBanue YII
U3MEHSS TOJIOKEHHE 3aXKUMa WA NapameTpbl THIpOLMINHAPOB. Paszpaboran-
Has IporpaMmMa TakXe MO3BOJISIET co3faBaTh YII mo 3amaHHON TpaeKTOpUH
JBUYKEHUS 32KUMOB IPECCa, B KOTOPOl MOTYT OBITh 3aJ105KE€HBI Pa3jIuvHbIE CXe-
MBI J1Ie(pOPMUPOBAHUS JIUCTOBOM 3arOTOBKM METOIOM OOTSIKKHU.

105



bubauorpaduueckne CChIIKH

1. Oneitnuk A. U., Ilekapmr A. U. IHTErpupoBaHHOE MPOEKTUPOBAHHUE U3-
TOTOBJICHHS MOHOJIMTHBIX IaHene. M. : Dxom, 2009. 109 c.

2. Aunun b. JI., OneitnukoB A. U., bopmotrun K. C. MonenupoBanue npo-
1ieccoB (hopmooOpazoBanus manenen kpputa camoisiera SSJ-100 // Tpuxmannas
MexaHuka u Texunueckas ¢pusuka. 2010. T. 51, Ne 4. C. 155-165.

3. Bruhns O.T. Grosse plastische Formanderungen // Mitt. Inst. Mech. /
Ruhr-Univ., Bochum. 1991. Ne 78. C. 1-149.

4. O mocrienoBaTebHON CMEHSEMOCTH B MEXaHM3MaX MPOM3BOACTBA OOJIb-
mmx HeoOpatumbix aedopmanuii / A. C. beryn, A. A. bypenun, JI. B. Kosra-
Hiok, A. H. Ilpoxkyaun // TIMM. 2021. T. 85. Bem. 1. C. 106-120. DOI:
10.31857/S003282352006003X.

5. Bypenun A. A., Kosrantok JI. B. bonbsimue HeoOpatumble nedopmanuu u
ynpyroe nocneaeictsue. Bnagusoctok : JanpHayka, 2013. 312 c.

6. MonenupoBaHue KUHEMATUKHU JBIKEHUS Pa00OUYMUX JIEMEHTOB OOTSIKHOTO
npecca FET / P. ®. Kpynckuii, A. A. Kpusenok, A. B. Crtankesuu u jp. // Bect-
Huk Upl'TY. Mexanuka u mammmaoctpoenue. 2014. Ne 9 (92). C. 40-45.

7. KunemaTudeckuii MmeTo oOecCreueHusl MOJATOTOBKH YIIPABISIONIUX MPO-
rpamm YUITY o6Tsxubix npeccoB pupmbel ACB-ALSTHOM / B. A. Muxees,
C. B. Cypynun, 1. B. Haymenxo, E. B. Hazalikunckuii / Hayka, Teopus, rnpak-
TUKa aBUALlMOHHO-IIPOMBINUIEHHOrO Kilacrepa coBpemeHHou Poccuum. II Bcee-
poccuiickas Hay4qHO-ITPOU3BOACTBEHHAsI KOH(epeHius, npuypodeHHas ko J{Hio
Hayku (Poccus, 1. YabsHoBck, 89 ¢epans 2017 r.) : cOOpHUK HAYyYHBIX TPY-
noB. YiuesHoBCK : Yl TV. 2017. C. 35-49.

8. BenpeB A. A., 3aBwsanoBa B. . BeiOop cxembl HarpyeHust 1 CKOPOCTH
BEJICHUs Tpoliecca MONepevyHor OOTsKKM // ABUAIMOHHAS MPOMBIILIEHHOCTb.
1984. Ne 12.

9. ®opmoobpazoBaHue MPOPUIBLHBIX 3arOTOBOK C TTOMOIIBIO0 JTUCTOBOTO 00-
TsoKHOTO mipecca / A. A. Kpusenok, A. B. Crankesuy, C. U. deoktuctoB u mp.
// Yuenble 3anmucku KoMcomMolbcKoro-Ha-AMype TOCyAapCTBEHHOTO TEXHUYE-
ckoro ynuBepcutera. Hayku o npupoge u texuuke. 2013. Ne I1-1(14). C. 4-8.

10. Cypyaun C. B. CoyeraHue KOHEUYHO-3JIEMEHTHOTO MOJEIHUPOBAHUSA U
pacdeTa 1o aHAIUTUYECKUM (popMmyiiaM mporeccoB popmooOpa3zoBaHus 00TIK-
ko // HammonaneHas accornmanusa ydeHbix (HAY) : exemecsuHbI Hay4dHBIH
xKypHai. 2015. Ne 3 (8). Y. 3. C. 139-141.

11. MuxeeB B. A. YcToitunBoCTh 0007109€K TBOWHON KPUBU3HEI B MPOIIECCE
dbopmoobpazoBanus 00TsHkKOM // M3BecTus Camapckoro HaydHoro 1ieHTpa Poc-
cuiickor akagemun Hayk. 2004. T. 6. Ne 2. C. 408—413.

12. Merlet J.-P. Parallel Robots. 2nd ed., Springer Dordrecht, The
Netherlands, 2006.

13. Denavit J., Hartenberg R.S. Kinematic Notation for Lawer-Pair
Mechanisms Based on Matrices, J. Appl. Mech., 77, p. 215-221. 1955.

106



14. Sommese A. J. Numerical Solutions of Polynomial Systems Arising
in Engineering and Science [Text] / Andrew J. Sommese, Charles W. Wampler,
IT — Singapoure: World Scientific, 2005. 401+XXII p. ISBN 981-256-184-6.

References

1. Oleinik A. 1., Pekarsh A. 1. Integrirovannoye proyektirovaniye
izgotovleniya monolitnykh paneley [Integrated design of monolithic panel
fabrication]. Moscow : Ecom. 2009. 109 p.

2. Annin B. D., Oleynikov A. 1., Bormotin K. S. Modelirovaniye protsessov
formoobrazovaniya paneley kryla samoleta SSJ-100 [Modelling of wing panel
forming processes of SSJ-100 aircraft] // Applied Mechanics and Technical
Physics. 2010. T. 51, Ne 4. P. 155-165.

3. Bruhns O. T. Grosse plastische Formanderungen // Mitt. Inst. Mech. /
Ruhr-Univ., Bochum. 1991. Ne 78. P. 1-149.

4. Begun A. S., Burenin A. A., Kovtanyuk L. V., Prokudin A. N. [On
Consistent Shiftability in Mechanisms of Large Irreversible Deformation
Production]. PMM. 2021. T. 85. Vol. 1. P. 106-120. DOI: 10.31857/
S003282352006003X.

5. Burenin A. A., Kovtanyuk L. V. Bol'shiye neobratimyye deformatsii i
uprugoye posledeystviye [Large irreversible deformations and elastic
aftereffects]. Vladivostok : Dalnauka, 2013. 312 p.

6. Krupsky R. F., Krivenok A. A., Stankevich A. V. [Modeling of kinetics of
motion of working elements of FET embossing press]. (In Russ.) MPEI Vestnik.
Mechanics and Mechanical Engineering. 2014. Ne 9 (92). P. 40-45.

7. Mikheev V. A., Surudin S. V., Naumenko I. V., Nazaikinsky E. V.
[Kinematic method for ensuring preparation of CNC control programs of
tightening presses ASV-ALSTHOM]. Science, theory, practice of aircraft-
industrial cluster of modern Russia. Il All-Russian Scientific and Production
Conference, timed to the Day of Science (Russia, Ulyanovsk, February 8-9,
2017) : collection of scientific papers. Ulyanovsk : Ulyanovsk State Technical
University. 2017. P. 35-49.

8. Veprev A. A., Zavyalova V. 1. Vybor skhemy nagruzheniya i skorosti
vedeniya protsessa poperechnoy obtyazhki [Selection of loading scheme and
speed of cross-straightening process]. Aviation Industry. 1984. Ne 12.

9. Krivenok A. A., Stankevich A. V., Feoktistov S. 1. [Shaping of profile
billets with sheet stretching press]. Scientists’ notes of Komsomolsk-on-Amur
state technical university. Sciences of Nature and Technology. 2013. No. 11-1(14).
P. 4-8.

10. Surudin S. V. Sochetaniye konechno-elementnogo modelirovaniya i
rascheta po analiticheskim formulam protsessov formoobrazovaniya obtyazhkoy
[The combination of finite-element modelling and calculation by analytical
formulas of the processes of forming a tightening]. National association of
scientists (NAU), Monthly Scientific Journal. 2015. No. 3 (8). P. 3. P. 139-141.

107



11. Mikheev V. A. Ustoychivost' obolochek dvoynoy krivizny v protsesse
formoobrazovaniya obtyazhkoy |[Stability of double curvature shells in the
process of shaping by tightening]. Izvestiya Samara Scientific Centre of the
Russian Academy of Sciences. 2004. T. 6. Ne 2. P. 408—413.

12. Merlet J.-P. Parallel Robots. 2nd ed., Springer Dordrecht, The
Netherlands, 2006.

13. Denavit J., Hartenberg R. S. Kinematic Notation for Lawer-Pair
Mechanisms Based on Matrices, J. Appl. Mech., 77, p. 215-221. 1955.

14. Sommese A. J. Numerical Solutions of Polynomial Systems Arising in
Engineering and Science [Text] / Andrew J. Sommese, Charles W. Wampler,
IT — Singapoure: World Scientific, 2005. 401+XXII p. ISBN 981-256-184-6.

© bypenun A. A., Kpusenok A. A., 2022



VJIK 519.21

OINNPEJEJIMTEJIM BAHAEPMOHJIA U ®OPMYJIbI
CYMMMHUPOBAHUA KOHEYHBIX CYMM

%
T. A. HII/IpHeBal’z, A. K. lUlnenkun® , KL A. ®ummos " 3, A. A. llInenkun’

1KpaCHo;IpcKHﬁ rOCyAapCTBEHHBIN arpapHblidi YHUBEPCUTET
Poccuiickaa ®enepanus, 660049, r. KpacHospck, npocn. Mupa, 90
CHOUpPCKHil TOCYIapCTBEHHBIN YHUBEPCHTET HAYKH U TEXHOIOTHil
nMenu akaaemuka M. @. PemmerHeBa
Poccuiickaa ®enepanusi, 660037, r. KpacHospck,
mpoctl. uM. razeTsl «KpacHosipckuii pabouniin, 31
3Cubupckuil (GpeaepanbHbIi YHHBEPCHTET
Poccuiickas ®enepanust, 660041, r.Kpacuosipck, npocn. CBo6oaHbIH, 79
*E-mail: ak_kgau@mail.ru

B oannoti cmamve npeonoosicen memoo nonyuerus Gopmyn CymMmMupos8anus
k-x cmeneHneti nepgvix n 4ieH08 HAMYPAILHO20 PSAOA OCHOBAHHBIU HA CBOUCMBAX
8blUUCTIeHUS onpedenumeneli Banoepmoroa.

Knwouesvie cnosa: koneunwie CYMmbl, onpedeﬂumeﬂu.

VANDERMONDE DETERMINANT AND FINITE SUM
SUMMATION FORMULAS

T. A. Shiryaeva?, A. K.Shlepkin®*, K. A. Filippov" >, A. A. Shlyapkin®

'Krasnoyarsk State Agrarian University
90, Mira prospekt, Krasnoyarsk, 660049, Russian Federation
*Reshetnev Siberian State University of Science and Technology
31, Krasnoyarskii rabochii prospekt, Krasnoyarsk, 660037, Russian Federation
*Siberian Federal University
79, Svobodny prospect, Krasnoyarsk, 660041, Russian Federation
*E-mail: ak-gau@yandex.ru

We have proposed a method for obtaining formulas for summing the k-th
powers of the first n terms of a natural series based on the properties of
calculating the Vandermonde determinants in this article.

Keywords: finite sums, determinants.

Beenenmne. [Ipogoinkensl uccienoBaHus aBTOpoB HavaTeie B [1]. B padore
IPEII0KEH METOJI CYMMUPOBAHUS k-X CTENEHEN NEPBBIX 7 YWIEHOB HATYyPAJIbHO-
ro OCHOBAaHHBIM Ha CBOWCTBax ompenenureneid Banaepmonna. [[aHHbI MeTOx
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OTJIMYEH OT paccMaTpuBaeMbIX paHHee [2—7]. OH MO3BOJSET BBIYMCIATH pac-
CMaTpUBAEMbIE CYMMbI HE UCIIOJIb3Ysl uncia Oudonauu.

Teopema o ¢popmyne cymmupoBanus. [lycte n,k — PuxkcupoBaHHbIC Ha-

k .
TypaJbHbIC YHCIIa [5} — 1ejas 4acTh Yucia 5, 1<i,j <. Ionoxum

Sr(lk):lk+ +nk—ka.
m=l1
Torna
1 1 y A,
SU) = e = N a ") tne a, =—L.
" k+1 2 JZ:;‘ / A

((k+1)-2%1) (((k+1)-2%)) ((k+1)-2%0)

A = |j(k+1)-241) {((k1)=2%)) {((k1)=2%0)

Z((k+1)—2*1) l((k+1)—2*j)

J((k+1)-2%0)

((Gesn-22) Sk — LJFL L q(e)2)
k+1 2
A |2 Sk — 1 % e+l +l*l-k .o e |
/ k+1 2
l((k”)—z*l) S,k (1 5 k] _’_l*lk
k+1 2
Jdoka3zaresbcTBO TeopeMbl. Bocnonb3yeMcess uHaykuuen no n. HecioxHo

npoBepsieTcs 4To st n>1 TeopeMa BepHa npu Jtooom k. [lycts Teopema Bep-
Ha i n>1 npu mobom k. Jlokaxewm, 4To TeopeMa BepHa sl n+ 1 mpu Jito-
ooM k.

((k+1)-2%1)

~~

G 1 1 :

=77 (n+ l)k+1 + E(H + l)k + ,Zfaj (n+ 1)k+1_2*j,
Torna
(k) 1 & m __k+l-m 1 £ m__k—m
Sn+1 :m %Ckﬂn +5 mZ:OCkl’l +
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/ k+1-2j
m k+1-2j-m | _
+>a;| 2, Claan =
J=1

m=0

k+1 k
m —-m 1 m__k—m
= (nk” +(k+1)n* + > Cpn*™ j+ Etnk +y Cp'n’ ]+

m=2 m=1

! k-2, 1 1 !
k-1 mokHl-2j-m | _ k1, 1k k1-2%
+Eaj[n + ZCkH_mn j—( n +2n +Eajn )+
j=

— k+1 ‘A

1 m m k-m |, 1
+(I’l +KZC/€+1 k= —] {ZC/‘ k= ] 5

m=2

k+1-2j
/ k-1 m k+1-2j-m | _
+Zaj n" o+ Z Cri1a =
J=1

m=1

1 & 1 1 1
:S(k)+ I’lk-l-— cr nk+l—m+ Lo C™n S
" ( k+1n;2 el k+1) 2 Z e 2
ML = k+1-2
+Zl:aj[n 4 Z C,’cnﬂ_zjn - Jm]=
j=1

m=1

n+l

=S+ (n+ D) =1+ 40"+ (n+ D) =DM =S5,
m=1

Teopema nokasana.

Peanu3anus Teopembl A5l SS,S), 5,29). Ha ocHoBe yTBepx AeHUS TEOPEMBI

ObUIH MOJTyYEHBI CIeAyIouIe GopMyJIbl

S}Sg)zlg+ +n8:Zm8:ln9+ln8+%n7—ln5+gn3—L.
— 9 2 3 15 9 30
n n(10n® + 450" + 60n° —42n* +20n* =3
— 90
(n+1)(2n+1)(5n6+15n +5n" —=15n" —n" +9n 3)
- 50 —
Lo, o 3 s 7 6. 14 2
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3akmouenue. C yuerom (opmys nojydeHHbIX B [1] mMmeroT mecto cie-
nyromue Gopmyasl Juisl BBIYUCIECHUS k-X CTETIEHE! NMEPBbIX 71 YWICHOB HaTypallb-
HOTO psiJia P YCIOBUH, 4TO k < 8.

S,SZ)=n(n+1)(2n+1):ln3+ln2+ln,
6 3 2 6

2 2
S(S) =M:ln4 +ln3 +ln2,

T4 4 2 4

S,S4):n(n+l)(2n+1) 30 —gn +§n +§ﬂ —%n. 4)

2(n. 4 3 2
n“(2n" +6n +5n" —1
S,(ZS): ( ):ln +—n"+-—n ——n",
12 6 2 12 12

§6) — d

n = =—n'+—n +—n ——n" +—n.
42 7 2 2 6 42

6 5 4 2
6n+24n" +28n* —14n*+4) | 1 L 7 7 , 1,

s _ al

N = =—n"+—n +—n ——n +
48 8 2 12 24 12

n(lon8 + 4507 +60n° —42n* +20n% — 3)

90
n(n+1)(2n+1)(5n° +152° +5n* ~152° = +9n - 3)
_ = _
:inlo +ln9 +=n° —ln6 ln4 —in2
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